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We examined a femodels in Chapteii.2.1 that involvecougdings among bound states
Consequencesmergedand fhenomena germane to palypmic moécules weredentified
The present chagr cortinues in this vein: adding cgatexity while continuing to use ideal
ized malels to illusrate principles. The #&dctive Hamltonian aproach iggreatfor distin-
guishing the forest from the tredsfacilitates undestarding of complex sysems byex-
ploiting hierarchical coupling schemeSpecifically, hestraegy is prenised ora relatively
modest number oftatesenjoying a privileged statysof course, on reasonable grounds
They are more iportant than the others. From there, formal exgmessfollow via alge
braic manipulation.

I "H$%& ()*+1,!-,./*)01$1!)*2)3$$4&!+'./%5N8)/,(17.*7,.,)1$%!$1!) 6*&*1V/EB)96/#6!) $$4!
7( A HST (KIS U+*#,+*&1,585:1,6*0!, . *1/%#('+*+1/%!)6*1</3(/$5.,760:!=0!1./*%+P(3*.)$!
<*QOMHA6,+! 757, *+1#(,&8%$)*&! 1$.1,1#$'.&*16*15,-*196/(*15*&) I SV @A!".-/%*! /%! ) 6*!
BCDEG&:!F*I5,-*IG*! | 1#$70!$1!)6*&*1 %$)*&! ,%+!)6*0! 7)$L3+K2) *G*(0!'&*1'(:!;6*0!

O* *196*-* 17'3(/&6*+8!3")!"19/&6!)$! #4%$9 (*+5*16/&!#$%)./3'V/$%:

;6 *17 *&*04H6,7)*. |1 #5%&/&) & BE,/%! )*2)! $1! 1/-*1 &*#)/$%&! 1$(($9*+! 30HBEST (*H
G*%)&6*!1(,)*.1/((&).,)*1)6*1)6*$.0!+*-*($7*+!/%!)6*1G,/%!)*2):!;6H,.* 8/%!1,1#8($%*.!
)6,%!)6*1 G,/%!)*2))!19$'(+!3*1,1 G/&),4*1)$! &4/7)6*G:1"%!)6*G8! /%! ,++/)/$%! ) Y G%
&OXG&B! &SG* 1 #(,&&/#,(\EO&! #$B&)/%5! $1!3,((&8! &7./%5&8!,%+! ($&&!*(*G*¢H)&!,.*!1,%
0J*+:1;6/&!&6$9&!6$9!)6*!G,)6*G,)/#,(,#6/%*.019$.4&8! .*5, +(*&&!$1!196*)6*.!/)! /&, 7
T7(/*+1)8)6*1',% )'G! $.1#(,&&/#,(*5/G*:1;6*11,#)1)6,)!)6*!G,)6*G,)/#,(!&).'#)".*! ,($%*8!
$1)*%! /%#94*%)! $1!1)6*! +*),/(&!$1!)6*! 760&/# (1&E&! 5',.,%)**&!)6,)!#),/%! 1*)' *&!
7%, %161 &3)/$%&!/&!1$1)* %! Yo +* .-, (F+:

I 6% GH+*(&!/%).$+'#*+1)6.$'56$")!)6*1#6,7)*.!,.*| &'11/#/*%) (0! &I& )6,)! )6*0! #,%! 3*!
&$(-*+130!G,)./12! +/,5%%,(/J,)/$%:!;6/&!*%,3(*&!)6*! .*,+* BBG7,.*! ,%&9*.&$! .*&'()&!
$3),/%*+I'&I%5!7.$2/G, )I$%&!,%+!,&&'GT7)/8%EHS!I',(/ ),)/-*!19,0&!$1!)6/%/%5!,3$")!
)6*1&0&)*G&:YB&I*. B($%H,%!3*1&)*./(*!,%+ISLI(/G/)*+!-,(*1/ 1% &7 ,%*+130!',( H
N)-*'%+*.&),%+/%5!,%+!1/%)')[6%:!

I K$.1)6*1G$&)!7,.)8!&'35.$'7&!$11&),)*&!9/((13*1*2,G/%*+!196P&*! (*-*QY*8A+/11*.\ &b
%/1/#,%)(0:!K$.1*2,G7(*8!,1&'35.$'71$1!1&) N¢ &Y ((13*1#$'7(*+1)$!,1&'35.$'7! I 16, - /%5!
JG'#6!(,.5%.1+*%&/)0!$1!&),)N&/)6*.1+/.*#)(01$.1)6.$'56!$%*1$.1 GS.*1 /%3 +/,)*1&),)*&!
11 :6%15.$'716,-/%5!)6*16/56*&)+*&/)0!$1!&),)*&#,%0!13*1).* ) *+1, &1 II' WS W LG 8!, %+!
)61, &1 HESY%)/%" "G, %!13*H2%-*HG,)6*G,)/#,((0)$L!). *1#$%)/%"G:I". . *-*. &B(*I(*-*(!
+*#,013.$'56)!$%! 30!1#$'7(/%5")$! 1 #PWG! #,'&*&!)6*1*0h 5/*&1$11)6*! 7./{*5*+1&),)*&!
)$LA'*¥11G,5/%,.017,.,G*)*.&N6,)!,.*1*  &&*%)/,((1B*/.IN$S*%J/,%!+*#,019/+)6&:!"%!)6/&!
#,&*81)6*1*11*#)/-*IF, G)$%/, B ' 81&!1%S$! ($%5*.!F3/)/,%!

I O6* 96! "V&I%SW.G/)/,%!3*#,'&*I1$11)6*17 *&*%#*1$1Y/. . *-* &I3(*#:0))$!, HSYW % 'G8!
)V#,%! 3*1%27 *&&*+1 &PIIQM «IR# IST8! 96*.*1 / 1/&1)6*19/+)6! $7.,)$.! L'&/%5! Q! BA
"G,5/%,.0!)*.G&!*%)H%#('+/%45%!)6*/,5%$%,(:!;6*)$),(! +/&T7,)/-*11('2!$")!1$1!)6*!7./H

-/ (*5*+1&'3& 7 #*11&!%+*T*%+*%0)1$1!,%0H$'7(/%5&!3.$'56)!,3%") I3MEI$U, (1G)./2!
*(*G*%)&!9/)6/%!)6/&! &'3&7,#81&!/1&! 3$)6! YA)/-*!,%+! 1$(($9&! 1.$G! *(*G*%),.0! (/%*,.!
,(5*3., 8%,G*(09!,#*1#$%8.* -,)/1$%:1U/,58% AJ, )/$%!5/-*&!)6*1#*%0)*.1*%* .5/*&!,%+!9/+)6&!
$11)6*1*/5*%),)* &1 $111":1:6'&8I #$GT7"),)/$%! /& G/%IG/I*+8!3")!,)! | #BEID! 4**7/%5! ) 6*!
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+IG*YRISYOIS11)6H-*#)$.187 #1+$9%1)$1)6,)I$1IV'&) EHTH1&),)*&8!)6*!, 3J01) ! &**!
96,)!/&16,77*%/%5!/%!)6*#$%)/%" G!6,&! 3*+4l&E¥% : *

| K/%,((08!/062,G7(\B)6*I#, &*IS11,1). *I4$Y8%" Gl/&I&S(-*+1*2,#)(019/)61%$1#$%). #)/$%!
$11)6*1-+4)$.187 #Y5.$'56, %I+ 1 1+#)/-1F, G()$%%:1;6/&! *I'/ *&1,15.% )* 1)/G*/%-*&)H
G*9%))$1+*-*$7)6*1G,)6*G, )/#,(IG, #6/%*.0813))6*1.%9, +/BS7*1'((093.)6!)6*1*11$.):!
O/)61)6/&1)$$(!/) /&I TSE&&II(*)$!7.SVH)I$) IS 1) 61 IHYSIE(E) HSG7$%*%6)&1& H#6!,&!
"1 %4 " 8)B)1/&Y ! |" (E))1,%+K! n|" (E)):1;6'&81I*.$)BHE.+*.1&),)*&! #,%! 341). #4*+]
1%)$!,%-+1)6.$'3B) ) 6*1#$9%6)/%"G:1;6/&1/&1(( GI%,)/%5!,%+1,)1)/G*&), G'&I%S5:

//01Q0!3%)-%&4.

Effective Hamikonians are now introduced and usedxamine seeral of the cases dis
cused in Chaptell.2.1, as well as a few new ones. The &g that umerlies the effective
Hamiltonian approach is easy tofapciate: focus on what is of intereahd deal with what
remains in as geditious a maner as possible. In addition to aiding nuroaly intensive
computdions, it facilitates qualitative understandjmghich isveryimportant In my opin
ion it is themodel'smostimportant attrilite.

I X*1*../%5!)$!K/5:IB8I&'77$&*1,15.$'71$1188.$*.1&),) *&YHH/&I$1!7./G,.01#$86.%:1;6/&!
5.8 7Y&!(,3*(*H{ $} :1;6*176.,&*1Z$1!7.G,.01#$%#*. UE*,%&!)6,) ) /& +*&3(*) $!+*&#./3*!
)6*1/%.&),) 1+ B, GH#&!)6,)!).,%&7/.*19/)8of $} 19/)6 $) 1 *27 (/#/) #S%l/*.,)/$%! $1!)6*! o
)*.&),)*1+0%,G/#&!$11&),)*&!16,)!,. 3%, (1) $!)6/&!5.$'7:1;6*&**2)*.%,(1&),) *&8!/:*:8!,((1) 6*!
&),)*&!$)6*.1)6,%!)6*1$%* & |B}81#$89/)")*!,15.$'7!(,3*(*+ {94 :!!
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7518, 1} " {17 #5-"-5<<%.%, BRNES*-"8.1°8 Vi,
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|
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Y6IG7$.), %) $(*:IF$F-* 81, &IG*06)/$%*+!,38-*819*19,96) )$B!,-$/+1+* (/%5!9/)6!/) &! o) *.
&),)*1+ @6, GH&D6,)!6,77*%& /Y694 QS HSHS. HSI'8I$%(01/%8$1, 1689, %+1)6*1%2)*0%)!
)$196/#8/)IGT #)&{ $} 1[#61,18*7 .. , )/$%!/&1T&H] ((O1'&*1(196*%!)6* X1, *IG,%0!G$.*!
(**(& /Y198 1)6,%!)6* *1, *1 9K $} :1"%6!)6/&1#,&*B1*-*9%1 &G, (| BT 1#$'7 (/%5!G)./12!
H(“GHO6)BY o, #,0616,¥1(,. 5HHSUBN *06#*&ISY6! (*-* (&Y} 811$.1%2,G 7 (*B1& ()/%5! /6 KL
T*#)[-*(01) % -*. &B(*1+*#,011.$G{ $} )B{ 94 :1W%).$70!1,-$ {84 1$-*. 96*(G /%5(0
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| 1651506/ IF/(3*.)187 #*1/86,) 1S B 194 ") /%H(++&1,((1)6*1-*#)$.&) 1,%+]n; ) :1;6*!
&'3&T &S} |, Yo OB |, HH¥1/00%+] #H$.+/%5])$).*, &%, 3(THD), )/$%&!, 35" V%6)5.$'7!
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)6,)1/&11%)'/)/-*B196* * &10G | *7 * &*%)&!,13,)B1I&SG*14/MWSIO6/#6] S} 1+*#,0&:1X, . *(CB
[11%-* 89/((1.*,(1&0&)* G&I3*, &I ()], &1)6*)SOIGS+*(1/%+/H, )*+1/%IK/5:1B:

| 296$)6*.19,01$11&),)/%5!)6*!,3$-*1/&1)6,) pS} "&'3&7 #*1H#$.* & $%+&)$! 1, & o THE!
Qb+1)6* ¥1$.419/+*(01 &7 45+ (*-*(&81 96*.* &1 16P4 "&'3&T H#*#$. *&T$%+&!)$! &(SAHO
%,GI#&! Yo+ )6* ¥1$.*| #($&*(OHEF! (*-H

*H&IWD 7(*&IS1I& #E1+H1D6)!) GH&H, (*&
J9#(+* P LIMI *(*#).$%! -+ &' 8400 G$H | —— o °
)/$Y6&IL<HPHT*%6*/G* MMLI/MI9A@L/% = << >>

)*. #)/%5!808)* G&I&#6!, &1@FK(.,5 5.XH
5,)*&81/%!96/#6!6/561%0 #/*&!, *!,8&$ | "#$%&)"B,"/&+30r1/."1.%,&%.&"%,2="1/
#1,)7+1 916! -/3.,)I$%&! 9/)6/%! )6*! GH(* *'&../,-5,2"4% -54>"+.9415,2"7*9W5DO
(A&, &1, )+ (01(SO1L. 106 #/*&), & | Y6+5115/.&'5,"1$%"4%-54!

