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% 7,+;.:.3",'% G)::+3-#% ! % H%

I8% J-,"-+/'% ! % K%

% %B3";)/'% ! % L%

M8% 1$+%( +/.)3%)5%A)<34%J -"-+#%! % N%

O8% 7,)P+=-.)3%Q6+,"-),#%! % R%

H8% G)3#-,<=-.)3%9."%7+,-<,*"-.)3%ES6"3#.)3%! %I H%

K8% ES-+3#.)3%5,):%"%T <"#.U=)3-.3<<:%-)%"%G)3-.3<<:%! %I L%

! %7",-.=;+%.3%"%A./%A)S%! %IR%

% %G):6;+S%E3+,/'%! %IR%

% %Q55U&."/)3";% C"-,.S%E;+:+3-#%! %MI%

L8% J<::",'% ! %MM%

% B66+34.S%VV8M8I%! %MO%

% %G)<6;.3/#%*+-2++3%W%! %X%"34%W%" %X%! %MO%

% %G)<6;.3/#%2.-$.3%W%! %X%! %MK%
!

*+,-.','$)/ %
!

B8% F",:)3.=%)#=.;;"-),%2.-$%;)##%! %MN%

% %E55+=-.9+%F":.;-)3."3%! %MN%

% %T<"3-<:%-,+"-:+3-%)5%F!""%! %MR#

% %J<::",'% ! %MY%

A8% 12)%4.:+3#.)3";%F!""%! %OI%

% %Q#=.;;"-),#%=)<6;+4%*'%5,.=-.)3%6;"-+#%! %OO%

G8% G)<6;.3/%-)%-$+%=)3-.3<<:%9."%"%;+9+;%! %OL%

% %!+">%=)<6;.3/%;.:.-%! %ON%

% %J-,)3/%=)<6;.3/%*+-2++3% %"34% %! %OR%

% %Q6-.=";%+S=.-"-.)3%! %OY%

% B66+34.S%VV8M8M8%E./+39";<+#%"34%+./+39+=-),#%)5%F!""%! %OY%

&8% G;"##.=";%)#=.;;"-),#%! %HI%

% %Z),:";%:)4+#% ! %HI%

% %G)<6;.3/%-$,)</$%4.##.6"-.)3%! %HO%

% %A)*%G")%:+-$)4%! %HH%

% %D,.=-.)3%6;"-+#%"-%$ #$[$ %%! %HL%

% %G)<6;.3/%"34%4":6.3/\%#6,.3/U6;"-+%=):*.3"-.)3%! %HN%

|s1! | s2!
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E8% G)<6;.3/%)5%#<*#6"=+#%9."%.3-+,:+4."-+%#-"-+#%! %HY%

% %&+5.3.3/%#<*#6"=+#%! %HY%

% %G"#+%]"^\% #=)<6;+4%.3.-.";;'%-)%W$#&$X%! %KI %

% %7",-.";%2.4-$#%! %KM%

% %G"#+%]*^\% %=)<6;+4%.3.-.";;'%-)%W$>' $X%! %KH%

% %V3-+,6,+-"-.)3%! %KL%

% %1<,3.3/%)3%-$+%.3-+,"=-.)3%! %KN%

% %ES":.3.3/%="#+%]"^%,+#)3"3=+#%! %KR%

% %V3-+,#-"-+%4'3":.=#%! %KR%

% %&.#-,.*<-.)3%)5%%=$","=-+,\%="#+#%]"^%"34%]*^%! %KY%

% %ES"=-%#);<-.)3%! %LI %

% %C<;-.6;+%.3-+,:+4."-+%#-"-+#%! %LL%

% %

% 0#1.#+23"-45%"$6%7('38#/' %! %N_%
!

! !

