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8.1. Introduction 

 
 One might, with good reason, assume that 
only modest effort is needed to go from the 
lattice of discrete mass points introduced in 
Fig. 1 of Chapter 1 to the corresponding con-
tinuous mass field. Figure 1 illustrates how 
the progression toward yet finer mass grids 
takes us to the desired limit. Despite the con-
ceptually straightforward nature of the switch 
from discrete masses to a continuous mass 
field, a patient approach will prove its worth.  
 This is an especially important section be-
cause displacement and momentum fields 
make their entry. The term field in the present 
context means something that varies continu-
ously throughout space. For example, a static 
electric field has magnitude and direction that 
vary continuously in 3D, as illustrated in Fig. 2. Likewise, a second-rank tensor field that 
describes dielectric polarization varies continuously in 3D on length scales that exceed 
greatly those of the unit cells. If time variation is included, the fields vary continuously in 
4D spacetime. 
 Continuous fields will be encountered in 
the present chapter, Chapter 9, and Part V. 
These fields are continuous by their nature. 
That is, they have nothing to do with a dis-
crete lattice or any approximation. The elec-
tromagnetic field, as well as massive fields 
such as Klein-Gordon and Dirac will be 
quantized – the electromagnetic and Klein-
Gordon fields using commutators, as was 
done with phonons, and the Dirac (fermion) 
field using anticommutators, for reasons that 
will be explained later.  
 As mentioned earlier, the transition from 
the discrete lattice to a continuous mass dis-
tribution requires that the mass density m / a  
retain its value as a! 0  and m! 0 , as in-
dicated in Fig. 1. In addition, the constant: v 
= Ω a, which is the speed of sound in the 
small wave vector region of the first Brillouin zone, as well as in the limit of a continuous 
mass distribution (in which case, the edges of the first Brillouin (± π / a) zone go to ± ∞), 
also retains its value.  

Figure 1. The ratio m / a retains its value 
as m and a each approach zero. 
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Figure 2. Cross sectional view: lines of 
constant electric field strength are indica-
ted for + Q (left) and – Q (right). 
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 What is not obvious a priori is how the displacement and momentum fields scale with 
discrete mass m and lattice spacing a. In other words, in making the transition from the 
discrete lattice operators q̂n  and p̂n  (which operate on the mass point that is harmonical-
ly bound to the location x = na of a rigid lattice; see Fig. 1 in Chapter 1) to the continuous 
density operators q̂(x)  and p̂(x) , how are m and a subsumed into these operators? 
 In mathematical terms, the relations: q̂(x) = f (m,a) q̂n  and p̂(x)  = g(m,a) p̂n  are 
sought. The densities q̂(x)  and p̂(x)  must subsume the mass, each in its own way, such 
that mass no longer appears explicitly in the Hamiltonian. Likewise, the original lattice 
spacing a must also be subsumed. It cannot appear in the final expressions because with a 
continuous mass distribution it no longer exists. Because q̂n  and p̂n  appear quadratically 
in the Hamiltonian, it is anticipated that the factors f (m,a)  and g(m,a)  will be square 
roots of some kind. 
 To determine these factors, the Hamiltonian is examined in the limits: a! 0  and 
N!" , with the restriction that the speed of sound, v = Ω a, and the mass density, 
m / a , are each held fixed. In addition, the product Na must be equal to the length of the 
lattice, L, and locations na must give way to the continuous parameter x. Hereafter, this 
will be referred to as the elastic limit. 
 Referring to the Hamiltonian given by eqn (1.3) in Chapter 1, another important point 
is that the respective amounts of kinetic and potential energy should be unchanged as the 
elastic limit is taken. In other words, when summation of p̂n2 / 2m  over n is replaced by 
integration from 0 to L of a kinetic energy density, integration must yield the same value 
as summation … and likewise for the potential energy. 
 

8.2. Continuous Mass Distribution 
 
 The expression for the Hamiltonian given by eqn (1.3) in Chapter 1 is now rewritten 
using  !2 = v2 / a2 , and with a factor of a multiplying the kinetic and potential energy 
terms in anticipation of summation being converted to integration: 
 

 Ĥ = 1
2
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 In taking the elastic limit of the second line in eqn (8.1): (i) the term [(q̂n ! q̂n!1) / a]2  
becomes (!q̂n / !x)2 ; (ii) the second and third terms within the large parentheses retain 
their values in the elastic limit because m/a  and  v2  are each constant, and q̂n  is allowed 
to retain its form for the time being; and (iii) the first term retains its value because p̂n  is 
proportional to mass, and consequently p̂n2 /ma  is proportional to m /a , which is con-
stant. As with the discrete displacement operator q̂n , the discrete momentum operator 
p̂n  is allowed to retain is form for the time being. Let us now introduce the elastic limit 

by replacing summation with integration 
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where na! x , a! dx , and Na = L have been used. Putting all of the above stuff into 
eqn (8.1) yields 
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 The Hamiltonian is now expressed as the integral of a Hamiltonian density that is 
equal to one-half times the contents of the large parentheses. Equation (8.3) appears to be 
a hybrid because the operators p̂n  and q̂n  are not densities. It remains to replace p̂n  and 
q̂n  by their density counterparts, and in so doing eliminate the explicit appearance of m 
and a. From eqn (8.3) it is clear how the aforementioned scaling works. Namely, the ex-
pressions for the momentum and displacement fields are 
 
   p̂(x) = (ma)!1/2 p̂n      q̂(x) = (m / a)1/2 q̂n . (8.4) 

 
 The constancy of the displace-
ment field as the elastic limit is tak-
en is illustrated in Fig. 3. Note that 
the magnitude of the displacement 
(blue arrows) does not change in 
going from top to bottom. All of 
the relationships needed to convert 
the particle Hamiltonian of eqn 
(8.1) to one involving the Hamil-
tonian density are now in place. 
The Hamiltonian density is repre-
sented in terms of q̂(x)  and p̂(x) , 
and neither the discrete mass nor the lattice spacing appears in the expression for the 
Hamiltonian. These parameters no longer exist as discrete units. They are distributed ac-
cording to the densities q̂(x)  and p̂(x) . The Hamiltonian given by eqn (8.3) now reads 
 

  Ĥ  = 
 

1
2 dx p̂(x)2 +!02 q̂(x)2 + v2 "q̂(x)
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 Next, the commutator relation: [q̂n , p̂n'] = i! n, n'  ( !  = 1), is converted to the analogous 
one for the operators q̂(x)  and p̂(x ' ) . In so doing, we must take care with the right hand 

Figure 3. In the elastic limit, displacement stays 
the same as m and a approach zero with m /a fix-
ed. It is distributed over a continuous mass field. 
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side of the commutator relation. With [q̂n , p̂n'] , the right hand side is i! n, n' , whereas 
with [q̂(x), p̂(x ' )] , the right hand side must ensure that x = x'. In other words, it is neces-
sary to satisfy the requirement that physics is local. At equal times an event at x1  cannot 
affect a particle located at x2 . In relativistic language, x1  and x2  are related by a space-
like interval. As a result, there can be no causal relationship between them. Likewise, at a 
given location, an event at t1  has immediate consequence, not at a later or earlier time 
t2 . This equal time requirement also follows from special relativity, as space and time 
must be treated on equal footing. You may wish to ponder this.  
 Mathematically, ensuring that physics is local is the role of the Kronecker delta ! n, n'  
and the delta function ! (x " x ' ) . The distinction between these two deltas is that ! n, n'  
deals with discrete quantities such as mass points and their momenta, whereas ! (x " x ' )  
deals with continuous distributions (fields) such as q̂(x)  and p̂(x) . You have familiarity 
with the use of the Kronecker delta with orthogonal functions. These are used with a dis-
crete representation on a space. The delta function ! (x " x ' )  serves the same purpose, 
though the representation is continuous. 
 The discrete mass points obey the relation [q̂n , p̂n']  = i! n, n' , and this cannot depend 
on the distances between the mass points, that is, the size of a. Again, this is a statement 
of local physics. The mass point at n obeys [q̂n , p̂n ] = i , whereas the one at n + 1 obeys 
[q̂n+1, p̂n+1]  = i. Each particle obeys its own commutation relation – not to be shared with 
another particle. In the elastic limit, the fields q̂(x)  and p̂(x)  must retain this local 
character. This might seem curious at first sight because quantum mechanics prevents 
particles from being localized. They obey !x! p "1/ 2 , so how can we demand that x 
and x' are the same, which is exactly what ! (x " x ')  does?  
 What is happening is that x is a parameter in the field operator. It has been demoted 
from its role of observable in the quantum mechanics of particles, where 1D location is 
indicated with the operator x̂ . In this sense it has been placed on equal footing with time. 
Neither are observables. The observables are represented with q̂  and p̂ . The value of, 
say, q̂  depends on where it is. In other words, it depends on x, so we write q̂(x) . This is 
like the displacements in Fig. 8.3, which are present on a progressively finer mass grid as 
the elastic limit is taken. The displacements q̂(x)  constitute a field on x. 
 The mathematical realization of the above statements is that the Kronecker delta ! n, n'  
is replaced by the delta function ! (x " x ') , which is a density. The transformation from 
! n, n'  to ! (x " x ')  works as follows (Fig. 4): 
 

  [q̂(x), p̂(x ' )]  = lim
a!0, N!"

m
a q̂n ,  1

ma p̂n'
#
$%

&
'(

. (8.6) 

 

The m's cancel, and using q̂n , p̂n'[ ] = i  yields 
 

  [q̂(x), p̂(x ' )]  = i lim
a!0, N!"