&S, )%+ 9/)6! )6 /9. GE(H# (! +*5.7*&!

$LIL 4+ SGML/IMIESOFES() IO, #)/$%& %! 96/#6HBO!/%6!,!.*()/-*(016/56!1.1*%6 #0!
#6.9G$76%.%1 /8! +/8RJ*+130!)6*! &'.$'%+/%5! G¥/'G! LK/5: T8]%+! L/-M/56H. 4% #0!
($#,(1G$+&I& #6!, &IAF!, %o+!][FE). *)#68&8!)6,) S T $!($9*.11.44% #OIG$+*86,)!6,-*!
(X HOHST (*+,GH%5!)6*GE&*(+&I)$SI#.*,)*1,16/56!+&00!1$1!3,)61&), )1&
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Conmpsition among Swiss banks is tpered by
alive-andlet-live atitude. Hovever, their deal il

ings also ielude trangerring large nurbers of m € I
Swiss francs (CHF) to banks in other ctigs. M ¥

Though usavory things hapen in and bsveen S i i

these other counes, the bangrs have littlen- | i £ €
terest in what hggens in places where they

send their money as long as the alldranking sytem is sthle. Maney comes back to the Swiss
banks from these cotries, and when it eeeds the amount of money going,@igtory is delared.
The baikers have no terest in saietal dynanics in the outide world, only the net ffct on their
finances. Aralogy with Fig. 1 is clear.

| :6$'56! 6/56(0k+*,(/J*+81)6H06*. 50(*-*(1&).'#) . *%IK/5:IBYEA(*-,%))$!,1(,.5* %'G3*.!
$11&0&G&: ;6% $} 1&'3&T #*1#$%),/%& JOE.+*.1&),)*&! %4 P4 /&1), 4*%!)$I3*! II' &H
#$9%)/%"G1)$I06/#GIS} T&IHS'T (*+:10*1#,%1)6/%41$11) 611 KEEY6)/9B!, &1, 1+*06&*1&*) $1!
3$'06+18)388$.!,&!,| G*,%&! $1! XT&*N%5! 1). I HSWYG:1"%! 1,4#)81 0$'1 9/((! &**1)6,)!
96(03/%51)6%1).,%&/)/$%! 1.$G!,| +*0bBTEUB)S! | HSHVG I #(,./ 1/*&) &'3)(*! &T*#) &I $1!
)6*IG,)6:!

| "OBAG,7)*.1BIO¥I&,91)6,) |, HSGGSU2,G7(M1$11)6*1&1)',)/SUHT/#)*4/%!K/5IBY/&!. 44
YIS &&I+*H,08!/%6196/B6F (#). $Y0/#, (01 2#)*+1&), YIS 1!, | 7HEIC/H&TH/*BEHS' T (*+1
)$16/561-/3.,)/$%, (1(*-*(&ISL!, | (BO*. X (RHSUHI&),)*:12%6$) 6*.1/&1-13.,)/$%, (1*2#1),)/$%!$1! !
B/561$-*.)$%*I$11,160.$5*961&,). )#6 ! (SHES+*81/%6196/#61)6+16/561$)5Y6*!/&1/G 3*++*+1/%!
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7$.),%J08!)6*01L, 9%.1)6*.1(/%, .1#$G 3/%, ) I$Y6&MIH, %!$1)*061 3+ 7.$B*#(52%, ((0:!1
| "11)6*1F,G/($% %!/&1+/ SSYBI*+1/%1)6* 1' (1) 194 1-+4)$.1&7 #+81)6*1-G*%&/$%!$11)6]
G,)./21/&!7.$3(*G,)/# 3%, '&*1$11)6*1(,.5*196'G3*.I$11&),)*& 984 :1=$&)!$1!)6*I#$B ), H
YISU(I*11$.)/&I&T*%6)IS3)UBBILES, )/$%!)6,) LG/ HGT$.), YottH'Vo+**81+06, GH&!
O/)6/%4 4 1, ¥1(/4*(01)$I3*13$ /%5 1/ 11)6*1(*-*(1&7 #/9%65Y&I+*%&*:IKS$.1¥2, G 7(*819/)61%$1&) ) *&!
19094 16, - 1%51,17.1H(*5*+1. $(*81)6*16/56*.1)6*1(*-*(1+*%&/)081) 6*1G$.*1(/4*(01/)/&1)6,)1) 6*.*1
O/((13*1&/ V6L /#,%) 1 F'( &/SIBY6L)6/& I, &*81.*1/%/%5!/%)*.&) THSGIO/) 6/988 1+$+&1%S$)!
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Q!EM:!;6'&8!*19%![eM!3*#$GHF&

1 Rgs !QNss; + " (s |V[n)(n| ST H In"Y(n'|V|sj)+V3term +...1 Le:TfM
n,n' SRV

L Qe+ S v atem 4. Le:ThM
n TN

O*1%**+106$)13$)6*.19/)61&'38&H#./7) LIBISHDI:!

| 6% VI)*.GL&I(('&).,)*+1%V&:1h,:1"%! 6N A)*. GBM! #)/%5! St #, ../*&1)6*1 &0&)*G!
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)SIHS'7 (/96513%)9 061, 15/-+0fhett, %o+ 1$%* 1S 11) BIHA(*-*(8:81&, 0Ve#B!, %o-+13%) 9 Offlg#, Yo+!
L0 [SRTKIS A L((&).,)&1)B/&: T KS.!,I5/-*061 7,11 $11 (*-*(&{% 8! )6*VS!)* .G /&!
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| 6%1+/,5$%, (/3,)/$%!$11)6HM5/-*061 3011961 Le: BiM! /& G, )*+1301)6+1 7. 806t S
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[&1)$IHH-*1%2 7 *8&ISY&I1$.)6HG, ). /21 (*G*%0) &I 1) 6*IHSG 794 TEIEL 0/%5!, (1$1!)6*!
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6 1%>*+(<!+#3$%& Yo/ Yolt¥b &) #%+BL) | 8 (+/#) YO #L! A-&%! & YB6&HH/ ($/10&/-!/-() (1 ?(&$9!*!
SEYES-(UH* 18 (+/#)1%>*+(1/-*1&%Y%! , (S5/1#A/V TiQ0>*+(<1!12$#/-()! 0#)'%6! &5!0(! {{8®!

|; #OIDHB(/+114>1/#1%#. (1SR ()18 H5!18(+/#) %! &$!6 (Yo>*+(6 /- () 18 (#) %!>*)/&+&>*/(6!(8($!
[-#49-1/-(@!,&('#2h&'(I/-(B 1%>*+(1

I P$I*$* #9#4%!%E&/4* Q&S (Y0!0&/-1/-(1)*+(1#5-(1.*¥) & 7)Y (B/&#S%0 1 BHFS' ($!&$!
[-(1-%) HPE&H #%+&, ¥ /#)! 27*N&WL ,&$(*)! *,9(?)*6! 0(!-*8(1 A) $(! CIA)($! 0&/- 1B *$'! (!
FN&+(%!#5!'&. ($% &8R! A-&%!5,&(%! &$!/-(15*+(1#5!/-(15*HH(-A! 6!0-&+-!/(,,%!4%)!
I-*11A) R S!%-#4,"'@ il N.'What hapens is this. The domain of the operatqrend px
exceeds that of the nm&ces. In other wordsp andpxoperating within the doain ddined

by the basiwvectors generate vectors that are outside this domain. This can tratéldis
using thexandp matrices that yield eqn (9.@, see Friedman and Atkins). Relevamt4
matrices are given below. Each contribution to the diagonal elemdistedsseparately.
For exanple, the! 1+2 entry in the! / xp matrix comes from1! " 1)+ (#2! #2).

01 0 0Y #0 11 0 0 &
x=(l J2m )ﬂzﬁl 0 12 0. o=i(im lz)ﬂzf;‘jl 0 1"2 0 2
Y 80 12 0 13 o %0 "2 0 1"3(
$0 | ' % . (
# 0 !3 0& $O 0 3 0
# | & # ) I &
10 2 0 ( '%1 0 2 0 (
[ ]I_%O 1 0 !"6(,ile,0 11 0 176
’ 2 %2 1 (" 2% ! (
20 0 0 %2 0 1 0
%0 "6 0 I3 &0 "6 0 3
;1 00 0Y
$0 01 O
$0 00 13

No matter how large the dimension of the matrix becomes, thedashdi entry always
has what appears to be a sinig) termi.e, !'i/! N, whereN is the dmension of the matrix.
BecauseN is the trace of the unit matrix, the comtator relation is acourted for. This
exercise shows that matrix representations should be used with caution when dealing with
representations of nonzero comtators.
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The example indicated in Figl1 of two levels coupled to a continuum has the matrix
represeimation

Eilil1/2 lilpl2 ¥

il /2 Exli! /2I @
g ‘a2 2: 102 &

where % = 2&|V1ie|?, % = 2&|V.e|2, and %, = 2&V,£V,e. Note that all%svalues are real
and %1 = %, as seen by exniningeqn (5.11)and the paragraph immediately below this
equation in Chaptdt. 2, main text In the prgent example, the level densityE,) used in
the quasicontinuum mdel has been subsumed into in the continuum|lEetsand there
fore into the matrix elements ¥f e.g, Vi = (s1|V|E# It is assumed that riberVg nor
Ve is a function ofE.

Figure B1. The|s, " and|s," states
can coufe to one another via the
cortinuum, which is idicated by

the vertical shaded rectangle. Th
cougding matrix elements/ig are |s2)
asumed to be the same for & E2
likewise, theVz2e marix elements
are asuned to be the same for a

E. These boundontinuum inerac

tions are idicaed by the shded | i

flared regions. There is no m@ict E,

couding beween |s;" and |s,",
i.e., Vsls2 =0.

It is instructive to examine the eigenvalues of the2Znatrix in egn (1)

E*= L(E+Eo)l id(/ 14/ o)t \/((Ez'El) 32t 1)1 () )

= L(Er+Ea) i 1(! 1+ z)i%\/(Ez! E)7H(E2 B1)( ot )t (3 ovs ) @)

Use has been made of the fact thas2 = % %. For the special casg = % = % eqn (3)
takes the form

18
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-1
E—§#

Ei+E! i/ +\(E2! B /2% (4)

Note that thee* andEPlevels are degenerate whésr |E, BE; |. This differs from the
case of 2 2 Hermitian matrices, where de@sscy is impossible with nonzero oftliag-
onal matrix elements. Mooeer, for %> |E, PE; |, the square root is purely igiaary, so
E* andEPhave identical real parts and different imaginary parts. Wlsrmuch larger
than|E, BE, |, E* andEPapproach i, BE;)/2 and {E, DE,)/2 Di %4}, respedively. This
is indicated in Fig. 2, wheréincreases from zero to a value well in exced&obE; |.

Figure B2. Variation of the complex

ImE*
energieE " andEPas# and# are (a) F E, ReE*
varied. In (a), the points sho&* 1 =
andEP from eqn (4) for inreaing ro °r
values of#. In (b), # ! #,, so the \ o A & ¢
transition that takes place né&; D o ° N
E1)/2 is less abrupt than in (a). Thi “Dgio
behavior is referred to as bifurcatiol 0
Y
(b) ImE*
E1 E2 Re Ei
I—- o
1 000 é Oo Fz
\ (o] g 00 K
0. . . o
o
g I,=15I"
(]
Y

FigureB2 also shows examples of eqn (3), in wh#gland % are ircreagd, but with%
" 9. In all cases, as colipg to the cotinuum increases, the complex enerdgiésand
move toward one another in the complex plane, reach a point of nearest approach, and then
move away from one another with further incresasi?q and %. There is what is called a
bifurcation of the widths. Increasing the amount of dissipation eventually results in the two
widths 7 + and 7 ' having very different values.