! n

! n

! n
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 We examined a few models in Chapter II.2.1 that involve couplings among bound states. 
Consequences emerged, and phenomena germane to polyatomic molecules were identified. 
The present chapter continues in this vein: adding complexity while continuing to use ideal-
ized models to illustrate principles. The effective Hamil tonian approach is great for distin-
guishing the forest from the trees. It facilitates understanding of complex systems by ex-
ploiting hierarchical coupling schemes. Specifically, the strategy is premised on a relatively 
modest number of states enjoying a privileged status, of course, on reasonable grounds. 
They are more important than the others. From there, formal expressions follow via alge-
braic manipulation. 

! "!#$%&'()*+!,!-,./*)0!$1!)*2)3$$4&!+'./%5!)6*!/%/)/,(!7.*7,.,)/$%!$1!)6*&*!%$)*&8!96/#6!)$$4!
7(,#*!,!#$'7(*!$1!+*#,+*&!,5$:!;6*0!,.*!/%#('+*+!/%!)6*!</3(/$5.,760:!=0!1./*%+!>:!?(3*.)$!
<*&9/#4!6,+!7.*7,.*+!#(,&&!%$)*&!1$.!,!#$'.&*!6*!5,-*!96/(*!,!5'*&)!$1!@A!".-/%*!/%!)6*!
BCDE&:!F*!5,-*!G*!,!#$70!$1!)6*&*!%$)*&!,%+!)6*0!7.$-*+!)$!3*!*2).*G*(0!'&*1'(:!;6*0!
9*.*!%*-*.!7'3(/&6*+8!3')!"!9/&6!)$!,#4%$9(*+5*!6/&!#$%)./3')/$%:!
! ;6 *!7.*&*%)!#6,7)*.!#$%&/&)&!$1!,!G,/%!)*2)!$1!1/-*!&*#)/$%&!1$(($9*+!30!1/-*!#$G7(*H
G*%)&:!;6*!(,))*.!/(('& ).,)*!)6*!)6*$.0!+*-*($7*+!/%!)6*!G,/%!)*2):!;6*0!,.* 8!/%!1,#)8!($%5*.!
)6,%!)6*!G,/%!)*2):!")!9$'(+!3*!,!G/&),4*!)$!&4/7!)6*G:!"%!)6*G8!/%!,++/)/$%!)$!I',%)'G!
&0&)*G&8!&$G*!#(,&&/#,(!&0&)*G&!#$%&/&)/%5!$1!3,((&8!&7./%5&8!,%+!($&&!*(*G*%)&!,.*!,%,(H
0J*+:!;6/&!&6$9&!6$9!)6*!G,)6*G,)/#,(!G,#6/%*.0!9$.4&8!.*5,.+(*&&!$1!96*)6*.!/)!/&!,7H
7(/*+!)$!)6*!I',% )'G!$.!#(,&&/#,(!.*5/G*:!;6*!1,#)!)6,)!)6*!G,)6*G,)/#,(!&).'#)'.*!,($%*8!
$1)*%!/%+*7*%+*%)!$1!)6*!+*),/(&!$1!)6*!760&/#,(!&0&)*G&8!5',.,%)**&!)6,)!#*.),/%!1*,)'.*&!
,77*,. !/%!)6*!&$(' )/$%&!/&!$1)*%!'%+*.-,('*+:!

! ;6*!G$+*(&!/%).$+'#*+!)6.$'56$')!)6*!#6,7)*.!,.*!&'11/#/*%)(0!&/G7(*!)6,)!)6*0!#,%!3*!
&$(-*+!30!G,)./2!+/,5$%,(/J,)/$%:!;6/&!*%,3(*&!)6*!.*,+*.!)$!#$G7,.*!,%&9*.&!)$!.*&'()&!
$3),/%*+!'&/%5!,77.$2/G, )/$%&!,%+!,&&'G7)/$%&8!,%+!)$!I',(/ ), )/-*!9,0&!$1!)6/%4/%5!,3$')!
)6*!&0&)*G&:!?%&9*.&!,($%*!#,%!3*!&)*./(*!,%+!$1!(/G/)*+!-,('*!/1!%$)!,##$G7,%/*+!30!I',( H
/), )/-*!'%+*.&),%+/%5!,%+!/%)'/)/$%:!!