# n, n'

a
$
%&

'
()

 = i! (x " x ') . (8.7) 
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 The limit is the delta function ! (x " x ' ) . 
It is also referred to as the Dirac delta or 
the Dirac delta function.1 As mentioned 
above, it handles functions that have con-
tinuous representations on a space in a 
manner that is analogous to how the Kron-
ecker delta handles functions that have 
discrete representations on a space.  
 Great discussions are in Dirac's book: 
The Principles of Quantum Mechanics 
[68], and Kusse and Westwig: Mathema-
tical Physics for Engineers and Scientists 
[36]. The most thorough discussion (yet 
accessible to non-mathematicians) I am aware of on the topic of generalized (also called 
improper) functions, which includes the delta function, is in a book by Lighthill [69]. It 
has been out of print for some time, but I have a photocopy if you are interested.  
 Thus, we have obtained an important result. Moreover, this has been achieved without 
having to work through a great deal of math: 
 
    q̂(x), p̂(x ' )[ ] = i! (x " x ' ) . (8.8) 

 
It goes without saying that [q̂(x), q̂(x ' )] = 0 = [ p̂(x), p̂(x ' )] . 

                                                        
 
1 The delta function under consideration here was introduced well before the birth of Paul Dirac 

(1902-1984). The eccentric, self-taught English electrical engineer and mathematician Oliver 
Heaviside (1850-1925) used it in the nineteenth century, and the Dutch mathematician Thomas 
Stieltjes (1856-1894) was an early proponent. The Slovenian mathematician Josip Plemelj de-
rived what is now frequently called Dirac's formula. Dirac made frequent use of the generalized 
function that came to be called the delta function, and his name has become associated with it. 
Perhaps English speakers found it hard to pronounce Plemelj or Stieltjes. 

 

! n, n'

a
"# as a" 0 in a way such that

the product 
! n, n'

a
$
%&

'
()
a = 1 as a" 0.

x '

a

x

1 / a

dx! (x " x ' )
x '"#

x '+#
$ = 1

where ! (x " x ' ) = 0 for | x ' | > #

Figure 4. The delta func-
tion is obtained from the 
Kronecker delta through 
a limiting process. The 
ratio !n, n' / a  is identi-
fied as a density center-
ed at x' = na. 

area = 1

 

"In quantum theo-
ry whenever an 
improper function 
appears, it will be 
something that is 
to be used ultim-
ately in an inte-
grand." 

Paul Dirac 
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 Next, the Hamiltonian is transformed to its k-space representation. With the discrete 
lattice advantage was gained through the k-space (Qk / Pk ) representation. It reduced the 
problem from one in which it would have been necessary to deal with N nearest neighbor 
interactions and N site interactions to the simpler problem of pairs of k values. 
 We shall now carry out the analogous transformation from the coordinate representa-
tion to the k-space representation to gain like advantage. As in the case of the discrete lat-
tice, you will see that the results are obtained with no significant mathematical overhead. 
The reason everything falls into place so nicely is that k remains discrete. This is an im-
portant point, but a subtle one. You might wonder about k being discrete. After all, we 
just finished showing that the number of k values goes to infinity for a continuous mass 
distribution. That is, as a approaches zero the edge of the first Brillouin zone moves out 
to k = ! . The discrete nature of the lattice 
has been removed. Does this not mean that, 
in the a! 0  limit, k is becoming a contin-
uously variable parameter? 
 The answer is no. Though k is allowed to 
approach infinity as a! 0 , it cannot get 
arbitrarily small because the lattice is of fin-
ite length. In other words, one wavelength 
can match a length L, but wavelengths 
larger than L cannot be used. As illustrated 
in Fig. 5, they simply do not fit into the in-
terval 0 – L, while at the same time satisfy-
ing the periodic boundary condition that 
their corresponding complex wave ampli-
tudes have the same value at 0 and L.2 The 
distribution of k values might appear 
smooth when k is large, but in fact it is un-
changed from its discrete lattice counterpart 
except that many k values are allowed. 
After all, k can approach infinity. In other words, the k values are still given by (2! / L)l , 
where l is an integer. 
 Another way of saying this is that the k-space remains discrete. Though x varies con-
tinuously, k is still given by integer multiples of the fundamental unit 2! / L . As men-
tioned above, this enables us to obtain the results for the continuous mass distribution in a 
few lines. For example, the Fourier expansion of q̂(x)  in terms of annihilation and 
creation operators is obtained using results from Chapter 1. Namely, the expansion of q̂n  
in terms of Q̂k , and Q̂k , in turn expressed in terms of âk  and â!k

† , is given by 
  

                                                        
 
2 The exception is λ = ! . In other words, k = 0 satisfies the periodic boundary condition because 

it has constant magnitude and no phase variation. This mathematical point does not have conse-
quence in the present context. 

0 L

k

2!
L

2 2!
L

3 2!
L

Figure 5. k can increase indefinitely by in-
teger multiples of 2π  / L. However, it can-
not decrease below 2π  / L, with the excep-
tion of k = 0. These larger wavelengths 
are not compatible with the boundary 
conditions. 
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   q̂(x) = L!1/2 eikx 1

2" k
âk + â!k

†( )
k
#  (8.9) 

 

 

 The locations given by na in the discrete lattice model have been replaced by x, which 
varies continuously. The analogous expression for p̂(x)  follows in a like manner. This 
manipulation and verification of some of the steps discussed below are left as exercises. 
 To evaluate the commutator [Q̂k , P̂k']  in the elastic limit, recall that, for the discrete 
lattice, the relation [Q̂k , P̂k']  = i! k, k'  follows from [q̂n , p̂n'] = i! n, n' . Most importantly, it 
was found that this result does not depend on how many n values are involved. No matter 
how large N becomes, the relation [Q̂k , P̂k'] = i! k, k'  still holds. That is, k remains discrete.  
 Consequently, in the elastic limit, the k-space commutation relations are unchanged: 
[Q̂k , P̂k'] = i! k, k'  and [Q̂k , P̂k'] = 0 = [P̂k , P̂k'] . Likewise, the k-space representation of the 
Hamiltonian is unchanged, so its form is identical to the one given by eqn (1.42) in 
Chapter 1: Ĥ = ! k (âk† âk +1/2)" , where âk† âk  is the number operator that acts in 
Fock space and returns the number of quanta.  
 The dispersion relation is equally straightforward. Specifically, start with  
 

  ! k2   = !0 2  + 4!2 sin2 1
2 ka( )   

 

   = !02  + (!a)2
sin 1

2 ka( )
1
2 a

"

#
$

%

&
'

2

.  

 

Now take the limit a! 0  and use  v =!a . This yields ! k2  = !02  +  v2k 2 . The above 
facts are summarized below. 

 
   Ĥ = ! k âk† âk + 1

2( )
k
"  (positive k) (8.10) 

 

    ! k 2 ="02 + v2k 2  (8.11) 
 

   Q̂k , P̂k'!" #$ = i% k, k'    Q̂k ,Q̂k'!" #$ = 0 = P̂k , P̂k'!" #$  (8.12) 
 

 
Keeping in mind that k is discrete, the field operators q̂(x)  an p̂(x)  are given by 

q̂(x) = m
a q̂n =

m
a

1
mN

eikanQ̂k
k
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   q̂(x) = L!1/2 eikx 1
2" k( ) âk + â!k†( )

k
#  (8.13) 

 

   p̂(x) = L!1/2 e!ikx !i " k
2( ) â!k ! âk†( )

k
# . (8.14) 

 
 

 Before moving on to time dependence, let us tidy the nomenclature. Referring to eqn 
(8.13), the sum over k involves eikx â!k

† . However, positive and negative k values are 
distributed symmetrically about zero in the Brillouin zone. Therefore the sum over k of 
eikx â!k

†  is equal to the sum over k of e!ikx âk† . Of course, the same idea applies to p̂(x)  
given by eqn (8.14). Thus, eqns (8.13) and (8.14) become 
 
 

   q̂(x) = L!1/2 1
2" k

eikxâk + e!ikxâk†( )
k
#   (positive k)  (8.15) 

 

   p̂(x) = L!1/2 ! i " k
2 eikxâk ! e!ikxâk†( )

k
#   (positive k) . (8.16) 

 

 

 Referring to eqns (8.10) – (8.12), the fact that the Hamiltonian and commutation rela-
tions are unchanged in this continuum limit comes as no surprise. The dispersion relation 
is more interesting. For example, with !0  = 0 we have  ! k = vk , albeit with discrete k. 
This describes waves traveling unimpeded in a homogeneous medium. The waves 
undergo no change of shape as they propagate. This aspect is analogous to an electromag-
netic wave in free space, though with speed v instead of c. 