To help interpret the above, let us solve anaymls prokem of matrix diagonalization
using the quastortinuum model. This enables us to trgeg#and|s,#into the quasi
continuum that dissolves them.fBeing to Fig. 3, we first ignorks; #and diagonalize the
combiration of |s,#and|n# The following pareeters are used: an elgy separation of
unity within { n}; coupling matrix elementg,, = 2 for alln; and no nonzero matrix ele
ments amonghe |n# Though not used in this first step, an energy separatifiy 8fE, |
= 20 andVi2 = 0 are assumed. Figure 3(b) shows {lsgthas been dsoled into and
spread througbut a portion of th¢ n} manifold. The resulting states are labglegs, #
|

1$
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Figure B3. Sequential diagonalization: First consider interactiorjsydfwith |n™.
This yields the Lorentzian envelope|g$ " character shown in (b). The lengths
the blue bars are exaggerated for viewing convenience. |[Sgkinteracts with the
states shown in (b), yielding the result shown in (c), in whigh' character is
indicated by red. Notice that the peaks doser to one another than in (a), .
indicated by theverticalarrows.

Now |s; #is introduced. Referring to Fig. 3(b), levepuasion pusles|s; #more toward
E, than away fronk, because the magnitudes of W@ métrix elements exceed those of
the(s |V |n, s;#matrix elanents, wherén, s, #are the mixed lesls obtained by dissolving
| s; #into the{ n} quastcortinuum with(s,|V|s,#= 0. Thus, the center of the resonance
is pushed upward, as shown iig F3(c). Of coursgthe same argument applies to the center
of the other resonance, which is moved downward.

Coupling béween|s,#and|s, #has occurred via the quasirtinuum. As vieved from
the{ s} subspace, the peaks in 3(c) are closer together than those in 3(a). Thus, itis reason
able for the real parts &' andEPto move toward one ather, as seen in Fi§2.

A321))/,&03%$2&:()*@$B<$7012,1&8+$()/$3

A-(*2H8(1(7*.>,(1%-HOCY -1 &$I()(Yo/&STHE, %! +*$12(1#2/*&S('1?@!8*) @ &SB! =*)*

10)%! &S ! #(,| N* & [H$&*$1! P! 0b>(+&58+! >-@%8+*, %@%6/(.! 0%%! $#/1 &' ($/&E&.(1*$" +4#$
34($/,@!/-()(1 0%9%! $#1 2*0%6&%! 5#)1"4'98FI! *++(>/+2, (1 )*$O(VoIHBOIIH)! /- (! >-@%6&+*,!
HHY(SIH5!-(1) (Yo /DD (11 %@ %/ (.| &%! *$*, @K (1 /-*/1 +HSY6&Yo/ V6! #5) [OH) + H4Ro&I+*,1-)

HOb+&, *IH)%0 +#4> (') 2 QEBIBL> /(Y1) 2/) &%! Yo-#OB! /-+/1-8Y%6! ‘&Y% 8>*/&S8(1 Y @Yo/ (.1 *%6%64. (%! *!
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He (O 18A* 1541+ &Y6108R) /[~ (1S (19&8($! 2@ (3B!:;< 11 2/1 &Y% VGRS #1%((
0-*/1&9%61O#&$OIHSB! (%> (+&*, @V/- (!, & &I&$I+*96(%1

| G&IA)ZO!%-#0%!/-(1%@%/(.14$'() 1 +#$%& () &HSLIA-(15)&+/&HS*, 154)+(1/-HHSY6!-#)&
[*, @S] (*+-1#51/-(1>, */(%6] &Y6] (34*, /#1+1+ HSHRSY6! /- (1) (, */&8(18(,#&I @ #5V/-(1> */(% 1!
A-(1 *9B&/A(1#5) [-(15#)+(1&%| Xa ! o |61*$'1/-(1(34* I&HSVI#5! #I&HSIH5! *U{98!!

1 9(H

W+7 2+ 1%q! 1% =0 (5)
Yo +7 22x0+ /2% ! 1o%1 =0 (6)

where! 12 =ki/my, ! 22 =ky/mp, /1 =b/my, and/ , = b/my,. With x; assumed to vary as
e'i’t, eqns (5) and (6) yield the following equation in e basis:

' [ 421 jl." 1 "2 /4" %
Fehalg" ! il1
|!2n " 22! |!2u ! L)

The matrix resembles the one
in egn (1) except that appears
in the imaginary terms, whereas
the width matrix used in eqn (1 —
is assumed to be energylapen m m; m
dent. The more gemal form is ki X

given in Section 3.3. Note that
when” is restricted to the ggon

of a resonance frequency. the Figure B4. Two harmonic oscillators are coupled v
t e d \ {d friction plates. The contact area, and therefore the ¢
€rms i are approxnatey stantb, is asumed to be independent offlEcanents

corstant because the value 0f |y anqgy, which is valid for small diglacenents.
remains close to that of a fixed

frequency.
A-(1"(/().&$*$/1#5! (3B V<! @&(,' %! 5#4)! (&9($8*, 4 (YB*+-1#5!/-(1) (%04,/&$9!"&%0>F+(

($/1(&I($8(+/#)%!:0-&+-1*) (1, &B(*) 1 +#. 28 $&H#$%  #AF $'| $ <1-*001/0#18*,4(% ! #3¥%%6#

+&H('10&/-1&/11

I A#I%&.>,&5@!/-(1>)#7?,(.154)/-()6!*%%64!C!/ . ICI/ 6T ACI'. 61*$1 JUCH . 1:&$!0-&+-!

+*00(1 12ICl »2ICl (2 <1IA-(V18*,4(%!)(19&8($!?@H

I =%/ (8)
and
" =P/ " 9

where/ '=.[I 21 "2
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For eqn (8)x1 =Xy, and for eqn (9, =Dx,. Thus, egn (8) corresponds to an asyetric
stretch motionxg) in which there is no loss. The relative velocitynafandm is zero;
they move syochranousy with the same velocities. Equation (9) corresponds to a
symmetric stretch motiorxd), which of course is lossy. Whenh 2 > " 2, the oscillator is
undedamped and osédtions occur. The amplitude is given by

Xs = (Aei-’ 't 4+ Be! i/ ‘t)e! It (10)
In the special case o2 = "2, the system is critically damped and the atogk is
Xs= (A+Bt)e' 't (11)

No oscillation occurs. The critically damped case corresponds to the fincignéfdecay.
When! ¢2 < "2, the system is overdamped and the amplitude is given by

Xs=(Ae't+Be!”)e”t. (12)

where* = /121 " 42,

Becaus¢ is always smaller than, eqn (12) always coggponds to eponertial decay.
However, for the strongly overdamped casgg? << ”2), one of thedecay constants is
large while the other is small. The overdamped case is subtler that underdamped or criti
Fally damped cases. A discussion of this is given in Marion and Thornton.

10



!
!
"HBHI%& () *+,-  #5./.$011234156 !

06&()**+,$%"$%&: () 1-+C$,&$,5*$2&+,1+:7$81/$/$)*8%)  $

Referring to Fig.C1, |s;#is not couped directly to the camuum, but via|s,# The
erergy of|s,#is conplex as viewed from withif s}. This sitiaion is found in sesral
molecular sygems. It illustrates how thefeftive Hamiltonian metlod can be used to solve
a probbem in a low dimesiornal space, whees the{ s+n} vector space is of much high
dimersion (infinity when{ n} is a cotinuum). TheHef matrix in the|s; ,#basis is

E V; K
$ S (1)
$V21 Ez!l.’z/Z&

where ! 5 = 2&|V2n|2' in terms of quascontinuum ketgn#or 2&|V2g|? in terms of
continuum ket$E# andVi,2 = V»1". The eigemalues and eigdanctions are

. " _ . 2 %
§  ErsE e PYRES CTE=NREVIN IV | D+

|+) = C1*| 1)+ Ca*|s) 1)=Ct' [s1)+Co' |s2)- ©)

Figure C1.|s,"is coupled
E, I directly to{ n}; |s," only

Vl/ |S2 > Van coudes to{n} via |s,",
i.e., Vln =0.

[s1)
{n}

Following some algebra (Appendiix2.1), the constants in eqn (3) are

Ey

‘o 2|Viz | o= Va2l Ex! Eili/ 2/2+R
to 2 | 1jly 2 - V; 2 ] 1jly 2
4Vi2[“+|E2! E1li5! 2+R| 12 J4|Vi2|?+|E2! E1lid/ 2+R|
1D= 2|V12| : CZD:|V12| Ez! El! i.’ 2/2! R (4)
JalVe | +IE2! Eal i3/ 2! RI2 Vi [ang24]Ext Ext i3 2t R
where:R = \/(EZ! Eili/2/2) +4|Vi2 |2 (5)
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Recall that the eigaredors of anon-Hermitian matrix are not in generakloogonal. In
the present caspt #and|P#are orthogonal whe#s = 0, but othewise they are not. This
is verified by evaluating+ |P# Let us now eamine some limits and special cases.

D*E$2&: ()1+C$)1'1,

For cases in which coupling between#and| s, #is weak relative to colipg of | s, #
to the continuum, a good first approximation is fgattis dissolved into the continuum
and spread througlat an energy region of width, certered aE,, with a Lorentzian line
shape. The statps, #then couples to this new continuum via {lsg# character it has
acquired. Matamatically, the square root in egn (2) can bpreximated by the first two
terms of its Taylor series expansion in the wealpling limit:

E* = J(Ex+E1)! i/ 2/4£3(Ex! E1! i/ 2/2)§1+(E2! Tzll\fl?/lzz/z)zfz (5)

| YEx+E)" il 2 4L (Ex" Ei)V ! 244 = glﬁ 5 E (6)

1 gy e V2l (B2 B) L2l [Viz |* Zf‘ )
(E2" E1)+(/2/2)° 2 ¢ (Ex"Ei) +(!2/2)

g0, g, V2P(E"E) . if2 [Vl 1 ®)

(E2" E1)?+(! 2/2)° 2 (E2" E1)*+(! 2/2)°

The expressions f@&* andEPshow thaf + #and|B#differ qualitatively | + #resenbles
| s;#but with a small amount d&; # Thus, its decay rate is slighsmaller than that of
|sp# This is not sigificant. Also, the real part &* has been shifted relative 3 by an
amount that is familiar from pertostion theoryj.e., let % = 0 in eqn (7) and you will see
this right away. On the other han®# though it resetves| s, #in many ways, aw decays,
wheras|s; #did not. This is a qualitative change. Thealerate ofB# is:

Va2 |2 9
(E2! E1)*+(! 2/2) ©

!!:.’2

Notice that% is smaller thar? by this same amount.

The variation of%, with % in eqn (9) is intezding. For agiven erergy difference
E,PE;, as% increases from zerdgincreases linearly witl#s. %, continues to iorease
with % until 1/ ,/2 = E;BE; is reached, after which further increaseg4rcause to
decrease. In the regioh, >> E,DE;, %is inversely proportional t@s. This may seem
curious: ircreagng the decay rate out ¢} causes thés, #decay rate to diminish.

14
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To understand this, think of the coupling eguential. First|s, #is distrbuted through
out the cotinuum according to its day rate%. Lewels that dave from mixing| s, # with
{ n} are predominantly dfn} chamader. Beeausds, #has no norero matrix elments to
{ n}, this results in weak coumg of |s; #to the new{ s,+n} cortinuum. It can be said
that{ n} has aquired a small amount of coupling|® #by dissolving|s,#and spreading
it througlout some of its spectral range. Ag increags, the mount of|s,# charater
eventually decreases at energies gaiCorsajuently, the coug of |s;#to { s, +n}
becomes weaker.

The above result can also be illustrated by diagonalizing a Hermiti@ix e@ntainng
|s1# | s # and darge enough number of quairtinuum levelg n#to mimic a continuum.
This allows thd s, #and|s, #levels, as well as their linear combinations, to be traced into
the continuum.

- 08+C$28&:()1+CB* 4*+$ |, #/+@ |, #

Now consider thether etreme, in which|Vy,| is large compared to both, and
E, BE;. The dominant effect is that the real parts of the eigapsare shifted bj/»|:

. _ | (Bl Eil i 2/2)8
L Ef=3(Ea+Erl i) 2/2)% Vg [+ VST
0

(10)

| L(E2+Ea) £| Va2 |"i! 214 (11)

The main effect has been-ok
tained witlout retaining higher L(E2 + E)+|Viz | —il2 / 4
order terms in the garsion of the R

square root (FigC2). The eigen
vectors are essentially{|s; #+ ' |Viz |
|s2# /+2. This is intuitive: Vi, | |, Ey—il2/2

domnates over coupling to the
cortinuum, resulting in eigenstate L(Ey + Ey) —---mmmeemmmmeegmmmeeeeee
in which|s; #and| s, #are strongly
mixed. Consequently, ecay is |SI>T Viz |
shared equallybetween the two

resulting eigenstates
|

3(Ex+E)—|Viz|—il2 14

Figure C2. For|Vy,| >> |E, DE; |, decay is
shared equbt between eigenstates.