! K$.!)6*!G$&)!7,.)8!&'35.$'7&!$1!&),)*&!9/((!3*!*2,G/%*+!96$&*!(*-*(!+*%&/)/*&!+/11*.!&/5H
%/1/#,%)(0:!K$.!*2,G7(*8!,!&'35.$'7!$1!&),)*&!!9/((!3*!#$'7(*+!)$!,!&'35.$'7! !L6,- /%5!
,!G'#6!(,.5*.!+*%&/)0!$1!&),)*&M!*/)6*.!+/.*#)(0!$.!)6.$'56!$%*!$.!G$.*!/%)*.G*+/,)*!&),)*&!

:!;6*!5.$'7!6,-/%5!)6*!6/56*&)!+*%&/)0!$1!&),)*&!#,%!3*!).*,)*+!,&!,!I',&/H#$%)/%''G8!,%+!
)6*!I',&/ H#$%)/%''G!#,%!3*!*2)*%+*+!G,)6*G,)/#,((0!)$!,!).'*!#$%)/%''G:!"..*-*. &/3(*!(*-*(!
+*#,0!3.$'56)!$%!30!#$'7(/%5!)$!,!#$%)/%''G! #,'&*&!)6*!*%*.5/*&!$1!)6*!7./-/(*5*+!&),)*&!
)$!,#I'/.*!/G,5/%,.0!7,.,G*)*.&!)6,)!,.*!* &&*%)/,((0!)6*/.!N$.*%)J/,%!+*#,0!9/+)6&:!"%!)6/&!
#,&*8!)6*!*11*#)/-*!F,G/()$%/,%8!" !

!""8!/&!%$!($%5*.!F*.G/)/,%:!
! O6* %!" !

!""!/&!%$%HF*.G/)/,%!3*#,'&*!$1!)6*!7.*&*%#*!$1!/..*-*.&/3(*!+*#,0!)$!,!#$%)/%' 'G8!
/)!#,%!3*! *27.*&&*+! ,&P!" !

!""!Q!" " !R!#! !S!T8!96*.*!! ! /&! )6*!9/+)6!$7*. ,)$.! L'&/%5! !Q!BM:!
"G,5/%,.0!)*.G&!*%)*.!/%#('+/%5!$%!)6*!+/,5$%,(:!;6*!)$),(!+/&&/7,)/-*!1('2!$')!$1!)6*!7./H
-/ (*5*+!&'3&7,#*!/&!/%+*7*%+*%)!$1!,%0!#$'7(/%5&!3.$'56)!,3$')!30!)6*!$11H+/,5$%,(!G,)./2!
*(*G*%)&!9/)6/%!)6/&!&'3&7,#*:!;6/&!/&!3$)6!/%)' /)/-*!,%+!1$(($9&!1.$G!*(*G*%),.0!(/%*,.!
,(5*3., 8!%,G*(08!).,#*!#$%&*.-,)/$%:!U/,5$%,(/J, )/$%!5/-*&!)6*!#*%)*.!*%*.5/*&!,%+!9/+)6&!
$1!)6*!*/5*%&),)*&!$1!" !

!"":! ;6'&8!#$G7'),)/$%!/&!G/%/G/J*+8!3')!,)! ,!#$&)P!"%!4**7/%5!)6*!