 
8.3. Time Dependence 

 
 We shall now examine the time dependence of the displacement and its corresponding 
momentum, starting with the classical discrete lattice, advancing to the continuous mass 
distribution, and finishing with the quantum mechanical version. This completes the des-
cription of q̂(x, t)  and p̂(x, t)  for the 1D, finite-length continuous mass distribution. The 
next steps are: (i) go from 1D to 3D; (ii) allow the volume go to infinity; and (iii) extend 
the formalism to include complex scalar fields. It is perhaps not obvious at the moment 

because of the factors eikx  and e!ikx , but the displacement and momentum fields q̂(x)  
and p̂(x)  are real.3  

                                                        
 
3 To give a hint of why this is so, go back to eqn (8.15). It is obvious that q̂(x)  = q̂(x)† , as the 

parenthetic term is eikxâk + (eikxâk )† . That is, the field operator is Hermitian. In classical lan-
guage we would say q(x)  = q(x)* . 
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 Referring to Fig. 1 and eqn (1.1) in Chapter 1, the equations of motion that describe 
the classical dynamics of the discrete lattice mass points are 
 

   m!!qn = !" 0qn !" (qn ! qn!1)+ (qn ! qn+1)( ) , (8.17) 

 

or, dividing by m, and using !02 =" 0 /m  and !2 =" /m : 

 

  0 =  !!qn +!
2 (qn " qn"1)+ (qn " qn+1)( ) +!02qn . (8.18) 

 

In the limit of a continuous mass distribution, this becomes 
 

 0 = 
  
!!q(x, t)! v2 lim

a"0

1
a

qn+1 ! qn
a

#
$%

&
'( !

qn ! qn!1
a

#
$%

&
'(

#
$%

&
'(

#
$%

&
'(
+)02q(x, t) , (8.19) 

 

where  !2a2 = v2  has been used. The limit inside the largest parentheses yields a second 
order partial derivative with respect to x. Thus, eqn (8.19) becomes 
 

  0 = 
 

! 2q(x, t)
! t 2

" v2 !
2q(x, t)
!x2

+#02q(x, t) . (8.20) 

 

 This is a wave equation is easy to solve. With !0  = 0, it is 
the homogeneous equation of an elastic rod. The first two 
terms, taken together and divided by  v2 , is referred to as the 
d'Alembertian, named after the French mathematician Jean le 
Rond d'Alembert (1717-1783). This operator arises so fre-
quently that it has acquired its own symbol, the square  ! . 
Think of the four sides of the square symbolizing the space-
time coordinates ( ct, x1, x2 , x 3 ), just as the three sides of the 
Laplacian (denoted !  or !2 ) symbolize the space coordin-
ates of this operator. It also has some special properties that 
we will get to in Chapter 9 and throughout Part V. 
 The solution of eqn (8.20) can be expressed as a linear 
combination of complex exponentials:  

 
  c1ei(kx!" kt )

 + c2 e!i(kx!" kt )  + c3ei(kx+! kt )  + c4 e!i(kx+" kt ) ,  (8.21) 
 

where ! k
 2  =  !02 + v2k 2 . The four coefficients ci  are determined by four conditions, for 

example, two for the value of the amplitude at two spatial boundaries and at a specific 
time (say t = 0), and two for the time derivative of the amplitude, which is usually taken 
at the same time and spatial locations. Too many conditions need to be satisfied with the 
classical solution to have consistency with quantum mechanics. In quantum mechanics, a 
particle's location and momentum cannot be known simultaneously. 

Jean le Rond d'Alembert 
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 Classically, the time derivative of the displacement q(x, t)  is proportional to the mo-
mentum. In quantum mechanics, momentum is not represented by differentiation with re-
spect to time. It is obtained by differentiation of a spatial wave function with respect to 
spatial coordinates. Differentiation with respect to time yields energy.  
 The solution of eqn (8.20) will be restricted to waves that advance in the positive x di-
rection. Thus, ei(kx!" kt )  and e!i(kx!" kt )  are used.4 The fact that e!i" k t  and ei! k t  appear 
in these expressions does not result in a problem with negative kinetic energy, as plagued 
early attempts to construct a quantum mechanical theory consistent with special relativi-
ty. Recall that the Hamiltonian given by eqn (1.42) in Chapter 1: ! k (âk† âk +1/2" )  is al-
ways positive real. It has nothing to do with the oscillatory functions e!i" k t  and ei! k t . 
 So far, the equations that describe the time behavior are for the classical case. It is 
time to obtain the quantum version. To do this, the Heisenberg picture (Appendix 4) is 
used to assign time dependence to the operator q̂(x) . In other words, q̂(x)  becomes 
q̂(x, t)  through the similarity transformation 
 

 q̂(x, t)  = eiĤt q̂(x)e!iĤt , (8.22) 
 

and eqn (8.15) becomes 
 

 q̂(x, t)  = L!1/2 1
2" k

eikx eiĤt âk e!iĤt( ) + e!ikx eiĤt âk†e!iĤt( )( )
k
# . (8.23) 

 

 The right hand side of eqn (8.23) was obtained with the understanding that the 
Hamiltonian is given by eqn (8.10): ! k (âk† âk +1/2" ) . This representation of the Ham-
iltonian depends on âk  and âk† , so it commutes with the terms eikx  and e!ikx  in eqns 
(8.15) and (8.23). Thus, only âk  and âk†  are bracketed by eiĤt  and e!iĤt . 
 It is known that the Heisenberg picture, in which the operators evolve in time with the 
state vectors held fixed in time, comes closest to classical mechanics. The way the Hei-
senberg picture works is that a unitary transformation eiĤt  is applied to each state vector. 
Because the time dependence of a Schrödinger state vector evolves according to e!iĤt , 
the action of eiĤt  removes the time dependence. This leaves a time independent state 
vector. In so doing, the operators acquire time dependence according to the prescription: 
eiĤt Â e!iĤt , where Â  is a time independent operator.  
 An intuitive way to see how this works is through consideration of the matrix element 
!" f (t) | Â |" i (t) # . In Schrödinger quantum mechanics, |! i (t) "  evolves in time accor-
ding to |! i (t) "  = e!iĤt | i " , where | i !  is time independent. Now assign e!iĤt  to the 
operator to its left rather than the ket to its right. Doing the same with the !" f (t) |  that 
lies to the left of Â  gives 
 

                                                        
 
4 Were kx +! t  chosen, phase would advance in the opposite direction. That is, d(kx +! t ) /dt  = 

0 gives a phase velocity  v p = dx / dt  = !" / k . Wave packets travel in the – x direction. On the 
other hand, kx !" t  has a phase velocity of ! / k  and wave packets travel in the + x direction.  
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  !" f (t) | Â |" i (t) #  = ! f | eiĤt( ) Â e"iĤt | i #( )  = ! f | eiĤt Â e"iĤt( ) | i # . (8.24) 
 

 Thus, the time behavior is now associated with the operator, and the state kets are time 
independent. If you are unfamiliar with this approach, I suggest you look into it. It will 
not take long, and it is one of those things that appear from time to time. A good des-
cription of the Schrödinger, Heisenberg, and interaction pictures is in Sakurai's book: 
Modern Quantum Mechanics [41]. It is also given in Appendix 4 in reasonable detail, in-
cluding applications. The algebra used to evaluate terms like eiĤt âk e!iHt  is straight-
forward and found in many books on quantum mechanics. In brief, 
 

 âk (t)  = eiĤt âk e!iHt  = 1+ itH ! t 2H 2 ...( ) âk 1! itH ! t 2H 2 ...( )  
 

  = âk + it H , âk[ ]...   = âk + it! k âk† âk , âk[ ]...    
 

  = âk ! it" kâk ...   (8.25)  
 

The term âk ! it" kâk ...  is equal to âk  times the expansion of e!i" kt , though only the 
first two terms of the expansion are shown. Thus, the annihilation operator âk  has ac-
quired time dependence according to 
 
  âk (t)  = âke!i" kt . (8.26) 
 

 

 Likewise, âk†(t)  is given by âk†ei! k t . This is readily obtained by simply taking the 
adjoint of âk (t) , that is, âk†(t)  = (âk e!i" k t )†  = âk†ei! k t . Note that even though the 
energy ! k  is positive we now have exponentials with positive and negative signs: 
e!i" kt  and ei! kt . However, ei! kt  comes about because an adjoint is taken, not because 
we admit a negative energy solution. As a result of the above maneuvers, we now have 
expressions for the field operators for displacement and momentum: q̂(x, t)  and p̂(x, t)  
 
 

   q̂(x, t) = L!1/2 1
2" k

ei(kx!" kt ) âk + e!i(kx!" kt ) âk†( )
k
#  (8.27) 

 

   p̂(x, t) = L!1/2 ! i " k
2 ei(kx!" kt ) âk ! e!i(kx!" kt ) âk†( )

k
# . (8.28) 
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8.4. Three-Dimensional Space 

 
 The extension of the results given by eqns (8.27) and (8.28) to 3D requires little work. 
Symbols, operations, and so on are simply replaced with their 3D counterparts:  x!

!r ; 
 k!

!
k ;  q̂(x, t)!"̂(!r , t) ; ! 2 / !x2 "#2 ; L!1/2 " L!3/2 . In carrying this out, it is assum-

ed that displacements in different directions are independent of one another. To get an 
idea of what this means, consider a stretched membrane, for example the surface of a 
drum. A point in the middle of the drumhead is displaced in the direction of the surface 
normal. The restoring force is aligned with the surface normal and directed oppositely to 
the displacement. However, the displacement also results in forces that are perpendicular 
to the surface normal. They happen to cancel one another when the point being displaced 
is at the center of a circular drumhead. Nonetheless, they exist and in general need to be 
taken into account.  
 Mathematically, this can be done using what is called the stress tensor. In our case 
these secondary forces are neglected. This, in effect, is equivalent to assuming small dis-
placements, or the kind of medium for which displacements in different directions are 
truly independent. For the elastic limit, the small amplitude displacement assumption ap-
plies, while for other cases, displacements in different directions are independent. 
 Introducing the above substitutions yields the wave equation and the expression for 
the 3D field operator  !̂(

!r , t) : 
 

   
  

! 2

! t 2
" v2#2 +$02

%
&'

(
)*
+̂(!r , t) = 0  (8.29) 

 

and 

 

   
 
!̂(!r , t) = L"3/2 1

2# !k
ei(
!
k $!r "# !k t ) âk + e"i(

!
k $!r "# !k t ) âk†( )

k
% , (8.30) 

 

where  ! k 2 ="02 + v2k 2 , and  !
!
k  is taken to be positive. 