1/
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A(120$*F21,/,18+$

Finally, consider the case in whidhz is u!'E(/ ), whereu is the transition dipole
moment operator and( ") is an external electric field. The aboverfalism can be used
to obtain thgs#, |si#line shape. In the simplest case, this line shape might be due to
spontaneous emission from the excited lewelyhich case the shape reflects the natural
width. However, the result applies to the couplingsefto any continuum.

The transition is one in which a photon is removed from the field and its engrggrap
as that of the excited state. Thus, ¢éhergy of the initial states; #is notEs, butE; + n”,
wheren is the number of photons of frequentyln other words, the initial state includes
the phaons. The energy of the excited stat&is- (n! 1)/ 1 i">/2.

To proceed(s; | +#is examined to see how much {; #appears in the excited sthiet
Using eqns (3) and (4) with the assdiop| V5| << |, the desired ampiide is.

Va2 | a2 |?]$(7 ) |?
+)1 : #(st|+) |2 (13)
S e e (=] (E2" E1" 1 )2 +(! 212)°

This describes absorption, which is seen to have a LorentziasHape. At resonance
(" = Eo BEj) the absorption strength is pational to the intensity of the @fied radiation
and the square of the electric dipoletmxaelement, and it varies inv&ly with the decay
rate %5. Note that this result is valid for the perturbation regime.

(+@1F$!I##'$61C+8/):*35/+ @$1C*+8+2,8038& 7 &

TheHe" matrix in the| s >#basis is

"B V12 K

7 1
gvm Ealil2/2 @

Its eigevalues are

. " . . 2 o _ .
Et =%§E2+E1! EY zi\/(Ez! Eilid/2) +4|Vio|2&= 3(E2+E1! i3/ 2£R). (2
The termRis in gereral conplex. The eigewvectors are

[+)=C1"|s1) +Co'|s2) 1) =C1' [s1)+C2' [s2) ©)

where|+#and|B#denote the respectivE* and EP solutions. From the characteristic
equdion, the relationship between the do@énts for the + saltion is

Ex! Eilifo/2+R
V1o .

Cot=C* %)

17
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Using the normalization condition

O |E2! E1lif 2/2+R|2%

1=]Cf [2+]Co" 2 = [Cr |2 g1+ 6
G I +ICT 7 =G g PIVAE o (6)
C,* andC,* are obtained:
2|V,
Ci* = |Vaz | . -
JAIVL2 |2 +|Eo! Exl if 2/2+R|?
| Eql il p/2+
C+:|V12| Eb! Eili!l ,/2+R ®

Vio J4|Viz |2 +|E2! E1! i 2/2+R|2

The phase o€;* is arbitrary; in eqn?) it is taken to be positive real. To obtapy' and
C,' , use thebR solution in eqn¥) and proceed asbove. This gives:

c = 2|Vaz | ©
JAIVi2 |2 +|E2! E1l il 2121 R|2
C, = |Vaz | Eb! Eilil /2! R (10

Viz \J4|Vi2 |2 +|Ex! Eo! i/ 2121 R|Z

The vector$+#and|B#are eigenvectors of a nétermitian effective Haihtonian. They
are not, in general, orthogonal. This can be chebkeeby evaluéing the imer product:

(+|B#= (C1*)'C' + (C2*)'Co' - (11
Using eqns¥) B(10), the following explicit form is obtained:

4Vi2 |2 +(E2! Ex+il 2/2+R)(E2! Ex!i! 2/2! R)

(+|b#=
denom

(12)

wheredenomis the product of the square roots in eqhisand @). Becausedenomis
nonzero, the issue of whether the eigenvectors #regonal involves only the numerator:

4|Viz |> +(E2! Ex+il 2/2+R)(E2! E1l i/ 2/2! R) (13)

This expression is nonzeifo% = 0. As % approaches zero, thisgnesion also approaeh
es zero because thlamiltonian becomes Hermitian.
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The effective Hamiltoniamodel presented ithe main textanbeapplied toa nunber
of familiar and importantjuartum mesharical phenomenéan the condensed and gas pha
ses The physicsalmost bydefinition, is in good registry witlthe mathematical strudure
of theH®"model Otherwisel could not have written the first senten€le general nature
of the solitions camot be attributed to quaum mecharus at least not solelyt must first
and foremostreflect the matematical stru¢ure of the He™ model. At the same timethis
strudure cannotbe unique to a particular phyalgphenomenonFor example, it must
underlie both the quantum and classical versions of a given systéinis complement,
you will see how this works.

Insightinto the quantum mechaniddf™ modelcan begainedby workingthrough clas
sical ogillator examplessuch as the ones presented in this compleniémaly differ from
their quatum countepartsbut can be cast in ways thedvealclose resemblances to the
analogous quatum mechanical casedhe simikiity erables subtle aspects of th"
model b be understood.

The quantum mechanical effective Hamiltonians of interest in this chapter, roughly
spe&ing, can be divided into two groups: those in which dissipation is rigorouskgitre
sible (i.e., to a true continuum), and those in which a dgmsgicontinuum of bound states
serves as a bath, with the understanding that it can be extended to a true continuum when
the need arises. There are nuances and other distinctions, but thensindemedivision
has been omnipreseiithat is the quanturmversion.

In theclassical counterparts considered in this complement, wéoasilson examples
of irreversible decay. The quasbntinuum counterpart is also worthwhile, but it requires
additionalnumerical work, essentially diagonalizing larger matrices. This is not hard, but
simply would take more time than is reasonable for a complement. Instead, these cases will
be assigned as Power Point presentations that will be assignetieoesnow getlown
to the business at hand.

1"0#,%)#"2&- )

Consider tharrangemerde-
pictedin Fig. D1 of four massesg g Xy = X3 —> X4 =
and four springs, with maon
restricted to 1D.The displace
mens x, aremeasured rekive
to the laloratory, equivaently, | Figure D1. Massesn, and springk,: displacementsxn
relative to the wall on the left| are hoirzontal.

At equlibrium, x, is setequal
to O for alln. The springgachobey Hooke's law, sall vibrations(here, the normal modes)
are hamonc. The rormal modes are a¢hined by writing thelassicalequations of motion
for the masgointsand soling these, thereby tdining the eigenvalueghormal mode
frequenciesiand eigexedors (normal mode diglacenents in thex, basis) These equa
tionsof motion are

m my ms my

ky ky ks ks




miy +(k1 + kz)Xl I koxo =0 (13.)

mo¥s + (k2 + k3)X2 I koxp! kaxz=0 (1b)
msits + (kg + k4)X3 I kaxo ! kyxs =0 (1C)
Ma¥s + kaXs ! kaxz=0 . (1d)

With thehelp of the ansatx,(t) = x,e' "’ t and the definitions

-’112:(k1+k2)/m1 ! 122 =k /my
I 2?2 =(ka+ka)/my ! 2®=ka/mp ! 2%=ks/my
!332=(k3+k4)/m3 ! 3°=ks/mz ! 34°=ks/mg

!442:k4/m4 !432:k4/m4
egrs (1la-d) become

(A1 /1) x =0, (2)
whereA is a 4! 4 matrix,lisa 4! 4 unit matrix, and is a4D column vectorThe “'s are
the normal mode frequencies. They aréaoted by solving this equation. Theage8 of
them becausin classical mechanics position and momentum can be specifigoeimde
denty. In the quantum version there are 4 eigenvalues and 4 eigenvectors.

The madrix A is given by

Iﬂ:;-’ll2 WEPE 0 0 f%

A:$!.’212 .’222 !.’232 0 ! (3)
S0 trp? 1 112
% 0 0 1142 142 g

As mentioned above,iagonalization ofA gives the normal modes. The eigenvalles
come in pairs (#;) and the eigenvectoygare expressed in thg basis:

yi=l cinXn. (4)

n

Suppose each maissassignedhe same value and likewise each spring consdaam
signedthe same value. If the number of magsingpairs isthenincreased to a large num
ber,we havearudimentarylD monatomic crystal. Its quantum mechanical vibrations are
acoustigphanons.
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Now oonsider a dissipative t@radion that couples thg to one anothemDissipation is
introduced atmy by repladng my with a friction plate of the same mafsig. D2) As a
result, the eigeralues ofA are shifted and they beme corplex. The fri¢cional force is
bX,4 , and with the opposing friction plate fixed to a wall, thetf4natrix elenent of egn
(3) is altered:

D oag20 g2, (5)

where$ = b/my. The other miaix elements
in eqgn (3) are not affectedou should ver

ify that this is the casdn terms of the nor m—4
mal modes ofained by diagonalizinghe m

métrix in eqn (3), the dsipaive force act

ing onmy introduces loss into theenormal ka

moies andbcou'es thtﬁm tgithe;. How trgls Figure D2. Referring to FigD1, my has
WOrKS can be seen through a few matapu - .., relaced by a friction plate. An ep

tions, asshown below. posing plate is fixed gidly to a wall.
The coujing matrix in thex, basisis

"000 0 %
_$000 o0 '
B=$000 o0 ! ©)
$000 1" g
Adding eqn (6) to egn (2) yields
(A+B! /1)x=0. (7)

Equation (7) igransformed from the, basis to the normal mode basis bylgng the
métrix U that dagonalized the matrixA given by eqgn (3). This yields

(UAU!1+UBU!1!!21)x=0. (8)

The first term is, by definition, diagonal. The second term transforms eqgn (6) into the nor
mal mode repigeriation: imaginary terms appear on thagdnal and there are eginary
off-diagonal terms. Terms linear #appear throughout the matrix, which is of the form



%

; P20 i"pd 12 Fi"go! Fi"qa! Fi"a! ‘
$ Fi" ol D221 "pl 1] 2 Fi" ol Fi" 24!
% Fi"ag/ Fi"aof 320"zl 112 Fi"aa! - ©)
% Pi"ad! Fi" 40! Fi"as! P42V it V12 &

Note that$;, + %, + $a3+ Hs= B, §j = § (explain why this can be stated without proof),
and the offdiagonal terms are purely imiaary. Because the signs of the-didgonal
terms deend on the definitions of the giacement directions, they are not importaas
long asthey are used consistently

Because# appears in both the diagonal and-digonal terms of eqn (9), this etjoa
cannot be solved by elementary methods. Withostgison, the eigenvalues éfare real
and eacly; is associated with two real @@neters, ##; andb#. This is no longer true
wheng; ! 0. To solve egn (9), one can use the method in the box below.

H$%6&" $OF+ S

Equation (9) is of the general forr(r: 92! i/ ! / 21)y = 0, wherey is the nomal
mode colummatrix. The two other matrices are
mn ! 2

and$= (/;).

O OO O -
OO On O
O -— OO
o-—-—0O0 OO
s OO O O

%
&

AR AP

Definingz= (#1 + i 9)y, yields / o2y = #1z These equations are written

“lirrr1 o1 f’/ﬁyfy:

$

0.
2102 111ghzg

The entries in the above! 22 matrix are each matrices of dimensiormhis matrix,
of dimension B, yields the eigenvalues.

An important feature of egn (9) is that couplingratvia dissipation rsults in ima@inary
diagonal and offliagonal terms. An exnple is given in egn (10)
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%

(10)

The masses and spring values weresehdo give nonal mode frguercies that do not
differ greatly from one asther. This matrix diglays loss and couplings in the n@l mode
basis. Diagonalization yields lossy viboms. Notice thaFig. D3is unfinished except for
the hint that increasing from zero moves all of the eigenvalues off the real axis and into
the lower half of the complex plarievant you to play with this by varying's and/ 's
to see what happens. Then write a brief repoduding a clear interpretatioand get it

to me by Monday

ates from the others (bifurcation).