! s ! k

! n
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+/G*%&/$%!$1!)6*!-*#)$.!&7,#*!+$9%!)$!)6,)!$1!V'&)!)6*!7./-/( *5*+!&),)*&8!)6*!,3/(/)0!)$!&**!
96,)!/&!6,77*%/%5!/%!)6*!#$%)/%''G!6,&!3**%!.*(/%I'/&6*+: #

! K/%,((08!/%!W2,G7(*!W8!)6*!#,&*!$1!,!).'*!#$%)/%''G!/&!&$(-*+!*2,#)(0!9/)6!%$!#$%).,#)/$%!
$1!)6*!-*#)$.!&7,#*!)6.$'56!,%!*11*#)/-*!F,G/()$%/,%:!;6/&!.*I'/.*&!,!5.*,)*.!)/G*!/%-*&)H
G*%)!)$!+*-*($7!)6*!G,)6*G, )/#,(!G,#6/%*.08!3')!)6*!.*9,.+!/&!6$7*1'((0!9$.)6!)6*!*11$.):!
O/)6!)6/&!)$$(!/)!/&!7$&&/3(*!)$!7.$V*#)!$')!$1!)6*!*/5*%1'%#)/$%&! !#$G7$%*%)&!&'#6!,&!
" !! !,%+!" !"8!)6,)!/&8! !,%+! :!;6'&8!J*.$)6H$.+*.!&),)*&!#,%!3*!).,#4*+!
/%)$!,%+!)6.$'56$')!)6*!#$%)/%''G:!;6/&!/&!/(('G/%,)/%5!,%+!,)!)/G*&!,G'&/%5:!
!

//01020!3%)-%&4.!
!

 Effective Hamiltonians are now introduced and used to examine several of the cases dis-
cussed in Chapter II.2.1, as well as a few new ones. The strategy that underlies the effective 
Hamiltonian approach is easy to appreciate: focus on what is of interest, and deal with what 
remains in as expeditious a manner as possible. In addition to aiding numerically intensive 
computations, it facilitates qualitative understanding, which is very important. In my opin-
ion it is the model's most important attribute. 

! X*1*../%5!)$!K/5:!B8!&'77$&*!,!5.$'7!$1!J*.$H$.+*.!&),)*&!Y!$#!#!/&!$1!7./G,.0!#$%#*.%:!;6/&!
5.$'7!/&!(,3*(*+!{ !$!} :!;6*!76.,&*!Z$1!7./G,.0!#$%#*.%Z!G*,%&!)6,)!/)!/&!+*&/.,3(*!)$!+*&#./3*!
)6*!/%)*.&),)*!+0%,G/#&!)6,)!).,%&7/.*!9/)6/%!{ !$!} !9/)6$')!*27(/#/)!#$%&/+*.,)/$%!$1!)6*!/%H
)*.&),)*!+0%,G/#&!$1!&),)*&!)6,)!,.*!*2)*.%,(!)$!)6/&!5.$'7:!;6*&*!*2)*.%,(!&),)*&8!/:*:8!,((!)6*!
&),)*&!$)6*.!)6,%!)6*!$%*&!/%!{ !$!} 8!#$%&)/)')*!,!5.$'7!(,3*(*+ !{ !%!} :!!
!

!"#$%&'(!"#$%"&'(&)*+%&"{ !! !} "*,-" { !" !} "*.%"+/')0%-"
1$./'2$" V!" #$%.%" *.%" ,/,3%./" 4*1.56" %0%4%,1&"