 Note that the displacement field operator given by eqn (8.30) is Hermitian:  !̂(
!r , t)  = 

 !̂
†(!r , t) . Leaving aside the fact that  !̂(

!r , t)  is an operator, you are undoubtedly familiar 
with functions that have similar appearance, because they are used routinely to denote 
quantum mechanical wave functions. In the present context, however,  !̂(

!r , t)  is an opera-
tor, and a special one. It does not operate in coordinate or momentum space like the oper-
ators encountered in regular quantum mechanics. Instead, it operates in the number-
valued space called Fock space. It creates and annihilates field quanta in single particle 
states given by the accompanying waves  ei(

!
k !!r "# !k t )  and  e!i(

!
k "!r !# !k t ) . In this sense, it 

integrates the creation and annihilation of field quanta with regular quantum mechanics. 
The expression given by eqn (8.30) looks like a Fourier expansion in terms of waves, 
except that the expansion coefficients are operators. 
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8.5. Infinite Volume Limit 

 
 The infinite volume ( L!" ) limit is obtained by replacing summation by integration. 
Summation is over the fundamental volume elements of  

!
k ! space : (2! / L)3 : 

 

   
 

(2! / L)3
!
k
"  #  d 3k$ . (8.31) 

 

In addition, the operators  â
!
k  and  â

!
k
†  must be transformed to their continuum counter-

parts. This requires that we use:  â(
!
k )  = (2! / L)"3/2 âk , and  â(

!
k )†  = (2! / L)"3/2 âk† . 

This is interesting because the factor (2! / L)"3/2  diverges as L!" . What is going on? 
 To see how the (2! / L)"3/2  arises and ensure that nothing strange is going on with the 
math, consider the commutator  [â(

!
k ), â(

!
k ')†] . The relation  â(

!
k )  =  (2! / L)

"3/2 â !k  results 
in  [â(

!
k ), â(

!
k ')†]  being equal to (2! / L)"3[âk , âk '† ] . However, we have seen earlier that 

 [â
!
k , â !k'†]  = 

 
! !k , !k ' , and therefore 

 

   
 
â(
!
k ), â(

!
k ')†!" #$  = 

 

L
2!

"
#$

%
&'
3

( !k , !k ' . (8.32) 

 

 Now recall the discrete 1D lattice. The transformation to a continuous mass distri-
bution resulted in the Kronecker delta ! n, n'  going over to the delta function ! (x " x ' )  
(see Fig. 4). That is, ! n, n' /a  in the limit: a! 0  and N!" , becomes ! (x " x ' ) . The 
same idea applies here. However, in  

!
k -space  the appropriate 3D volume element is 

(2! / L)3 . It is analogous to the a used in 1D coordinate space. Consequently, the limit 
that gives the delta function is 
 

   
 
lim
L!"

# k, k '
(2$ / L)3

= # (
!
k %
!
k  ' ) . (8.33) 

 

Therefore, the right hand side of eqn (8.32) is  ! (
!
k "
!
k  ' )  and we have 

 

   
 
â(
!
k ), â(

!
k  ')†!" #$  =  ! (

!
k "
!
k  ' ) . (8.34) 

 

When the above steps are taken into account, the field operator given by eqn (8.30) be-
comes 
 

 

   
 
!̂(!r , t) = d 3k 1

(2")3/2 2# k
ei(
!
k $!r %# !k t ) â(

!
k )+ e%i(

!
k $!r %# !k t ) â(

!
k )†( )& . (8.35) 
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As before, when this operator acts on a vector in Fock space it creates and annihilates 
field quanta. The integral form accommodates a continuous range of wave vectors.  
 In relativistic quantum field theory, it is necessary to accommodate the creation and 
annihilation of particles and their antiparticles. In the quantum mechanics we have dealt 
with in these notes, and that you have dealt with so far in your education, the number of 
massive particles is conserved. This is not the case in real life. For example, high-energy 
events can create pairs such as an electron and a positron, and do other interesting things. 
To achieve this in the mathematical formalism, it is necessary to have complex classical 
fields that become non-Hermitian quantum fields. The reason is that the field must have 
two components, one to account for a system's particle nature and the other to account for 
its antiparticle nature. In other words, the creation and annihilation terms must be 
independent of one another. Thus,  b̂(

!
k )†  is substituted for  â(

!
k )† : 

 

   
 
!̂(!r , t) = d 3k 1

(2")3/2 2# !k
ei(
!
k $!r %# !k t ) â(

!
k )+ e%i(

!
k $!r %# !k t ) b̂(

!
k )†( )& . 

 

This operator annihilates particles with wave vector  
!
k  and creates antiparticles with 

wave vector  
!
k . Its Hermitian adjoint does the reverse: creates particles with wave vector 

 
!
k  and annihilates antiparticles with wave vector  

!
k . This adjoint operator is 

 

   
 
!̂(!r , t)† = d 3k 1

(2")3/2 2# !k
ei(
!
k $!r %# !k t ) b̂(

!
k )+ e%i(

!
k $!r %# !k t ) â(

!
k )†( )& . 

 

We have come a long way from the model introduced at the beginning of Chapter 1. 
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9.1. Introduction 

 
 The wide applicability of the results obtained using the model introduced at the start of 
Chapter 1 is amazing. The plasma served as a nice example. The quanta of the plasma 
field: bulk and surface plasmons, were obtained automatically. In the present chapter the 
model is extended to a different energy regime and physical system through straight-
forward manipulation. To begin, divide eqn (8.29) by  v2  to obtain 
 

   
  

! 2

! (vt)2
"#2 + $02

v2
%
&'

(
)*
+̂(!r , t) = 0 . (9.1) 

 

Interesting substitutions are now made: v → c and !0→mc2 . Do not be alarmed by the 
appearance of discrete mass in mc2 . This energy term is a constant for a given particle 
type. The shorthand notation: !µ " ! /!xµ  is used, where µ = 0, 1, 2, 3, with x0  = ct, x1= 
x, x2 = y, and x3 = z. Equation (9.1) thus becomes 
 

   
 
!0!0 "#2 + mc

!
$
%&

'
()
2$

%
&

'

(
) *̂(
"r , t) = 0 . (9.2) 

 

To be on the safe side,  !  is explicit in eqn (9.2). The term  ! /mc  has units of length. For 
an electron its value is 0.00386 Å. It is referred to as the Compton radius (the Compton 
wavelength divided by 2π). The Compton wavelength is the wavelength of a photon that 
has the same energy as mc2 . In other words, h!  = hc / !  = mc2  !" = h /mc . There-
fore  ! / 2" = ! /mc . 
 Equation (9.2) can be expressed compactly using a mathematical tool called the Min-
kowski metric, which handles relativistic spacetime economically, for example, with the 
squared interval: (ct)2 – (x1)2 – (x2 )2 – (x 3)2 . This quantity is a Lorentz scalar, and there-
fore observers in different inertial reference frames measure the same value for it. Its neg-
ative is also conserved and some people prefer to work with this. In any event, the fact 
that the squared interval returns the same value in any inertial frame leads to remarkable 
differences between the relativistic and non-relativistic regimes. 
 The Minkowski metric subsumes the essence of classical special relativity.1 It will be 
introduced properly in Part V. For now, consider it a tool whose widespread use is a fact 
of life. In matrix form, it is  
 

                                                        
 
1 The spacetime of special relativity is flat. This is not so for general relativity (gravity), where 

the metric assumes a more formidable form. 
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   !µ" =

1 0 0 0
0 #1 0 0
0 0 #1 0
0 0 0 #1

$

%

&
&
&

'

(

)
)
)

. (9.3) 

 

Repeated indices (one up, one down) imply summation – a convention introduced by Ein-
stein. This contravariant form, !µ" , raises indices. Its covariant counterpart, !µ" , has the 
same (+ – – –) signature as !µ"  (same matrix representation), though it lowers indices. 
 The metric tensor facilitates moving freely between covariant and contravariant quan-
tities. These appear naturally in special relativity. In fact, we have been using contravari-
ant and covariant components all along and not recognizing it because there is no special 
significance in a Euclidean space, whereas, in general, there is great significance in rela-
tivistic spacetime. What I am going to do is borrow an explanation from Part V, and 
include it as an appendix to this chapter. You can skip it if you like, as we are essentially 
at the end of Part IV, but if you are interested it is there.  
 As mentioned above, the metric tensor !µ"  converts a contravariant four-vector to a 
covariant one. The simplest example is 
 

   xµ =

x0
x1
x2
x3

!

"

#
#
#

$

%

&
&
&
= 'µ( x( =

1 0 0 0
0 )1 0 0
0 0 )1 0
0 0 0 )1

!

"

#
#
#

$

%

&
&
&

x0
x1
x2
x 3

!