Figure D3. The rormal mode frquercies are altered by thetinduction of the friction
plate. Thedistributionof eigenvaluess symmetric about the imaginary axis. Asn-

creases, the vertical arrows, in general, carry the energiberfurto the lower half of
the conplex plane. Wher is made sufficiently large, one solution on each sidarse

When$is made sufcienty large, the real part of one of the modes goes to zero and this
degree of freedom has only expotiaity damped solutions. This behavior, in which in
creasing the value off causs a subset of the eigenvalues to approach large imaginary
values, is sontames called bifurcation. It has led to confusion in computationdlesuof

unimolecular decay using quantum mechanit&imodels.



The mases springs,

and friction platesnodel
hasa straighfiorwardin-
tempreation. Thefriction
plate stops mdxg when
the fricion parameteiis
made verylarge.In this
limit the problem redu

ks

ky

Figure D4. In the strongriction limit of Fig. D2, thetwo plates
become rigidly comeded to one another. Infett, the wall is

ces to one of three masj

5 connected to the sprirkg.

es that can movewith
my essertially out of the picturelt is equivalent to the wall, as indicated in Fig. D4.

60./(.")$%,(&),( " | !

Let usnow placethe frictionplatepair in the middle(Fig. D5) This arrangementvill
serve tallustrate fridional couplingbetweerntwo oscillator systems. We immediately see
how the liniting cases behave. When the friction param@&iemade to approadhfinity,
mp andmg approach a single masmdx, andxz approacha single displacement. #&ma
tively, for $1%!0, the system approaches two independent oscillator systems. The interes
ting stuff lies between these extremes.

x| = X2 =
‘ ny X4 =
@ —
U R R
- : my
ki k> X3 = ks e
Figure D5. The friction plates are at tlne andnmy positions.
The equ#ons of motion yield the following matrix in the basis
" 0
g/ 1u?1 17 1] 12 0 o/
% g2 |1 20 121" E o . a
P o0 E PV r20in | 12
$ I/ a2 I 2112,
% 0 0 1] a3 Paamll =y

Note that the oftliagonal imaginary terms have a positive sign, and recall that signs of off
diagoral matrix elements are not importastiong as they are treated consistently, i.e., two
plus signs or two minus signs but not one of edtle normal modeof this system differ
from those of FigD1. As mentioned above,ith the coupling by the friton plates turned

off (i.e., $= 0), the normal modes are associated with tvaependent sysms, each
having two modes. Friction couples these systenosé another.



It is instructive to visualize the system in HIp as it approachdbe large friction linit.
There is a low loss mode in whialp andms move moreor-less tgeher, and a high loss
mode in whichm, andmgz move in opposite dir¢ions. To ilustrate the large limit, the
certral 2! 2 matrix in eqn (11)réd boy is diagonalized, yiating a matrix whose form is

JURTC N\ B 0o ¥
% A’ low loss 0 C - (12)
$ B' 0 high loss D '
P o0 C D lu?li?g

Exchanging the labels of the third and fourth rows and columns yields

; 12112 A 0 B Y
9 A low loss C 0 : (13)
¥ o c' la2r12 D
$ B' 0 D high loss 2

The high loss term in the (4) position is resistant to change; ithbges as an over
damped aosllator. For this mode, the oscillatory nature of the springs athoth the
friction plates are of secdary importace, as there is no pedic o<illation.

The 3 3 matrix indicated by thblue boxin egn (13) gives vibt&gons in whichm, and
mg move moreor-less together. This is anticiigal on phgical grounds. Them,/mg
combination acts (approximatelyd a single mass point, so theteys has 3 rather than 4
degrees of freedom. The three surviving Jiloregs behave as lossy meal modes. They
are true vibrations, having tossed out their comrade the severely damped oscillator.

Thus, we see that the thamatical bifurcation that has occurred issmable It has a
sound basis and behaves in a predictable way. It is noatiffran the bifurcatiodiscus
sedin Complement A. Any time a set of ftign plates is introduced into our tadtion of
masses and springs a bifation can be achieved by makigsufficiently large.

1"3$%.'4),'2)2,#$.'47)-$0.'4 8%, (&)/"#9.,(.\" )
To finish this complementonsider thespringplusfriction-platedevice attached toy

shown in Fig.D6. It is assumed th&g is smaler than the otheki's. In addition it is as
sumed thatlamping is strong enough tha¢ does not oscillate.

Figure D6. The object
in the blue box is a my ms

spring strongly dagped *** ® ‘
by a friction plate. Esr- m m ’
ything to tre left ofmy is % -
the same as in Fif1. ka >




To solve this problemve can add another term to the dmqres devebped above and
get 5 instead of 4 normal modes, etc. This will result in one frequency that is very lossy
and four others that are much less lossy. To see the qualitative effect kf/ithe
combination on the rest of the system, let us transfer theend&uiof theks/mg device to
my, while retairing the normal mode description of tmebmy, system. This intrduces loss
into the four normal modes and couples them to onghan In this sense, this caséike
ones discussed previously. There myBver, a fundamental é#rence:m, experiences a
disspative forcevia a spring. To see how the system is influenced, consider ttiex ma
elements involving, andxs:

w332 -w? —0)342 0 (14)
— 0437 W44* - 0* —045°
0 —60542 Cl)552 —iﬁw—wz

The 2! 2 matrix forxs andxs can be diagonalized, yielding' andxs' and chaging a
few other matrix elements. With the assumption #gt and#s42 are relatively small, the
most siguificant change to the!44 matrix indicated by the upper left box occurs at the
(4,4) positon. The addition to the (4) position has both a real and an imagyrpart, and
the magrtude of the fomer is larger than that of the latter. Thus, the lossycdantro
duces daming at the four massas, Bm, that is smaller than that expenced byms, and
the nomal modes are colgd mainly by the springs. The highly damped spring serves
as a transition between the normal modes and strong dissipation.

Following the above paedures, the matrid used to geerate the nanal modeswill
spread the term at the @), position throughout the matrix that is diagl in the uper
turbed normal mode basis. Note that this spreading is the same as in the casg,of the
friction plate shown in FigD2, except now the offliagonal matrk elements are pom-
inanty real, in which case no bifurttan occurs.

There is no limit to the number of amusing and progressively more complex classical
sygdemsthat can be conjured and analyzed. Correspondence with quantum systems is a
great h&p insofar as understanding what is going on in the latter, which has engendered
controversy,cults,andridicule.
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A few simple orat least reasonably straightforwanabdelswill be examinechere The
goal isto strengtheminderstarding andntuition about coulings beweendiscrete and con
tinuum statesndthe phenomena thebring aboutNo atemptwill be made to minc real
physical syeems except to excludenathematial exercises that amildly unrealistic on
physical groundsAs a child learns by playing with teywe will play with the malels,
varying paameters tomovebeween regimesandto test aproximaions and asumgions.

We begin withsygems in which two groups of zemrder states are distinct from one
arnother. Theyinterad only throughone or more intenediate states. Tik gereralscheme
is aplicable toa nunber of
small poyatonic molecules
A classic exanpleis formak

-
o
=
3
D
Q.
1]
-

<
Q.
@

dehyde, in which excited S - V= - .
andT: potential erergy sur e 2= kisc
faces pdicipate inthe mot H+HCO

ecule'sunimolecular decom:
position following phdoex-

citation (diagram on right) 28188 203283

itati i i S "
27720+2 == :

The corcepual groundvork L0200 !

had beerlaid earlierin ni- | y, 4 co ' So

clear physicswhereso cat
led dooway states serve a: All energies
such intemediates We will So 25194 are in cm™!.
not go thereexceptfor use
ful mathemdical tools

6&7--),0/$12&/ )

Vector spaceof highdimersion

abound in molecular quantum (1) Truncafion n real space

mechanics Mathemdicaly, they (2) Mapping into a Krylov subspace
can be paitioned into any number AT (3) Evaluation of
of sukspaces Such maneuversby _2.','—> S —> e —>G(2)
therrselves arelevoid of physical :.Z:.:_-.~:-',- W
content however The oices of LI

how many subpaces are to bg Ozaki Laboratory of ISSP

used, and the ingredients of eac

depend on thsituation under ccmderatlon and the goals. For &xple, three might be
appropriate for the case incted in Fig.E1, as there are threegiens: the{ 5} sulspace
of states/ ¢, , a sigle /, state, and thEkm} sukspace of states,,, . Altematively, maybe
two subspacess prderred, in which casés} and{ km} remain seprate, but/ , needs a
home in one of these ssjiaces.
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Figure E1. A zercorderintermediatestate
I, is considered. It has nparo matrix s, Dk
elements oV with each of the states in th
{s} and{kyn} marfolds. Each matrix | ———
elementVjy,, isassignedhecommonval-

ueVnk. All matrix elenents\v; ,, between | =
{s} and{ ky,} aretaken to bezero. Like -
wise,V is takento have no narero dag
onal marix elements wittn { 5} or { ky}. { Sj } {km }
It serves only to couplg, to {5} and
{ km}. Thus, s, serves as a conduit.

Pn A= e

The symbof s} denotes a grou@anifold)of states ; that belong togethee,g.,low-
lying vibrational states of an electronically @ted potential energysurface. They are
eigerfunctions of a zerarder Hanitonian Ho. Likewise, { km} is a group of eigen
functions /., of Ho. This sulspace is dense stive to{ 5}. In other wordsit has rela
tively small energy spacing tweeen adjaent states. For arple, thes ., might behighly
excited vibrational states of the ground pdiahenergy surfaceThis is the scenario
preseted by formaldehyde in which tAg triplet inteemediate serves as a conduit between
the$§ andS surfaces

Altematively, pehaps the dense ssfiaceis usedo mimic atruecortinuum as when a
zergordereledronically excited state disstatesvia interaction with another electronic
state In either case] km} will be referred to as a quasontinuum. Every , is an eigen
function of Ho. It may seem odd that there is only one state in this group. Howgvean
be one of many , that cormstitute a manifold nj}. If { nj} is sparse copared to s},
one of the states in it can be stésl, and the coupling scheme in Fd. can be applied.
Cases in which a nuoer of / , states participate will be addressedlue course

To begin, partitioning is considered in which }, /,,, and{ km} are ogarized into two
subspaces. As mentioned abdyvs,} and{ km} are tobekeptseparateThe issue is what
to do with /,,, which has nonzero rtréx elements ofV with states/; and /y,, spe
cifically, Vhs; and Vi, . To didinguish rates froncorresponding La@ntaan linewidths,
explicit ! will be used réher thansetting! equal tol. Thus, adecayrateof / has a
coregpording Lorentzianwidth ! / . Theimmediategoal is the examination of [see
tives and linting cases of the nalel in Fig.E1, includingstraightforward etersions.

Because!/ , is coupled to bot{ 5} and{ km}, perhaps it can be thought of as being
dissolved intially into one or the other of these subspaces, yielfliggn} + { km} or
{s} +{km+n}. If it is known that/, is couged much more strongly to one of the
subspaces, this can serve as the basis feerarchy in which the strgest coupling is
handled first and the weaker coupling is dealt witrssyiently.

Such an assuntipn must be based on physical smleraions, as there is no mathai-
cal basis for it. Referring to FigE1l, the gstem is symmetric in the sense that the left and
right sides difer in labels, level desities, and spacing digbutions, none of which enter
explicitly at this point. It is a good strategy to enlist coupling hierarchies (aneSoon
ding tamporal sequences) whenever the situation permasuse thewre likely toprovide
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the mostrealistic pespetive. We shall examine efféee Hamiltonians that act within
sulspaces that respect such hiehies. Our first task is to definedlsulspaces.

Different coupling squences do not, in general, treaduaagions and aproximations
equally when usg a perturbation garsion or iteration schemét is well known that
different peturbaion exparsions aplied to thesame prolem in generalyield different
results at a given order of pansion Of coursethey eachgive the same awer when
caried toinfinite order.

Figure E2 illustrates the fact that théealaives (a) { 5 +n} +{ km}, and (bY{ 5} +
{ km+n} treat asunptions and aproximations differenty. The malel is easily diagn-
alizedin the full vector spacés + km+n} to check theaccuracies of thepproximations
examined below.