"(%17%%,"3%./8/.-%."0%9%0&" "*,- " !":1"
5&"*&&'4%-"1$*1"V"$*&",/",/, 83%./"4*1.56"%0%4%,1&"
751$5,"{ !! !} "/." { !" !} !"; *5-"-5<<%.%,10=>"5<"V"$*-"&1*.8
1%-" 751$" ,/, 83%./" 4*1.56" %0%4%,1&"751$5,"{ !! !} >"
1$%="7/'0-"$*9%"*0.%*-="(%%,".%4/9%-"(="-5*2/,8
*053*15/," 751$5,"{ !! !} !" ;1*1%&" 5,"{ !! !} " *.%" &)*+%-"
75-%0=".%0*159%"1/"&1*1%&"5,"{ !" !} >"*,-"51"5&"*&&'4%-"
1$*1"&1*1%&"5,"1$%".%&)%+159%"&'(&)*+%&"-5<<%."?'*058
1*159%0=>" 0%25154535,2" 1$%5." &%)*.*15/,!"@/, 83%./"
4* 1.56"%0%4%,1&"751$5,"{ !" !} "*.%"5..%0%9*,1"$%.%"(%8
+*'&%"7%"*.%",/1"5,1%.%&1%-"5,"1$5&"4*,5</0-A&"5,1%.8
,*0" -=,*45+&!"B, "%<<%+159%" C*4501/,5*," 7500" (%"
+/, &1.'+1%-"1$*1"/)%.*1%&"&/0%0="751$5,"{ !! !} !"
!

! [ ),)*&!/%!{ !%!} ",.*!#$'7(*+!)$!&),)*&!/%!{ !$!} !)6.$'56!)6*!$7*.,)$.!V:!;6*.* 1$.*8!{ !%!}  7(,0&!
,%!/G7$.),%)!.$(*:!F$9*-*.8!,&!G*%)/$%*+!,3$-*8!9*!9,%)!)$!,-$/+!+*,(/%5!9/)6!/)&!/%)*.H
&),)*!+0%,G/#&:!O6,)!6,77*%&!/%!{ !%!} !/&!$1!#$%#*.%!)$!'&!$%(0!/%&$1,.!,&!6$9!,%+!)6*!*2)*%)!
)$!96/#6!/)!/G7,#)&!{ !$!} :!['#6!,!&*7 ,. , )/$%!/&!*&7*#/,((0!'&*1'(!96*%!)6*.*!,.*!G,%0!G$.*!
(*-*(&!/%!{ !%!} !)6,%!)6*.*!,.*!/%!{ !$!} :!"%!)6/&!#,&*8!*-*%!&G,((!/%)*.H5.$'7 !#$'7(/%5!G,)./2!
*(*G*%)&! #,%!6,-*!(,.5*!#$%&*I'*%#*&!$%!(*-*(&!/%!{ !$!} 8!1$.!*2,G7(*8!.*&'()/%5!/%!*1H
1*#)/-*(0!/..* -*. &/3(*!+*#,0!1.$G!{ !$!} !)$!{ !%!} :!W%).$70!1,-$.&!{ !%!} !$-*. 96*(G/%5(0:!

! (E)
! s " (E) ! n " (E)

Vsi nj
| si ! | nj !

Vsi nj

{  s } {  n }

V  si nj
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! ;6*!*%)/.*!F/(3*.)!&7,#*!/&!)6,)!$1!{ !$!\ !%!} :!")!/%#('+*&!,((!)6*!-*#)$.&! !,%+! :!;6*!
&'3&7,#*&!{ !$!} !,%+!{ !%!} !,.*!+*1/%*+!,##$.+/%5!)$!.*,&$%,3(*!*27*#), )/$%&!,3$')!/%)*.H5.$'7!
+0%,G/#&:!K$.!*2,G7(*8!{ !%!}  G/56)!#$%&/&)!$1!*/5*%&),)*&!$1!,!J*.$H$.+*.!F,G/( )$%/,%!" " !
)6,)!/&!/%)'/)/-*8!96*.*,&!{ !%!} !.*7.*&*%)&!,!3,)6!$1!&$G*!4/%+!)$!96/#6!{ !$!} !+*#,0&:!X,.*(08!
/1!*-*.8!9/((!.*,(!&0&)*G&!3*!,&!#(*,.H#')!,&!)6*!)$0!G$+*(!/%+/#,)*+!/%!K/5:!B:!