"

#
#
#

$

%

&
&
&
=

x0
)x1
)x2
)x 3

!

"

#
#
#

$

%

&
&
&

. (9.4) 

 

where x0 = x0 = ct.   
 From the above, we see that the Lorentz norm in this case is xµxµ = xµxµ  = (ct)2 –
(x1)2 – (x2 )2 – (x 3)2 . A clear description of the metric tensor is also given in Kusse and 
Westwig: Mathematical Physics: Applied Mathematics for Scientists and Engineers [36]. 
Thus, eqn (9.2), whose differential operator components are partial derivatives, is written 
 

   
 
! µ !µ +

mc
!

"
#$

%
&'
2"

#
$

%

&
' (̂(
"r , t) = 0 . (9.5) 

 

Notice that ! µ !µ  is the d'Alembertian operator that was introduced earlier. 
 

9.2. Klein-Gordon Equation 
 
 Equation (9.5) is referred to as the Klein-Gordon equation. It is a fundamental equa-
tion in relativistic quantum field theory. The development we have followed thus far has 
enabled us to obtain it in an expeditious manner. Most importantly, we have avoided the 
issues that plagued Oskar Klein (photo on next page) and Walter Gordon. They published 
independent papers in 1926-27 [70,71] that described their attempts to use eqn (9.5) as an 
equation in relativistic quantum mechanics. This is flawed fundamentally, but they pub-
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lished their work anyway. It was disparaged roundly at the time, but it was resurrected in 
the mid-1930's when Pauli and Weisskopf showed that it is a correct equation in relativis-
tic quantum field theory. 
 The reason for our good fortune is that we have approached eqn 
(9.5) from the very beginning as an equation in field theory. More-
over, we have enlisted a remarkably straightforward field theory: a 
balls and springs model. Having come this far, it should now be 
pointed out that a crucial feature was introduced at the outset with 
Fig. 1 of Chapter 1. Referencing the mass points to an inertial frame 
made it possible to eventually turn our balls and springs model into 
eqn (9.5). This enabled us to obtain first the plasma results and now 
the Klein-Gordon equation.  
 A number of interesting features can be seen with the result. For example, at fixed to-
tal energy, increasing the mass slows wave packets according to the dispersion relation 
indicated in Fig. 2. Such dependence is reasonable on mathematical grounds, though we 

usually do not think in these terms. Varying 
the mass is easy to do in a calculation, but 
with real systems mass is fixed, leaving aside 
the fact that at high energy, massive particles 
can be created and annihilated. We often use 
the fact that for a given energy the momen-
tum of a heavy particle exceeds that of a light 
particle. For example, in the nonrelativistic 
regime, for given energy, linear momentum 
obeys: ph /pl  = (mh /ml )1/2 , where h and l 
refer to heavy and light. Only infrequently, 
however, does one explore continuously var-
iable particle mass.  

 Special relativity gives E 2 = m2c4 + c2 p2 , which has the same mathematical form as 
the dispersion relation for our lattice model: ! 2 = !02 + c2k 2 . Thus, the mass of an 
elementary particle can be seen as being equivalent to a fundamental frequency. Figure 2 
shows that at small values of k the group velocity, !" / !k , is small, as the curve is rather 
flat. In this regime we can use 
 

   ω = 
 
!0 1+

v2k 2
!02

"
#$

%
&'
1/2

. (9.6) 

 

The small-k region is obtained by retaining the first term in the expansion of the radical 
and introducing !0  = mc2  and  v! c . This yields 
 

   ω  ≈ 
 
!0 + 12

v2k 2
!0

" mc2 + 12
c2k 2
mc2

. (9.7) 

 

!

k

Figure 2. The dispersion relation: ! 2  = 
!0 2 + c2k 2  is hyperbolic. It has the 
same mathematical form (with changes 
!0 " mc2  and  v ! c ) as special rela-
tivity: E 2  = m 2c 4 + c 2 p2 . 
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Using p = k for a free particle, this becomes 
 

   ω  ≈ mc2 + p2 / 2m . (9.8) 
 

 We see that the kinetic energy of a particle in free space, p2 / 2m , is recovered in the 
nonrelativistic limit. As energy increases, with !0  (and therefore mass) fixed, the effect 
of the mass eventually becomes negligible because !0  << ck, and we have ! = ck , 
which is none other than the de Broglie relation: p = h / ! . In this limit, the momentum is 
the same as that of a photon. Keep in mind that the field examined here is a scalar, and 
therefore its quantum has a spin of zero, whereas the photon is the quantum of a vector 
field, so it has spin of 1. 
 

9.3. Non-Hermitian Fields 
 
 The expression for  !̂(

!r , t)  given in the last chapter as eqn (8.35) and reproduced be-
low as eqn (9.9) is applicable to Hermitian fields.  
 

  
 
!̂(!r , t) = d 3k 1

(2")3/2 2# k
ei(
!
k $!r %# !k t ) â(

!
k )+ e%i(

!
k $!r %# !k t ) â(

!
k )†( )&  (9.9) 

 

However, to accommodate particles and their antiparticles it is necessary to have com-
plex classical fields that become non-Hermitian quantum fields. As mentioned in Chapter 
8, the reason is that the field must have two degrees of freedom, one to account for a 
system's particle nature and the other to account for the system's antiparticle nature. In 
other words, the creation and annihilation terms in eqn (9.9) must be independent of one 
another in order to achieve the needed non-Hermitian nature.  
 Let us now rewrite eqn (9.9) with  b̂(

!
k )†  substituted for  â(

!
k )† : 

 

   
 
!̂(!r , t) = d 3k 1

(2")3/2 2# !k
ei(
!
k $!r %# !k t ) â(

!
k )+ e%i(

!
k $!r %# !k t ) b̂(

!
k )†( )& . (9.10) 

 

This field operator annihilates particles with wave vector  
!
k  and creates antiparticles with 

wave vector  
!
k . Its Hermitian adjoint does the reverse: creates particles with wave vector 

 
!
k  and annihilates antiparticles with wave vector  

!
k . This adjoint operator is given by 

 

   
 
!̂(!r , t)† = d 3k 1

(2")3/2 2# !k
ei(
!
k $!r %# !k t ) b̂(

!
k )+ e%i(

!
k $!r %# !k t ) â(

!
k )†( )& . (9.11) 

 

That is enough for now. 
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Appendix: Metric Tensor 

 
 This is taken from Part V. Wording has been modified in parts to fit the present chap-
ter, but there have been no substantive changes. To begin, consider the 2D systems in 
Fig. 1: Entry (a) is the standard Cartesian frame. (b) In this skewed-axis frame, axis-par-
allel projections are used to obtain a1  and a2 , which are referred to as the contravariant 
components. They are defined as axis-parallel projections. Their covariant basis vectors 
are labeled ĝ1  and ĝ2  to distinguish them from the basis vectors ê1  and ê2  ( êx  and êy ) 
of the Cartesian frame. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

 Next, consider the scalar product of two vectors  
!
A  and  

!
B  in a 2D space. In a frame 

with orthogonal basis vectors, this is written:  
!
A !
!
B = Ai B j êi ! ê j , with the basis vectors 

obeying êi ! ê j = " i j . If the axes are not orthogonal but skewed, as in Fig. 1(c), the same 
dot product operation yields 
 

A1ĝ1 + A2ĝ2( ) ! B1ĝ1 + B2ĝ2( )  = A1B1 ĝ1 ! ĝ1 + A2B2 ĝ2 ! ĝ2 + A1B2 ĝ1 ! ĝ2 + A2B1 ĝ2 ! ĝ1  
     (1) 
 

If we define the ĝ i  to be unit vectors, this becomes 
 

    
!
A !
!
B  = A1 B1+ B2 ĝ1 ! ĝ2( ) + A2 B2 + B1 ĝ2 ! ĝ1( )  (2) 

 
 

    = A1B1 + A2B2 . (3) 
 

The Bi  in the above expression are referred to as the covariant components. 

B1 B2

y

x
êx

êy

ax

ay

 
!a

2

1

 
!a

ĝ1

ĝ2

a1

a2

 
!
A

Figure 1. (a) Cartesian frame. (b) Skewed-axes frame showing axis-parallel projections. 
Superscripts and subscripts denote contravariant and covariant quantities, respectively. (c) 
Two vectors in the skewed-axes frame: Their inner product can be expressed in terms of 
contravariant components and covariant basis vectors [eqns (2) and (3)]. 

(a) (b) (c)

ay

ax

a2

a1 ĝ1

ĝ2 1

2

 
!
B

B1

B2

A2

A1
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 The geometric picture associated with the above 
equations is shown in Fig. 2. Let us focus on the B1  
component, as the B2  component follows for like 
reason. In terms of contravariant components, it is 
written: B1  = B1 + B2ĝ1 ! ĝ2  = B1 + B2 cos! . You 
can see from Fig. 2 and the above equation that the 
length of B1  is given by the perpendicular projection 
of the vector  

!
B  onto the 1-axis. Be careful, however. 