Figure E2. (a)A single zere
order state , is coupled first Wi (@) " " (b)

to the { 5} maniold, yiel- " 5 Ai
ding the/ ;. The presence of
I, is indicated(heavy black
lines) as having been dist
ved into the{ 5} marifold.
The resulting / ; are then =
couded to the{ ky,} man-
fold. In (b), 7, is couped
first to the { kn} manfold,
yielding the 7. Each 1, is
then coupled to the{s}
manifold Theperertages of
I, characternn the / ; and
/; isindicatedwith heavy black lineslt is exaggeratedo aid visualization

AN
HHHWH
Ll

11/&)819:)" )2",$%8&5)-'-(-1%%:;)({ 5 }

Referring to FigE2a, theintermediate statg, is first coupled to{ 5 } while ignoring
{ km}. Diagonalizaion of the{ 5+n} part yieldswavefunctions ; that are expressed in
the basis of zerorder states as

%
ERELCRRCHEI

S

n/i)'n+l (sl i)y - (2)
j

The expansion coefficients are written as inner productsuse this riation, though cum
bersome, is traparent, and good bok&epng is required in the material that follows.
Labeling of bras and kets istuitive, e.g, the ket for/ ; is|§ # If /,, hasnonzeromatrix
elements with many; without urdue préerence the matrix elementsy,s; are each of
conmparble magitude), the maghides ofexpansion codifcients$n |/ ; #will be much
less than unityln other wordsa modstamount of/ ,, chalcter is present in eagh .
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<14(-1%)=-5(>

Considerthe coupling between ,, and{ 5 }, andleawe aside for the mment the
coupling betweer , and{ km}. Itis said that , decaysto{ s }. If the \j,5; matrix
elements areachof conpamble magitude, the ewelope of the digibution of
|$n| %6#2 values has a shape tHat all practical purposeis close to Logntzian.
The width! / o chaladerizes the couing strength. This is the pial width of /
decaying to{ 5 }. Alternativay, the patial width ! / . chaaderizes the decay of
I, to{ km}. Patial widths reflect couling strengths to di€rent deay chanels, in
this case th¢ 5} and{ km} subspaces.

The !, ineqn(1) belong to th¢ 5 +n} subspace. They are cdeg to the{ km} quast
continuumsubspacéy the matrix elements

(kmV|! ) = (km|V[n){n[/ i) (2a)
= Vian (]! ) (2b)
= Via(n|? 1) (2c)

In going fromeqn (2b) to (2c) tis assumedhat thev , values do not differ sigficantly
from one anothefor differentvalues oim. Thus, eaclv,,, has been assigned tt@mmon
value Vikn. This translates into using a single valyg, , , for the matrix elemesty, , .

for 7 ; coupling to each member of the manifold/@f stateqFig. E3).

Figure E3. For any particular/ ; (see Fig. Ed) the marix s
elementsV, k,, (=Vk. i ) given by eqgn (2) are ssmed to km
have equal valks V, ;k . This follows from the assumptiorn {E—
that thevy,, values can each be assigned the vajye The . —
resulting resmarces(/,, dissolved into the{ 5} manfold) Wi AN
are istated. The shaded Lentzian prdile depicts the dii- | —}—
: : : Vo |[Eod—
bution of / , chaacter in theresmance.The height of the yik e A—
Lorentziancurve is exagerated to facitate visialization. E A—

If thedecay widthsre norovelapping, they can be estimated using Fermi's golden rule
Ve = 20 Vi 21010012 " =V mc(nl! i) ]2 ®3)

Equation (3) gives the decay width of a givenfor the coupling sequence indicated in
Fig. E2a. Note that each/ ., value is smdeér than the! / ., decay width by the faor

1 Matrix elements oW can be taken as real, ¥p=V;.
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|$n|/ , #2. This is intuitive: coupling off , to { 5} distributes its decay width /
among thel ; in proportion to the percent, chalader in each/ ;.

This can be verified bgumming thedecaywidths for all/ ;. This yieldsthe width of
I, decaying tof km}. The flux to the quastontinuum has been transferred{tg+n}.
Y ou should go over the above arguments a few timesmiBitie is straiglibrward:

e =0 e =0 () Y2 e = o ()2 ) i) 4)
i i i
1

Decay rates given by Fermi's golden ruleplynirreversibility, whereas ature is
reversiblelf a pracess proceeds in a given diien, it canproceed in the reverse direction.
Reversibility is introducedthroughthe principle ofdetailed balance. The decay rgieen
by Fermi's golden ruldyy itself, has the state going away.

Strictly spealng, irreversibility is not present inquasicontinuum mdel, as all states
are acounted for. In a bound space, kntzan spectral shapesreinterpreted as repe-
serting decayln an expetiment in which the level spang is resolved, one records a-dis
crete spectrum. It is trenvelope of these lines thafleets the decay being discussed.

As explained in thePartial widthsbox on the previous page / , is not the decay
width ofthe zereorder state ,,. That would be

Vg =0 et 1 s ()

The partial widtht 7, appears athe decay width of thés+n} subspace because
case (a) ,, is coupled firsttd 5 }. The width! / o does not enter @kcitly becauset is
subsumed intd 5 +n}, specifically, whery , is dissolved into thé 5 } manifold

The qualitative picture presented above for E2a and eqgn (3) is rearable. Its val
idity as a firststep in ahierarchical coupling schenie premised on the relative coupling
strengths. Case (a) failsliff . is comparable to or larger than . For example, idi-
vidual 1 / ., values obtained by putting parameteruesl into eqn (3) are iger than the
mean energy spacing of tig . The resoances overlap and eqn (3) is nopligable. The
proper coupling schemedgse (D){s;}+/n+{kn}! {si}+{n+kn}-

Further consideration of Fig. E2 indicates that we need not worry about overlapping
renances. In case (a), the width s is distributed over an ergy range that, by defin
ition, exceedgreatlythe width ! 7 . Therefore, the remarces cannot overlap to any
significant degree. Alteraively, in case (b)/, lives mainly in the quastontinuum, so
the widths of thg 5} resmarces are mest. Thus, for a singletermediate levelthe
resmancesn average do not overlap
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In case (b),/n enters{ km} with a Lorentziandistribution, andhe /g thencoupk to
{ km+n} whose stateg; are

Li=(n i)+ (km|?i) "k - (6)

m

The level! , is distributed over many ;. The expasion cefficients (n| /) eachhave
magnitudemuch less than unity.

When using a quasiontinuum mdel to represent coupling to a ¢oum, the matrix
elementsVkn are not meaningful by themselves. A small nearest neighbarasep " E
in { kn} is used to mimic a cdimuum. The valuave assignad hocto " E affects the
magnitudes of theVkn and consguenty the coefficients(n|/;). As discussedn
Complement Dthe meamgful physical quatity is the widtht/ = 2! |Vin|? /-
Thus, /' (which is, by defnition, equal to(/ E)!1 in the present systgrean be varied, as
long as, at the same timgy,,, |2 is adjusted to esure a constant value aff,; .

The matrix element that connegfs to the densey; marifold can be written
(xilVIsi) = {ln)Vas; @)

To understand thisecallthatV connects|,) to |s;) and |k, ), butit doesnot comect
|s;) 1O |k, ), at least nodirectly, i.e., vy, = O.In addition,V has no nonzero mtrix
elements within th€ 5} and{ km} marnfolds. Thismeanstiatinserting closure to the left
of Vin egn (7) has onlyhe surviving elemenshown

Values ofv,; in generavary from onevalue ofs to the nextand this might be ater
ved, asthe { 5} marifold is relatively sparse. On the other hand, the distribution of
|#% |n%? valuesis dense. Assuming that these are not resolved, in effect they are averaged
over the resolution window. This resultsarLorentzian of widthar,,, , as disused in
the derivation of egn (3).

Fornon-overlapping resmarces, Femi's golden rule gives the width gf; decaying to
{ km+n}:

Ay =20 Vs 121 xiln) 1 pic - )

Note that eitherp, or p, can be used, because fHen} and{ kn+n} subspaces dfer by
only one level.

A plot of pecert ¢, chaader vesus eergy displays resnarces that fdbw the Lor
enian ewvelopeof |{ y,;|n)|> versus energy, as illtrsted in Fig.E4. For case (bthere
is no probbem with ovelapping re®narces when using egn (ote that eqngd) and (3)

are not the sam&ach desribes a quagbound levelputthe quasbound leels differ.
!
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Figure E4. The broad resonance is therentzian envelope ofn dissolved into the kn}
quasicontinuum yielding { kn+n}. The rarrower resonances atae tostates i{ § } inter-
acing with { kn+n}.

Referring to egn (8), to obtain tecayof the{ s} manifold, r , the ratesr,, are
summed over the; :

2n
Lo = X Ty = 2o Vs P12l 1 i )
Sj

$j

For agiveny;, |{yi|n)|? is the perceng, character iny; . Referring to Fig.E4, | (yi|n)|?
is proportional to the height of the broad &otian, so it changes froone ¢,, to the next.

Becausep, is distributed over a large number pf, each| (y;|n)|* valueis much less
than one. The number gf; that containg, character can bekan as the widthar,,
divided by the mean level spacing{ikm}, which is p,~!. Corsequently, the nuber of
i that contain/,, chamder is ! /  "x, andthe average value df/i|n)|? is equal to
(! "x)'L. Thus, egr(9) becomes

2! 1
lg =1 |—|VnsJ' |2” . (10)
Sj . «.onk

The sum oves is over !/ o, with a mean level spang of &PL. Assuning the matrix
elementhavecomparable magtude, the sum itaken asnultiplication by ! / s"s, and
egn (10) becomes

2! "
./skzl—lvnslz-ls%' (11)
: n

Using !/ ns = 2! |Vas|? ! s yields

| 2
gzt (12)
-Ink

This is the result for case (b).



|
|
"URI0R )+ - 1155011283145 1

Equation (12)an beinterpretedas follows. Theprobability that /, has enteredl 5} is
equal taits decay rate to 5} dividedby its total decay ratef ns /(! ns+! 1), as disus
sedin thePartial widthsbox. This isa small numbebecause’  >>/ . This prolability
is approximatey equal to/ /7 . Giventhat!/, has entere@ls } whereas it belongs in
{ km}, itcan gato { km} sequentidy: first to escape frorfi§ + kn} to form:{ 5} + /, +
{ km}, with rate 7 5, andthen to entef km} with rate / . The former is rate liming.
Thus the rate « is equal to/ g2 /! .

412$5-5$2"20-4

Cases (a) and (b) anew intepreted further. Whery ¢ is much lager thany ., case
(a) is appreriate, and/ ,, couplesnitially to{ 5}. The! ; thus fornedin turncouples to
{ km}. The distribution of / ; versus energy igelatively sparse, so their resulting ses
nances are isolatelh fact, he case (a) condition sares that these resmrces are isated
because with 1 ¢ >> 17, the amount of , chamcter in a given/ ; is insuficient to
erable overlap esept infrequentlyfor example brought about by chadtitramolecular
vibrational dynamics, as discussed in Chaptetde irfra Fig. E7).

Altemaively, if /  is much larger than ¢, case (b) is the better first apphoration.
When the values of . and / s are comparable, rnier (a) nor (b) should be used as a
first approximation.

If case (a) corresponds most closely to the physical situation, applying case (b) presents
difficulties that are lethal. For example, supposeg is first combined with{ km} even
though case (a) conditions prevail. Thecha@cter is digibuted over a relatively narrow
energy range ifitkm} compared to the engy range it would have spanned had we coupled
it initially to { 5}. If eqn (8) is then applied, levels{rg} are affected only in the ey
range given by the width/ ... This gives an obviously incorrectsist.

Figure E2 illustratd the above arguments. Assume that a system has widths that are
given by the envelopes of the black bars shown as cases (a) and (b).ri&éelfas a
broader envelope thahe latter. If case (b) is pped, quasbound levels foEg values
outside the spectral range|é#% |n%? do not enter. Yet, it is clear that such gtlzmiind
levels exist and that their widths are ndigmificant. Thus, though therodem can be
made to uimatdy corverge by further iteration, this may tadeitea while when stairig

from case (b) for situsns in which the system resembles case (a).
!
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This is an amusing aside that | conjured back in 199%haweplayed around with from
time to time.The idea id0 see what happens ase of the couplings turned onLet us
assumethatV corsists oftwo parts v~ +Vs, with v~ couping ¢, and{ km}, and vs
couding I, and{ 5} (Fig. E5). If the coupling potential/" is time irdeperdent andv s
is initially zero, !, is initially in { kn+n} with /; given by eqgn (6). At=0, VS is turned
on, and t is assumed thdtn>> "ns Fort > 0, the/y interact with the/; . The resulting
resmarce widths arel / 5 » = 2! |Vis; |?[(/i|n)|? "k. Each!/g decay ratds small be
cause !, is distributed over a significant range {rkm+n}. The rate ofthe entire
{ s} manifold ging tothe{ km+n} manifoldis much smaller thafnk.