! ?%$)6*.!9,0!$1!&),)/%5!)6*!,3$-*!/&!)6,)!)6*!{ !$!} "&'3&7,#*!#$..*&7$%+&!)$!1,&)!+0%,G/#&!
,%+!)6*.*1$.*!9/+*(0!&7,#*+! (*-*(&8!96*.*,&! )6*!{ !%!} "&'3&7,#*"#$..*&7$%+&!)$!&($9!+0H
%,G/#&! ,%+! )6*.*1$.*!#($&*(0!&7,#*+! (*-H
*(&:!W2,G 7(*&!$1!&'#6!+/11*.*%)!)/G*!&#,(*&!
/%#('+*P! L/M! *(*#).$%! -*.&'&! %'#(*,.! G$H
)/$%&!L<$.%H]77*%6*/G*.M^!L//M!9*,4(0!/%H
)*.,#)/%5!&0&)*G&!&'#6!,&!G$(*#'(,.!,5 5.*H
5,)*&8!/%!96/#6!6/56!1.*I'*% #/*&!,.*!,&&$H
#/,)*+! 9/)6! -/3.,)/$%&! 9/)6/%! )6*! G$(*H
#'(*&!-*. &'&!.*(, )/-* (0!($9!1.*I'*% #/*&!,&H
&$#/, )*+! 9/)6! )6*! /%)*.G$(*#'(,.! +*5.**&!
$1!1.**+$G^!L///M!&$(-*%)H&$(')*!/%)*.,#)/$%&!/%!96/#6!*%*.50!/%!,!.*(, )/-*(0!6/56!1.*I'*% #0!
#6.$G$76$.*!/&!+/&&/7,)*+!30!)6*!&'..$'%+/%5!G*+/'G!LK/5:!TM8!,%+!L/-M!6/56H1.*I'*% #0!
($#,(!G$+*&!&'#6!,&!AF!,%+!]FH&).*)#6*&8!)6,)!#$'7(*!)$!($9*.!1.*I'*% #0!G$+*&!)6,)!6,-*!
,(.*,+0!#$'7 (*+!,G$%5!)6*G&*(-*&!)$!#.*,)*!,!6/56!+*%&/)0!$1!3,)6!&),)*&:!

! ! ! ! ! !
!

5$-*#4. !
Competition among Swiss banks is tempered by 
a live-and-let-live attitude. However, their deal-
ings also include transferring large numbers of 
Swiss francs (CHF) to banks in other countries. 
Though unsavory things happen in and between 
these other countries, the bankers have little in-
terest in what happens in places where they 
send their money as long as the overall banking system is stable. Money comes back to the Swiss 
banks from these countries, and when it exceeds the amount of money going out, victory is declared. 
The bankers have no interest in societal dynamics in the outside world, only the net effect on their 
finances. Analogy with Fig. 1 is clear.  
" " " " " "
!

! ;6$'56! 6/56(0!/+*,(/J*+8!)6*!*%*.50!(*-*(!&).'#)'.*!/%!K/5:!B!/&!.*(*-,%)!)$!,!(,.5*!%'G3*.!
$1!&0&)*G&:!;6*!{ !$!} !&'3&7,#*!#$%),/%&!J*.$)6H$.+*.!&),)*&!,%+!{ !%!} !/&!),4*%!)$!3*!,!I',&/H
#$%)/%''G!)$!96/#6!{ !$!} "/&!#$'7(*+:!O*!#,%!)6/%4!$1!)6*!I',&/H#$%)/%''G!,&!,!+*%&*!&*)!$1!
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*I%!Le:CM8!,.*!%$9!/%-*.)*+8!G,4/%5!'&*!$1!)6*!$.)6$5$%,(/)0!.*(,)/$%&P!(" " ) !Q!)" " ( !Q!
(*) !Q!)*( !Q!E:!;6/&!G*,%&!)6,)!)6*!&'.-/-/%5!7,.*%)6*)/#!)*.G&!,.*!G$-*+!)$!)6*!+*%$GH
/%,)$.&!)$!#.*,)*!*27.*&&/$%&!1$.!( !|!$ "#!,%+!) !|!$ "#:!
!