Figure 2 gives the lengths B1  and B2 , but we do not 
yet have the associated basis vectors ĝ1  and ĝ2 , and 
they certainly differ from ĝ1  and ĝ2 . In other words, 
the quantities B1  and B2  are not aligned with the 
basis vectors ĝ1  and ĝ2 , despite the fact that they 
are projections onto the 1 and 2 axes, respectively. 
This is subtle. Rather, they are aligned with ĝ1  and 
ĝ2 , which are indicated in Fig. 3. 
 In general, the covariant components can be obtained from the contravariant compo-
nents through a straightforward operation. In the present example, this operation can be 
expressed in its most general form as 
 

  
B1
B2

!
"#

$
%&
=

ĝ1 ' ĝ1 ĝ1 ' ĝ2
ĝ2 ' ĝ1 ĝ2 ' ĝ2

!
"#

$
%&

B1

B2
!
"#

$
%&

. (4) 

 

 It is understood that higher dimensional spaces follow suit. The 2 × 2 matrix in eqn (4), 
or its equivalent, is referred to as the metric. The metric need not be expressed as a 
matrix, but I thought this would be familiar to most of you. The metric for the orthogonal 
axis system in Fig. 1(a) is diag(1,1), so we need not pay attention to it, but for skewed 
axes it is important. To learn more about the covariant vector components, and particu-
larly their contravariant basis vectors, we write  

!
A !
!
B  as 

 

 A1ĝ1 + A2ĝ2( ) ! B1 ĝ1 + B2 ĝ2( ) = A1B1 ĝ1 ! ĝ1 + A2B2 ĝ2 ! ĝ2 + A1B2 ĝ1 ! ĝ2 + A2B1 ĝ2 !ĝ1  
     (5) 
 

Referring to eqn (3), we see that the right hand side of eqn (5) must be equal to AiBi . 
This requires that 
 

   ĝ i ! ĝ j = " i j .  (6) 
 

 We now have the geometric interpretation, which is indicated in Fig. 3. The covariant 
unit basis vectors ĝ1  and ĝ 2  are orthogonal, respectively, to the (blue) contravariant 
basis vectors ĝ2  and ĝ1 . The lengths of the contravariant basis vectors are established 
because their projections onto the covariant basis vectors, by definition, have unit length. 

Figure 2. Covariant components 
are perpendicular projections 
onto the 1 and 2 axes. 

1
ĝ1

ĝ2

 
!
B

B1 B1

B2

B2

2

!!
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 The parallel-axis projections give the contravariant components V 1  and V 2 , whereas 
the covariant components V1  and V2  are the perpendicular projections onto the axes. As 
mentioned earlier, the covariant components are taken from the axes of the covariant 
basis, rather than the axes of the contravariant basis. This can be confusing, but if you go 
through it a number of times it will sink in.  
 Let us now advance to special relativity and the Lorentz transformation. This time we 
shall go from unprimed Cartesian axes to primed skewed axes. The first odd thing we no-
tice is that the unit basis vectors in the unprimed system appear to get bigger when they 
are transformed into the primed system, as seen for example with the transformation: 
 

  
ĝ0 '
ĝ1'

!
"#

$
%&
=

' ()'
()' '

!
"#

$
%&
ĝ0
ĝ1

!
"#

$
%&

. (7) 

 

When ĝ0 ' ! ĝ0 '  is computed using ĝ0 ' = ! ĝ0 " #! ĝ1 , we get 
 

  ĝ0 ' ! ĝ0 '  = ! ĝ0 " #! ĝ1( ) $ ! ĝ0 " #! ĝ1( )  (8) 
 

   = ! 2ĝ0 " ĝ0 + ! 2# 2ĝ1 " ĝ1  (9) 
 

   = ! 2 1+ " 2( ) . (10) 
 

The value obtained, ! 2 (1+ " 2 ) , clearly exceeds unity; and likewise for ĝ1' . The same 
occurs with other vector components such as ct and x. 

Figure 3. (a) The basis vectors obey the relation: ĝ i ! ĝ j = " i
j , with the magnitudes of the 

covariant basis vectors ĝ i  defined as unity. (b) The contravariant and covariant compo-
nents are parallel and perpendicular projections, respectively. 

ĝ1

ĝ 2

ĝ2

ĝ1

ĝ1 ! ĝ2 = ĝ 2 ! ĝ1 = 0

(a)

1

2

 
!
V

V 1 V1

V 2

V2

(b)
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 The problem lies with the choice of metric. Computing ĝ0 ' ! ĝ0 '  this way implies a me-
tric of the form given by eqn (4), with standard (positive real) basis vectors. This works 
in many physical situations, but not here. In order to recover the squared interval of spe-
cial relativity, it is necessary to use the Minkowski metric. The matrix representation is 
 

  !µ"  = 

ĝ0 ! ĝ0 0 0 0
0 ĝ1 ! ĝ1 0 0
0 0 ĝ2 ! ĝ2 0
0 0 0 ĝ3 ! ĝ3

"

#

$
$
$

%

&

'
'
'

 = 

1 0 0 0
0 !1 0 0
0 0 !1 0
0 0 0 !1

"

#

$
$
$

%

&

'
'
'

. (11) 

 

 Everything falls into place. If we repeat the calculation of ĝ0 ' ! ĝ0 ' , but this time with 
the Minkowski metric, we get 
 

  
! , " #![ ]
1

1 0
0 "1
$

%
&

'

(
)

!
"#!
$

%
&

'

(
) = ! 2 1" # 2( ) = 1 . (12) 

 

Likewise, if we compute ĝ1' ! ĝ1'  using ĝ1' = !"# ĝ0 + # ĝ1  we find 
 

  
!"# , #[ ]
1

1 0
0 !1
$

%
&

'

(
)
!"#
#

$

%
&

'

(
) = # 2 " 2 !1( ) = !1 . (13) 

 

Other combinations do equally well. Let us now look further into the metric tensor. 
 The contravariant components !x0 , !x1 , !x2 , and !x 3  can be used to calculate the 
squared interval !s2 . Once again, the math is subtle. For example, if we form the vector: 
 !x

0 !e0  +  !x
1 !e1  +  !x

2 !e2  +  !x
3 !e3  and take the usual Euclidean dot product of this vec-

tor with itself, a quantity is obtained that is not Lorentz invariant: (!x0 )2  + (!x1)2  + 
(!x2 )2  + (!x 3)2 . Clearly, this quantity does not match the Lorentz invariant squared in-
terval !s2  or its negative, – !s2 . 
 The modern way is to introduce imaginary basis vectors according to either of two 
options  

!e0 ,  i
!e1 ,  i
!e2 ,  i

!e3 , or, alternatively,  i
!e0 , 
!e1 , 
!e2 , 
!e3 . We will use the former, so 

instead of  
!e1 !
!e1  = 1, we have  i

!e1 ! i
!e1  = –1, and likewise  i

!e2 ! i
!e2  = –1, and  i

!e3 ! i
!e3  = –1. 

As mentioned earlier, an alternate (better) way of stating this is simply to define  
!e0 !
!e0  = 

1,  
!e1 !
!e1  =  

!e2 !
!e2  =  

!e3 !
!e3  = –1, and  

!eµ !
!e"  = 0 for µ ≠ ν. 

 This yields the metric tensor on Minkowski space: !µ"  =  
!eµ !
!e" , enabling !s2  to be 

calculated in a way that is analogous to the standard dot product on Euclidean space. To 
see how this works, consider the matrix representation of the metric tensor !µ" : 
 

   !µ"  = 

1 0 0 0
0 !1 0 0
0 0 !1 0
0 0 0 !1

"

#

$
$
$

%

&

'
'
'

. (14) 
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When this acts on the contravariant components arranged in a column vector, the needed 
sign is obtained: 
 

  

1 0 0 0
0 !1 0 0
0 0 !1 0
0 0 0 !1

"

#

$
$
$

%

&

'
'
'

!x 0
!x1
!x 2
!x 3

"

#

$
$
$

%

&

'
'
'

 = 

!x 0
"!x1
"!x 2
"!x 3

#

$

%
%
%

&

'

(
(
(

 (15) 

   = 

!x0
!x1
!x2
!x3

"

#

$
$
$

%

&

'
'
'

. (16)   

 

 In this case, the required metric tensor is !µ" . It has two lower indices, making it the 
covariant representation. When it acts on the contravariant components !x" , their indi-
ces are lowered and the covariant components !x"  are obtained. Thus, we see that !x0  

= !x0 , !x1  = !"x1 , !x2  = !"x2 , !x3 = "!x 3 . The entries in the column vectors on 
the right hand sides of eqns (15) and (16) are the covariant components.  
 Acting on the covariant components with !µ"  returns the column vector to its original 
contravariant representation. Thus, !µ" , which raises covariant components to contravar-
iant ones, has the same form as eqn (14). The matrix representations of !µ"  and !µ"  are 
the same, though it is understood that, respectively, they change contravariant to covari-
ant and vice versa. The scalar !s2  is obtained by multiplying the right side of eqn (15) 
from the left by [ !x0  !x1  !x2  !x 3 ] to get (!x0 )2 " (!x1)2 " (!x2 )2 " (!x 3)2 . 
 

 
 
 
 
 
 
 
 
 
 

 
 
 
 
 

 
 
 

x0 x1 x2 x3( ) 1 0 0 0
0 !1 0 0
0 0 !1 0
0 0 0 !1

"

#

$
$

%

&

'
'

x0

x1

x2

x3

"

#

$
$$

%

&

'
''

  =
x0
!x1
!x2
!x3

"

#

$
$$

%

&

'
''

(x0 )2 ! (x1)2 – (x2 )2 ! (x 3)2

Lowering the indices of x!  with the metric yields the covariant components: 

"µ! x! = xµ #  
1 0 0 0
0 $1 0 0
0 0 $1 0
0 0 0 $1

%

&

'
'

(

)

*
*

x0

x1

x2

x3

%

&

'
''

(

)

*
**
=

x0

$x1

$x2

$x3

%

&

'
''

(

)

*
**
=

x0
x1
x2
x3

%

&

'
'

(

)

*
*

For the sake of brevity, nearly all of the !'s are suppressed (taken as understood).