Figure E5. The intermediate staté, is
couged to{ kn} with matrix elementsy". 9s;
VS(t) is turned on at= 0.

hSS
~
3

VS Vn

. : : — Pn

If the system is excited fos } with a _ ——
short durationaserpulse béore Vs is
turned on, thg 5} population does nof
decay. Excitation remains ifis}. Like-
wise, if 1, is excited bdore Vs is turned on, it dissolves infdm} with the rate’ nk. There
is a traisient rgime in which the system sxcited to/, with Vs = 0, andvs is then
switched on before , has deayed. We are not caerred with this regime.

If { km} is a continuum, exciting, att << 0 cannot result in exXation agpeaing in
{s} for t > 0. The excitation initially implanted in,, has deayed ireversibly. This is
akin tophotodissociating a megule bdore it males a cdlsion, as indicated in Fide6a.
There is no collision. The iplarted exitation has evolved to a continuum.

On the other hand, {fkm} is a quastcontinuum, the' , character that dayed folow-
ing excitation may be dormant but available, as indicated irEBidp). For’ nk>> " nslittle
excitation will find its way td 5} whent > 0O for the simple reason th&at overwhelningly
favors{ km} over{ 5}.

I

AB AB” 3&7 M AB AB* AB* M

® @ O ® 2@ @ =
O

@ B~ &

Figure E6. AB is photoexcited to AB*. (a) AB* diciates, so it does not bdé with
M. (b) AB* converts to high vibrgons of the ground PES;BX collides with M.

Now consider ns>> "nk If 7, is prepared at<< 0, excitation will not apear in{ 5}
as long ag km} is a cotinuum. After all, " ns was zero b®re t = 0 whenexcitation
occurred, and ,, has decayed prior to= 0. If { km} is a quasicontinuum, however, the
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matter is less clear, becausehas decayed but not to zero. Becayseés strongly coupled
to{ s} byV, it may be possible for the collision to resurrect enoyghbhaicter to result
in significant coupling of/, to { 5} and urcoupling of /, from { km}. This would bean
interestingeffect Now back to the main topic.

9:";,01017%*"#$%&" (Y5$#+1"1*$#

Figure E7 illustrates case
(a). The different / ; are Figure E7. Case (a) re&s
eachdissolved into theg km} narces:red, black, and blue
guastcortinuum acording | denotes, /,, andkn chaac
to eqn (3). The fraction of ters, respectively. The pel
/,, intemediate chaader in | certagesof /» chaacterare
a given /| is preserved exz_aggerated to aid wsili-
througrout the resonance| Z&ion. The percetage of
This fradion (which is emg | *" ™M @ gven’jis equalto
gerted to make it easy tg the pecertage of /x in a
see) is the ratio of the blac| 9'V&"#i imes the.per(f,en
portion to the teal length | @9¢ ofthat#in a given";.
(red plus black) of the lineg
whose euelopes are the res
onarces. This ratio does no
change wherthe ! ; states
are distributed among the
new quaskcortinuum levels! j that are mitures ofthe stateg ; and/\, . In other words
the fraction of/ ; chamcter in the dierent/ ; has a Loentzian envelope, while the cem
position ofa given/ ; remains fixed throughout the resonance.

3

Vi

412$5#2"2$%/31";0*#%

Figure ES8 illustrates interstate rirics
within { §+n} that derive from its iter-
action with the{ km} quastcontinuum. On
the right, all of the ; excepthe single state
! » have beendissolved into the { km} Va
quasicontinuum i.e., the Haniltonian has
been diagnalized egept for / » . This
state is going to be used as a prdbfst
encourtered the use of such praba long
time ago (midsixties) in E&M, where a | Figure E8. The state v, interacts with a
small"test charge" was intouced to probe | quasi-continuum consisting of everything
its eledrostatc ervironment. else. Color coding is red for {s;}, black for

Let us row consider the fate of « asit | #n>andbluefor {km}.

interacts with the rest of the system. The en
senble of / j states diffes fromthe one in Fig. E7 because it is Birgy one state. It in
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cludes allof the s, and! ; states except - . The nozero marix elements of; . with
the s ; are due to: (i) thé, chaacter of/ . and the km} charader of they ;; (ii) the /
character of theé - and the{ 5} chaacter of they ;, and (iii) the{ 5} character of -
and the/,, character of the ;. In terms ofcolor coding, the black of - interacts with
red and blue ofj, while the red of . interacts with the black of ;.

As dicus®d inthe main texand Complement Ghe peak positns of the quadiound
levels can be shifted relative to their zerder positions by the presence{af} and !/,
in the quascortinuum. FigureES illustrates the fact that » does not in general see a
symmetric cotinuum. This causes » to experiencéevelrepulsion that pushets energy
morein one directiorthan anothern other words,hepeak positiorof its resonancence
it has been dissodd into the quastortinuum, can be shikd through interactions withe
other dissolved states in the quesitinuum. The net effect is that the peak positions can
be shifted when the erges of the! ; are close to one anothesgy~ a linewidth apart.
This is an eample of the principal part playing a role. This effect is modest atutoc
only when resonance center energiessaféciently close to one another

<0#250',20+1%+798"5"*2$5)% "#$HIB"(%"1/%8&

Lorentzian holes appear piots of
fractioral /., cha@acter versus energy
when intemediate states are absorbg
by the continuum. The matrix elemen
between the boundl 5 } states and thg
{ km+n} quasicortinuum states are
larger than the quasiortinuum nearest
neighbor sepat@ns. Within the engy
range of a/; decay width, the quasi
cortinuum levels are neategerrate
with respect to the couplingatrix ek-
ments. Thus, they are mixed together:
This hasthe effect of shifing the amount of ,character.

This phenomenon is exclusive to the case (b) limit. For case (a), whesemore
strongly coupled t§ 5} than tof km}, the fraction of/ , character is retained throughout
the resoance, as shown indriE7. For case (b), where, is more strongly coupled to
{ km}, each/; has a certain peertage of/, character. Howver, when the ; couple to
one of the!s;, many /; are mixed together. Thus, we cannot be sure about the distribution
of s, character throughout a resonance. In fact, it turns out thettaacter is labile within
the energy range of a perturbation that acts ory the

Figure E10 shows results from an exact calculation that uses a truegom. This
system fits neither the case (a) nor case (b) limit. I+-kxetween. The mathematics for the
exact solution is developed in the next section. Here we use the result to make a point. The
1, state has a decay width of 0.@%F, while spacing between, and /g is 0.18 cril.
This could be viewed from the perspective of 3 states and a complei{emanitian
Hamiltonian as was done in Complement B. This would yield decay widihsebe we
are interested in more. We want the exact solutions so we can see where things-are dis
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buted. The states, , /,, and/,, are spread throughit a cotinuum and we warb see
how this works.

Figures E10 and E11 have been misplace

Referring to FigE1Q, the s, character is labile within the continuum. We see that the
!, chamcter has gone to zero at the energies of the statasd /, . It has been pushed
out of the way to make room fordlmew states that enter the continuum. Recall that mo
deling such phenomena with cphex Hamiltonians would yield the decay rates, but levels
could not be traced into and throughout the continuum.

The result of another set of exact calculations is showig. E11a These are discussed
later; here we comment on the cone. In the case (a) limit, the resocemare sharp and
the apparent level structure is thaf gf+n}. When ' nsis increased by a modest amount,
the levels broaden, though not enough to get into the regime of overlapped resdrences.
figure shows that the distribution of,, character follows the Lentaan shapes of the
resaances, in agement with FigE?7.

FigureE11bshows they,, level having been dissolved into the continuum. Its percent
character goes to zero at the peaks of thenegses, as in FigE10. As ’nsincreases
further, resonance widthscrea®, except of for the intermediate level, which is distributed
over a broad spectral range. The intermediate level hagdasred from the bound space.
As a coseuence of markedly oreasng the coupling of/, to the continum, 7, has
enteed the cotinuum and uncoupled itself frofrs } . Suchbehavior has beemsource of
corfusion in the literature.
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The model is now solved exactly for the case wliacontinuum. With the solution in
hand, liniting cases and a large range of parameters can be examinedesgstly judge
the aproximations introduceth the previousubsectionFigureE12 shows thathe pre-
viousnotation has been alteresfightly to acconmodate thefact that energ¥ variescon
tinuoudy due to the presence of the continudmaddition, weanticipae exterding the
single intemediatelevelto a number of itermediatelevels. To bgin, the eigefunction
! (E) is exparded in the basis of bound and tooum fundions

/' (E) =Cn/n+! Cglg+"dE"Cer/g-. (14)

Sj

Figure E12 The und states/ ;; are
coupledthroughthe single intermediate
state/ , tothecortinuum stated . All
of the \j,z. matrix elements arassigned
the same valyeand Vs e is asumed to | ———
be zerofor all s; andE'". All diagoral |~ Ve Vg
mdrix elements oV are zero Thus,V | = T~ "
serves only to coupl@manifolds! -

¢Sj ¢E'

The expansion coefficients eqn (14)are:Cn =!",|/ (E)# Cs; = (!/|" (E)), and
Ce = (!gr|" (E)). The continuum functiongg are normalized using the Dirac delta
function: (/g'|/g») = !/ (E" E"). The ontinuum states subsume the density of states that
appeared a¢ ¢ when using a qucortinuummaodel To obtain the coupled eqtians for
the exparsion coeficients, thetime independenSchrdinger equationHo +V)! (E) =
E! (E) is applied to egn (14), yielding

E/ (E) = Ca(En+V)/n+] Cq(Eg +V)!/s +1dE"Cer(E™+V) e (15)

Sj

Multiplying this equation from the left in turn bys , /g, and’,,, and carrying out the
integratiors yields

(El Es )CS| = VsinCn (16)

(E! E)Cg' = VenCn (17)

(E! En)Cn =1 Vg, Csj + " dE"Vrg»Ce- - (18)
Sj
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whereVsn = !5 |V|/o# Ve =!e |V]!/# andVpgr =17, V|/ e # As indicated in
Fig. E12, there are no nonzero matrix elementsloween{ s} and{ E'}. Furthemore,
there are no nonzero diagonaltmaelements oW, nor are there any nonzero-adiifagonal
matrix elenents ofV within { 5} or { E'}. In other wordsV serves only to coue /, to
{s} and{ E'}. Equations (16(18) plus the normalization condition yield(E) . This
soundsfine so far, but as we kngwhe devil is in the details.

Equation (16) can bewerted to yieldCq as long a& ! Eg . The Eg values are dis
crete,sothis poses no difficultyE! Eg can always be clsen when evaluating (E) .
Thus, egn (16) can be written

Cs =ChVsn——- (19)

It is understood thdE ! Eg .

Inverting eqn (17) requires caencountering the sgularity atE' = E is a certaintyas
E' varies continuoug. Thus, we needn expression foCg that is valid forE' = E. The
strategy ido require thaE'! E whenEPE' appears in the denominator, and add a term to
account forlE' = E. This is achiegdby using the fact thak/ (x) can be taken to be zero,
where!/ (x) is the Dirac delta furton. Recall that’ (x) is a distribution function ceered
atx = 0 whose height approaches intffrand whose width approaches zero such that the
area is one. Many noralized functions (Lorentzian, Gaussian, etc.) serve as delta func
tions when their widths approach zero. There is no uniqudidmat form of / (x) . How
this works is explained in the box below.

As a stanehlone expression,/ (x) = 0 is meaningless. ¥is mukiplied by one of
the functions used to represent a deltationc a funtion is oliained that is not zero,
as seen in Fig=13.

Figure E13. Multiply-
ing the linef(x) = x by
the Loentzian curve
yields a curve that is
asynmetric aboutx = 0.