Thus, the scalar !s2  is given by xµ xµ = xµ"µ# x# = (x0 )2 $ (x1)2 $ (x2 )2 $ (x 3)2 .
This is expressed in matrix form as:

  A Few Manipulations Using !µ"  and !µ"

The same result is obtained by working from the other direction. Namely, use
xµ = !µ" x"  and form #s2 = xµ xµ =  xµ!µ" x" = (x0 )2 $ (x1)2 $ (x2 )2 $ (x3)2 .
Note that this is equivalent to (x0 )2 $ (x1)2 $ (x2 )2 $ (x 3)2 .

x0 x1 x2 x3( )
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Part B. Exercises and Projects 

 
 Most of the exercises in Part B are embedded in the text. These are not repeated here. 
Those listed below are additional ones that accrued over the past half dozen years, plus a 
few projects that were assigned as presentations. 
 

Chapter 1 
 

1. Given H =   p
2 / 2m + kx2 / 2 ! ax  (where a is small and positive): (i) sketch the po-

tential showing how the – ax term affects the shape near the bottom of the well; (ii) 
express the H matrix for the 5 lowest harmonic oscillator basis functions. 

 

2. Consider the  | v !  harmonic oscillator basis. Which, if any, of the following matrix 
elements are zero:  !v | x̂2 | v + 2 " ;  !v | x̂ p̂ | v + 2 " ;  !v | x̂2 p̂2 | v + 2 " ? 

 

3. A particle in a harmonic potential is in a state ψ that is not an eigenstate of the Ham-
iltonian. Instead, ψ = 3!1/2 (" 0 +" 1 +" 2 ) , where ! 0 , ! 1 , and ! 2  are the three 
lowest energy harmonic oscillator eigenfunctions. Obtain the expectation value of 
x̂2 : !" | x̂2 |" # .  

 

4. We want the uncertainty product !x! p  for any eigenstate of the harmonic oscilla-
tor. To achieve this, evaluate  !v | x̂2 | v "  and  !v | p̂2 | v "  and use these results to 
evaluate !x! p . 

 

5. Here we shall use the fact that the dispersion relation is not quantum mechanical. The 
dispersion relation is given by the eigenvalues obtained using the classical expression 
in eqn (1.1):  m!!qn = !" 0qn !" (2qn ! qn!1 ! qn+1) . For sinusoidal oscillation the left 
hand side becomes !m" 2qn . To simplify matters assume ! 0  = 0. Set up a matrix 
representation of this expression using the displacements as basis vectors and diagon-
alize it to obtain the frequencies. Make a plot of frequency versus wave vector. Then 
consider ! 0  ≠ 0. 

 

6. Consider a linear chain of identical masses m, each connected to its nearest neighbors 
with springs whose constant is κ. There is a damping force: – m! !qn , where qn  is the 
displacement of the nth particle from its equilibrium position. How does this damping 
change the frequencies? What is the relaxation rate of the modes (displacements)? 
Assume ! 2 <<" /m . Discuss the two extremes: k ≈ π / a, and k ≈ 0. 

 

7. The equations of motion that go along with Fig. 1 are given by eqn (1.1). Go through 
the steps leading to eqn (1.2). 

 

8. Expansions for pn  and Pk  are given in eqns (1.33) and (1.34). Given pn , show how 
inverting this yields the expression for Pk . Why does pn  have a negative exponent, 
whereas qn  has a positive exponent? 
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9. Referring to eqn (1.40), derive all of the commutator relations for the creation and 
annihilation operators. 

 

10. This problem illustrates how the mathematics works for the commutator [Q̂k , P̂k'] . 
Take the case of just 3 sites: n = 1, 2, 3. This is not at all like the large-N loop in Fig. 
3, but it will make the point. The normal coordinates and momenta are 

 

   Q̂k  = m
3( )1/2 q1e!ika + q2e!i2ka + q3e!i3ka( )   

 

   P̂k'  = 1
3m( )1/2 p1eik'a + p2ei2k'a + p3ei3k'a( )  

 

 Express [Q̂k , P̂k']  as the sum of 9 commutators. Of these, which ones vanish? Ex-
plain; show how the answer is obtained. After you have done N = 3, the case N = 2 
should be obvious. But what about N = 1? Show how this works. Discuss the issue of 
Hermiticity for N = 1 and N > 1. 

 

11. In most quantum mechanics textbooks, the harmonic oscillator is solved through the 
introduction of raising and lowering (creation and annihilation) operators. For exam-
ple, beginning with Ĥ = p̂2 /2m +! x̂2 /2  and the definition of the raising and lower-
ing operators, this Hamiltonian assumes the form: Ĥ =! 0 (â†â +1/2) , where ! 02  = 
! /m . In this expression, the operator â†â  is similar to the analogous expression de-
veloped in this chapter, âk† âk . Write a brief description of the relationship between 
the two approaches and results. 

 
Chapter 2 

 
1. A triple axis spectrometer consists of three independently controlled axes of rotation 

for the sample, monochromator, and analyzer crystals, as shown below. Inelastic 
neutron scattering is carried out with a beam of neutrons whose wavelength is 2.5 ± 
0.002 Å. The analyzer crystal provides wavelength selection with accuracy !" / "  = 
10–3. What is the energy resolution (in eV) of the spectrometer? Repeat for x-rays of 
the same wavelength. 

 

 
 
 
 
 
 
 
 

 

 

sample

monochromator analyzer

neutron 
source

detector
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2. What is the speed of sound (acoustic branch) for Ω = 10 cm!1  and a = 5 Å? 
 

3. Equation (2.22) was derived using the low-temperature limit of a dispersion relation. 
Later the Debye model yielded an expression valid in the low temperature limit. How 
do these results compare? Specifically, if they differ, explain why, and if they are the 
same, explain why. 

 

4. Calculate !E "  and C for the following quantum mechanical systems, each at temper-
ature T: (a) two harmonic oscillators (frequencies !1  and ! 2 ); and (b) a system with 
just two energy levels. Discuss the difference between these cases. Discuss high and 
low temperature limits. Give an example of (b). 

 

5. Use the Debye model to calculate C for a 2D monatomic crystal. This requires that 
you determine kD  that contains the same number of states as the Brillouin zone. 

 

6. Two monatomic crystals (labeled 1 and 2) are each 1 cm × 1 cm × 1 cm. They have 
identical masses. However, their respective speeds of sound (averaged over the three 
acoustic branches) are  v1  = 1000 and  v2  = 2000 m / s. The temperatures of crystal 1 
and crystal 2 are set to 10 and 20 K, respectively, and then the crystals are brought 
together in high vacuum such that they share a common side. What is the temperature 
of the combination after equilibrium has been reached? Explain your reasoning. 

 

7. A graduate student needs to measure the temperature gradient along a sapphire rod 
that is connected at one end to a high temperature and at the other end to a low 
temperature. The student carries out the needed measurements and discovers that 
temperature falls off exponentially along the length. She brings this result to her 
advisor. They publish the result in Science, with a lot of fanfare. What do you think: 
does this result make sense; might it be important; might it be wrong? Hint: Use the 
divergence theorem to assess the flux along the length. 

 

8. Referring to eqns (2.38) and (2.39), it was shown that P = 0 for a phonon. Show that 
the expectation value of the k-space operator P̂k  vanishes: !nk | P̂k | nk "  = 0. Now 
show that !nk | P̂k P̂k† | nk "  ≠ 0. What is its value? 

 

9. The equation of motion for an anharmonic oscillator is:  m!!u = !"u + gu 2 . Solve for u 
by using the fact that it can be expanded in a harmonic series: 

 

   u = cn ein!0t
n=1

"

# . 

 

10. The Debye model uses a crude approximation for the dispersion relation. Improve-
ment is achieved with the dispersion relation:  
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! = vk 1" ka

2#
$
%

&
' , 

 

 where v is the speed of sound and k is positive. (a) Show that the group velocity van-
ishes at the edge of the Brillouin zone. (b) Using the above equation, obtain k(ω). (c) 
Calculate the 1D k-space density. Plot it. (d) Calculate the 2D k-space density. 

 

11. Derive the k-space density, !2 (k) , where 
k is the magnitude of  

!
k , for the 2D mon-

atomic lattice indicated in the box. Discuss 
the couplings that exist between displace-
ments and motions in the horizontal and 
vertical ( x1  and x2 ) directions. Write the 
equation of motion for either direction. Be 
careful with the approximations that need 
to be made. 

 

12. A sequence of experiments is carried out in which three different 
thermally conducting circular slabs (light blue in the figure on the 
right) are connected (one at a time) to a 300 K heat reservoir as 
shown. The slabs all have the same shape: 10 cm thickness and a 
radius that is much larger than the thickness. At t = 0 the right 
hand side of a given slab is connected to a 0 K heat sink that remains at this 
temperature thereafter. How long does it take for the temperature to reach 150 K in 
the middle of the slab (5 cm from either side) for each of the three materials used in 
the experiments: copper, gold, and diamond? What about orientation? 

 
Chapter 4 

 
1. Work out the expression for the plasma frequency for the case of the plasma slab 

shown in Fig. 9. 
 

2. An intrinsic semiconductor slab is irradiated uniformly with the output of a pulsed 
laser (1 ps). This creates an effectively instantaneous electron density in the con-
duction band. The t = 0 value of the conduction band electron density is ne = 1021 
cm–3. The plasma thus created decays through spontaneous emission, i.e., an elec-
tron goes from the conduction band to the valence band and a photon is emitted. The 
radiative (spontaneous emission) lifetime is 10 ns. Assume a lattice dielectric con-
stant of εlat = 9, and that the effective mass of the conduction band electrons is that 
of a bare electron. Ignore electron momentum relaxation, any contributions from 
holes, and any contributions from lattice phonons. 

(a) What is the spectrum of the emitted radiation? 

Spring constants 
are κ, site-to-site 
(horizontal and 
vertical) separa-
tions are a; point 
masses are m. 

 
300 K heat 
reservoir
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(b) An infrared laser beam is now passed through the slab and detected on the other 
side. It is a CW (continuous wave) laser, and its wavelength is 10 µm. Plot the 
detected intensity versus time starting at t = 0. 

 
Chapters 6 and 7 

 
1. Can an LO phonon radiate photons? If no, why not? If yes, in what direction do the 

photons travel relative to the LO phonon wave vector? 
 

2. Can polaritons exist near the ± π / a edges of the Brillouin zone? If so, what photon en-
ergy is required? 

 

3. The phonon polariton curves look like an avoided crossing in k-space. What are the 
curves that cross? What is the interaction term that couples the curves? 

 

4. When an electromagnetic wave passes through a lossless, bulk plasma can it be ab-
sorbed by the plasma, for example, if its frequency is close to the plasma frequency? 

 

5. Consider the LO and TO modes of a NaCl crystal near k = 0. Which of these modes is 
closest in character to the vibration of the gas phase NaCl diatom. What considerations 
motivated your choice. 

 

6. Electrons, being fermions, enter states one at a time. For example, the highest energy 
electrons in the conduction band of a metal typically have energies of several eV. 
Only those near the Fermi level participate in thermal conductivity. The rest are said 
to be "frozen out." Now consider a plasma made of conduction band electrons. Do all 
of these electrons participate in plasma oscillation? Does a subset participate; if so, 
which subset? Explain. 

 

8. A 3D cubic ionic crystal is comprised of red and blue atoms 
as indicated with the sketch on the right of a cross section of 
the crystal. An experimentalist causes the atoms to vibrate. 
Do not worry about how she achieves this. Just take for gran-
ted that it happens. She then measures photons that appear at 
the angle relative to the crystal reference frame indicated by 
the arrow. Explain what is happening in the crystal in terms 
of its LO and TO modes. 

 
Chapter 8 

 
1. Equation (8.9) gives an expression for the amplitude q̂(x) . Obtain the corresponding 

expression for p̂(x)  by using similar manipulations. 
 

2. Solve eqn (8.20) to obtain the space and time dependencies of the classical fields. 
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3. Consider eqns (8.27) and (8.28). Calculate the commutator of the field operator with 
its time derivative:  [!̂(

!r , t), "̂!(!r ', t)] . What do you make of this result? That is, how is 
one to interpret it? What about  [!̂(

!r , t), "̂!(!r , t ')] ? What about  [!̂(
!r , t), "̂!(!r ', t ')] ? 

 
Projects  

 
1. Diatomic lattice: Review the ionic lattice. There, the ion masses differed ( mA ! mB ) 

and all inter-ion distances were the same, a. Now write a model for a 1D diatomic 
lattice in which the masses are the same, but there are two harmonic constants, κ 0 
and κ. For example this might apply to a chain of oxygen molecules. Obtain the 
dispersion relation and make a figure showing displacements for the acoustic and 
optical branches in the region k ~ 0 and the zone edge. Show what happens for a 
broad range of force constants, that is, at one extreme values of κ 0 and κ differ great-
ly from one another; at the other extreme they each have the same value. 

 

2. Infrared spectrum of a molecular crystal: The dispersion relation for the 1D lattice is 
examined, and an infrared spectrum is calculated. Referring to Fig. 8 in Chapter 1, 
choose the frequencies to be !0  = 2300 cm–1 and Ω = 10 cm–1. These values, were 
no adjustment made to the vertical scale, would result in a figure that appears quite 
different than Fig. 8. Make a plot using the values !0  = 2300 cm–1 and Ω = 10 cm–1. 
Assume a = 5 Å. Choose the number of sites to be large – your choice. Be sure to add 
a break to the vertical scale to ensure that the plot is readable. 

 The value 2300 cm–1 is similar to the CO2 asymmetric stretch frequency (!3 ), and 
the value 10 cm–1 is similar to the vibrational frequency of a van der Waals bond. In-
cidentally, crystalline CO2 does not resemble a linear chain of CO2 molecules laid 
end-to-end: OCO ! !OCO ! !OCO ! ! . However, we are dealing with a model whose pur-
pose is to reveal principles and trends so do not worry about the real structure.  

 Now calculate the spectrum for a 100 K sample. Temperature enters only at the end 
when a thermal distribution of bosons is introduced. The transition moment is domin-
ated by the !3  mode. This is a strong infrared absorption (CO2 is the greenhouse 
gas). What is the selection rule for k? In other words, what is the relationship between 
the k value of the lower level and the k value of the upper level? Explain how this 
works. Plot the spectrum as intensity versus frequency (this is where temperature 
comes in). Finally, use a range of parameter values in order to see how the system 
varies with temperature and with the van der Waals frequency, Ω. 

 

3. Surface enhancement: Surface plasmons form polaritons that have unique properties. 
One aspect of plasmons is their high polarizability. In this project, you are to present 
a critical summary of surface enhanced optical processes on metal surfaces, including 
molecules (up to monolayers) adsorbed on metal surfaces. 

 

4. Polaritons: Start by examining the phonon polariton. To assess how the strength of 
the interaction between the electromagnetic field and the crystal is manifest in the 
properties of the system, plot the dispersion relation for !" = 4  and !0  values of 5, 
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6, 8, and 10. Discuss the result. Now calculate the respective fractions of mechanical 
(that is, vibrational) and electromagnetic energies as ω varies from below to above 
the !T  resonance. Explain what a phonon polariton means to you in intuitive, physi-
cal terms, namely, without resorting to equations. Discuss a surface plasmon polari-
ton. Plot the dispersion relation and give a qualitative description of what is going on. 

 

5. Low frequency modes of ice: Consider the dis-
persion relation for an ionic lattice. Add a loss 
term to the equation of motion and derive the 
expression for dielectric function versus fre-
quency. Make plots that show how the real and 
imaginary parts vary. Discuss the significance.  

  Now consider crystalline ice. The ionic mo-
del does not take into account the low frequen-
cy modes of a molecular solid. Namely, the 
macroscopic polarization can be diminished by 
motion of the H2O  units that move the in-
duced dipole around in space. This can be rep-
resented with a phenomenological equation: 

   
dP
dt

 = !
P
"
+
1
"
#(0)E0e!i$ t  

 where !(0)  is a quasi-static polarizability, and 
τ is the phenomenological relaxation time. As-
sume there is no net macroscopic polarization 
in the absence of the applied field. Use the 
above equation with P =!E  to obtain a dis-
persion relation. Hint: Fourier transformation 
of the above equation gives a complex polari-
zation. Make a plot of the real and imaginary 
parts of the dielectric function. Now consider 
the data in the figure. Fit these to a relaxation 
time that varies with temperature according to: 

  

   ! = ! 0 eT0 /T  
  

 What is the significance of this fit? On the 
basis of this model, what prediction can you 
make for temperatures in the range 150-200 K? 
Can this information be used to understand the morphological changes that take place 
in amorphous solid water? 

 

6. Wave packets: Consider the dispersion relation for a 1D ionic lattice consisting of 50 
diatom pairs. Construct a localized t = 0 wave packet that is appropriate to the acous-
tic branch. Use a range of k values that obeys (approximately)  ! k = vk . In other 
words, stay away from the edge of the first Brillouin zone. Make a figure showing 
|! (t) | 2 . Use realistic values for parameters. Show how this packet propagates by 
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calculating |! (t) | 2  at different times (snapshots). Repeat the calculations for the op-
tical branch. Compare the low-k, mid-k, and zone edge regions. Discuss the results. 

 

7. Ferroelectric phase transi-
tion: Consider a 1D lattice of 
diatomic molecules separated 
by a distance a. Assume their 
centers-of-mass (yellow dots) 
remain fixed in space, and the diatom frequency is !0 . The molecules have 
permanent dipole moments and they are polarizable, with polarizability α. The dipole 
moment of the diatom at site m is expressed as pm  = pei(kam!"t ) , where p  is a 
constant. The electric field at site n due to the dipole at site m has a magnitude 
2pm | a (n ! m) | !3 , and its direction is parallel to the axis of the lattice. This field 
contributes to the dipole moment at site n through the polarizability.  

 Calculate the field at site n due to all of the diatomic molecules (sum the contribu-
tions). The equation of motion for the dipole at site m is:  !!pm = !" 0

 2 pm +#E" 0
 2 , 

where E is the local electric field. Explain the terms. Obtain the dispersion relation. 
Find the critical value of the polarizability, ! crit , beyond which k becomes imagin-
ary. Discuss this ferroelectric phase transition.  

 

c.m.

a
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