Lorentzian

The product of the funtions in Fig.E13 (.e., x times the Lorenian) has pasive
and negative parts whose migdes are equal. Being asyratric aboutx = 0, upon
integrationx!/ (x) vanshes. Irdeed, integration ok/ (x) times any function that is
nonsingular atx = 0 yields zero. It is in this sense that we sayx) = 0. In other

6%
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words, the bleavior of / (x) is judged by how it affects tegration. As long ad () is
well behaved ak = 0, we have

Hdx f(x)! (x) = (0) (20)

and

Hax f(x)x! (x) = 0. (21)

At x= 0, ! (x) samples the integrand. Consenty, x/ (x) has the dect of mutipli-
cation by zeravhenintegraed with a welbehaved funtion. Thus, if we write

A=B+x/! (x) C(X) (22)

with the understanding that integam is involved, intgraing with respect ta yields
no contribution from the term! (x) C(x). In other words$Adx = $Bdx becausesdx
(x! (x)C(x)) = 0. On the other hand, dividing Bygives

A B

=X +!1 (X)C(X) - (23)

Integration of this equation through the singular printO introduces the tern@(x),
which is referred to as the integration residual:

A_ B
ldx = ldx —+C(0). (24)

Of course, one cannot simply add terms to equationsAlikeB. However, when
integraion through a singularity is involved, terms such &8)C(x) in eqn (23)that
canonly cortribute to the intgrals via thesingularity, might be present.

The above considerations show that eqn (17) can be inverted t€yialsl long as we
agree thak' is not allowed to be equal ®whenE BE' appears in the deminator, and
that a term is added that is present onli'at E and sasfies (E DE)Cg = 0 in the sense
of theintegration discussed above. This added term is ptiopat to / (E! E") but can
otherwise be a function & Equation (17) therefore is inverted:

Ce = CnVEn§

ﬁnﬂ;)/ (1 E) (25)

If egn (25) is multiplied byEBE'), the last term yields zero upon igtdion. The first
term on the right is the principal part. The residual te(@) differs from the imginary
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term introduced earlier. In thresent case, no imagity energy parameter can enter be
cause we are treating the continuum on equal footing with the other states. The Hilbert
space is not divided into subspaces. At this pgiR) is arbitrary. It canot be detemined

from mathematics. It must be talined by cosideraion of the physcal conditions. For
exanple, recall the integration ok®L from B%to % which encounters a poleyxat O

+" 0! +! +" ) % +! o)
dx dx Iy dx A
l#;-llgr%&# # :ch ?—Ilgng)f(ggn_—é+l¢f7+ln1765r. (27)

The principal parfi.e., the first plus third terms in the rightmost large bracket)shes,
leaving the contribution from the singularity>at O

#d— lim # (28)

L X /o,

If it is possible for the energy take on an imaginary parame(ee., if it is acceptable
to introduce dissipatiothis way) then a sengircle aroundx = 0 (or equralently setting
the denominator equal tot i& and then taking the lim&' O after integration) can be
used to solve eqgn (28). The path & in the complex plane (or the sign in front&f
results in the itegréion in egn (28) yielding i . In some casesi is agpropriate while
in othersbi( is appropriate. Thehysical situation dictates this choice.

As stated above, in the present case, we are dealing with a HermitidtoRiamraher
than a norHermitian effective Hamiltonian. Camjuently, there can be no aginary
energy parameter that would regent dissipation. Thus, the igietion residualj.e., the
term that must be present in the dgqrafor Cg' to account folE' = E, must be real. The
term intgyration residual is used to denote the part di +oE. This is preferred over the
term residue, which is asstated with the redue theorem in complex variables. To apply
the residue theem requires that we are willing to complex an imaginary parameter with
the real variabl&, and in the present case this ipossible. Thus, we see tlihe present
approach diférs from that of an &ctive Hamiltonian in which the continuum is treated
as a dissipative sink.

Upon including the integration residual discussed above, inversion of eqn (17) gives

n l 0,
Ce = CrVengimy= + ZE)! (E! E')'&A. (29)

It is understood that the first term in the large parentheses is taken as the principal part
upon integration, and it is assumed g}, is corstant ¥/g,) for allE'. TheP symbol used
previously to irdicate that the principal part is to be takewnsitted, its presence being
undeistood. The form of the residl in eqn (29) is not unique. Forawle, CnVenz(E)

could be expressed compactly/a$¢E). This will be done later to facilitate manigtions.
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For now, the more traparent form in eqn (29) is used. The cteg equéons for the
exparsion coeficients are sumarized as follows.

1
Cs = CiVen—— 30
=T Ir=N (30)
n 1 0/(
Ce = - I(E! E') 31
e = CiVeng— =+ AE)! (E! E)g (31)
Ch(EDE;) =1 Cg Vg + "dE"VieCer (32)
Sj

Together with the normalization df (E), eqns (30P(32) describe fully the syasm.
Interpretation requires care, as eqns £@3R) are exact but not trgperent. For example,
corsider thesituaion in whichE is close toEg and Cg is norrnegligible only in the
vicinity of Eg . This corresponds to the case (b) (not case (ahaeses studied earlier.
The quasbourd levels have engies close taEg and each is domated by /5 .

Substituting eqns (30) and (31) into eqn (32) yields

| Vas; 12 Ve |2

I 4HE . 33
E! Eg # E!'E (33)

ZE)|Vrg |2 = E! Enq! "

Sj

Theprincipal part integrabn the far rightvanishes becaudge is assumetb beindepen
dent ofE leaving

|VnSj |2

. 34
E! E (34)

ZE)|Vrg |2 = E! En! "

Sj

For a given set of parametefs,( Eg . Vie, Vsn), Z(E) is easily okained. The nor
malization!/ (E) |/ (E)#= /(E! E) yields C,. Though this step is tedious (Appendix
11.2.3), the result is compact. The coefficieflg andCg: are then obtained by ing egns
(30) and (31). To within an arbitrary phase that has been set equal t€zisrgiven by

1 1
[Vie [ {1 2+ 2(E)? '

(35)

n

The ( andz(E) terms are integration residuals. ThGg,is detemined and the other ex
pansion cefficients are obtained immediately. Foample, using egn (3055 is
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_ Van 1 1
[Vie |E! Es \["2+2(E)2

Cs (36)

Thus the model shown in Fige12 has been solved exactly. Foemy E, z(E) is eval
uaed with egn (34) and the expansion coefficients are obtained by using egns (35), (36),
and (31).

The ! (E) belong to a caimuum. It iseasy to compute a large enough bemof/ (E)
that quantities such 5/ s |/ (E)#?and|!/|! (E)#?2 versusE appear continous. Little
computer time is required. For a given nioen of bound levels, the cquting time scales
linearly with the number of emgies. Figure 14 shows results for fivg . Thousands of
! (E) were oltained in a few semds. Entries (&)xx) correpond to going from case (a)
to case (b) of Fige2.

Figure 14.

) %o+) &+, %6/ OL/2+#%] & VYR

The final exercise with our to
model is theénclusion of an dit- {si} {ng} {E'}
rary nunber of intemediate stateg
coupled to a single ctinuum,
again olaining an exact sation.
This follows straightforwardly
from the last sectioralbeit with - Vsing Vue _—~
more tedious math. Because th e
mathematical devepment is sim
ilar except for bookeeping, steps|
will be given with minmal dis
cussion Little can be said abou
keeping track of sideripts. The
model is shown in Fige15.

The next two pages contain a lot of algebraic manipulation. | see no wayl &he)rso
justpersevere, either that or skim the manipulations on a first reddirizegin, the wave
function at energye is written

~
/
/
\

Figure 15 The E
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I (E) = I Cs]' "sj +! qu"nq +"dE"Cg""g" - (37)

Sj Mg

The difference between eqn (37) and €bf) (which describes the case of a singterin
mediate staté,) is the sum ovenq. Again agplying Ho+V)! (E) = E!/ (E) yields

E/ (E)=] Cg(Es +V)"s +! Cng(Eng+V)"ng + 1dE"Ce-(E"+V)"er.  (38)

Sj Ng

Multiplication from the left in turn by g , /n,, and/g', and carrying out the integrati®n
yields the couled equations

Cs(E!'Es) =1 CngVang (39)
Ng

an(E! Enk) = ' CSjVnij + "dE"CE"VnkE" (40)
Sj

CE'(E! EI) = ! quVE'nq o (41)
Nq

Inverting eqns (39) and (41) yields

1
Csy = " CpyV 42
T OElEs, o (42)

n 1 (%
Ce' = ( CngVemgg———+2ZE)! (E! E)"". (43)
gq VEnBE I E &

Putting eqns (42) and (43) into eqn (37) enableg) to be written

1
l//(E)=2,E_E {zcnqujnq J‘Ps.i +2C"q¢nq
Sj ng ng

. (44)
+ JdE"¢E" {chqVE”nq (# + Z(E)(S(E— EH))}

g

The expansion coefficients; and Cgr introduced in eqn (37) have beerpesssed in
terms of theC's. Likewise, egn (40) can also bepegsed in terms of th€,'s,
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Cui (E—En )=
nsjVsjn 1 : (45)
Z qu Ek—] % J.dE”{ZquVE nq(E +Z(E)6(E E”))}VnkE"
ng,S8j
This can be written in a form that begins to Idainiliar,
Vnks 'Vs in, VnkE”VE”n
E_En Cn = #"' dE”—q"F E ‘/n Vn Cn . 46
( «)Co %{% E-E, | g T EVnE Eq} 4 (46)

Equation (46) can be interpreted as an effectiveiHanman operating in the tar-
mediate subspadeng}:

[H -E][C]=0. (47)

The matrix elements d¢ieffare

H}i{nq =En nkng +Z %-Fj.d ”%"'Z(E)VnkEVEnq . (48)
Sj

In eqn (47)[C] is the column matrix of the coefficients,, . Equdion (48) appears
formidable, withE appearing in denominators in all tria elements ofH¢f, The main
difference between eqgn (48) and our previous treatment of effective Hamiltonians with
a true continuum is that, in the present treatneg},is real rather thaBi(. Were we
to operate only withig nq} and forego information about the continm, z(E) would
befi(, and there would be irreversible decay to theinaom. Thus, egns (47) and
(48) will not be used.

Returning to eqn (46), we see that this equation is of the form

[#][c]=®[V]V][c]- (49)

In this somewhat unconvential form, H excludesz(E), andE is included in the
diagonal elements d¢d. SoH is not a Hamiltoniarper se but it is closly related to one.
The matrix elements ¢f are

anl’lq (E Enk )5nknq -

Sj

Vnkv]Vv]nq J' E,VnkE'VE'nq . (50)

E-E, E-E'
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The reader may wish to expand one or two rowof to ensure that eqns (49) and (50)
are indeed equivalent to eqn (46). The column métrik contains the expansion coeffi
cients for the intermediate statdhe Vn,e form a column matrlx{v] and [V] is the
corregponding row matrix. Thus, the mathematics is in a form that enables manipulations
to be carried out using matrix algebra.

The normalization result obtained in Appen#i3is now used. There we had
| Ce(E)Wen|? (72 +2(E)?) = 1. (51)

In tracing the steps of the derivation in Appen2i8 of the normalization catition, it is
seen that this result can be used in thegmtesase. Equation (44) sums over terms
Cn, Ve"n,, Which is the equivalent (here) of the @eVen. Thereforewe can write

VI [c112((2+2) =1. (52)

By putting eqn (49) in the form

[cl==eH] VIV IC], (53)

the problemis solved compute[ /|, take its inverse, and multiply eqn (53) by]':

VI e]= VT T VIV]TC] = 2B = ———— (54)

VITHT V]
We now have(E) and[C| can be obtained. Equations (5234) yield

1

_ 1 -1 .
i \/ ( | ]
VITHT'[v]

This is clumsybut easy to compute because the malaipans are maix multiplicatiors,
with [V] given and[H | obtained quickly. With[C] in-hand the expansion coefiénts
for the bound and ceéinuum states are obtained straightaway.

(55)

6/
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Referring to the sketckhezercorder leels
|s,#and | s, # are coupled tahe zercorder
quasicortinua | k! #and | k,2#, respetively.
They are ao coupled to each other vig,, ,

£
=

&
~nN
N

the smaHl%regime and asime thatv,, is
much larger tha®&g »r, ,andal,,, - Des
cribe this situation. Ag/, is made smaller
and aproaches zero, explain how this affects things.

In the large%regime %is much larger tha Vg, andeither width. This is boring, as the
two systems are independefs V;, is made smaller and ppaches zero, discuss how
this affects things.

which is taken to be pdsie real. . |5 T —

The | s #and| s #decay widths (withVy, = A ==
turned off) arear,,, andar,,, . Smalland | ==~ % —
large-%regimes are to be exined. Start in| =—=="\,,
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