! ! ! ! Le:BEM!

!

! ! :! ! Le:BBM!

!

"%!)6*!7.$#*&&!$1!#$%-*.)/%5!*I%&!Le:DM!,%+!Le:CM!/%)$!*I%&!Le:BEM!,%+!Le:BBM8!9*!6,-*!/%H
).$+'#*+!)6*!)*.G&!
!

E ! H0 ! V( ) !

E ! H 0 ! V( ) Q+ P( ) !

E ! H0 ! V( )Q ! + E ! H0 ! V( )P !

QE ! QH0 ! QV( )Q ! + QE ! QH0 ! QV( )P !

PE ! PH0 ! PV( )Q ! + PE ! PH0 ! PV( )P !

Q ! = Q
1

E ! H 0 ! V
QVP !

P ! = P
1

E ! H 0 ! V
PVQ !



!
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 ;; $

! ! ! ! Le:BTM!

!

! ! :! ! Le:BeM!

!

! X*1*../%5!)$!*I%&!Le:BEM!,%+!Le:BBM8!)6*!( !b&!,%+!) !b&!)6,)!3.,#4*)!B!S!L* !R!" " !R!VM!.*G/%+!'&!
)6,)!$%(0!)6*!( !,%+!) !&7,#*&!,.*!/%-$(-*+8!.*&7*#)/-*(0:!;6*!1$.G&!/%+/#,)*+!/%!*I%&!Le:BTM!
,%+! Le:BeM8! 9/)6! $7*.,)$.&! /%! )6*! +*%$G/%,)$.&8! #,%! 3*! ),4*%! ,&! &0G3$(/#:! ;6*! )*.G!
B!S!L* !R!" " !R!VM!#,%!3*!G,%/7'(,)*+!&).,/56)1$.9,.+(0:!F$9*-*.8!96*%!/)!#$G*&!)$!*-,(' , )/$%!
/%!,!5/-*%!3,&/&8!/)!/&!%$)!$3-/$'&!6$9!)$!6,%+(*!$7*.,)$.&!/%!)6*!+*%$G/%, )$.:!W-,(' , )/$%!
#,%! 3*! -/&',( /J*+! 30! .*)'. %/%5! )6*! +*%$G/%,)$.! )$! )6*! (*1)H6,%+! &/+*8! #,..0/%5! $')! )6*!
%**+*+!$7*., )/$%&8!,%+!)6*%!G$-/%5!)6*!.*&'()!3,#4!)$!)6*!+*%$G/%,)$.:!

! WI',)/$%&!Le:BEM!,%+!Le:BBM!#,%!3*!#,&)!,&!,!&/%5(*!*I',)/$%!30!*(/G/%,)/%5!) !|!$ "#:!;6/&!
0/*(+&!,%!*I',)/$%!1$.!)6*!7.$V*#)/$%!$1!|!$ "#!$%)$!)6*!( !&7,#*!
!

! ! :! Le:BfM!

!

;6/&!/&!%$9!*27.*&&*+!,&!,![#6.g+/%5*.!*I',)/$%!1$.!)6*!( !&7,#*!30!).,%&1*../%5!)6*!1/.&)!
+*%$G/%,)$.!$%!)6*!./56)H6,%+!&/+*!)$!)6*!(*1)!6,%+!&/+*!
!

! ! !Q!E:! Le:BhM!

!

;6'&8!)6*!*11*#)/-*!F,G/()$%/,%!1$.!)6*!( !&7,#*!/&!/+*%)/1/*+!

!

! ! " !
!""!Q! :!! Le:BiM!

!
! ;6/&!" !

!""!+*&#./3*&!+0%,G/#&!9/)6/%!)6*!k!&7,#*:!<*/%5!*2,#)8!*I%!Le:BiM!/&!*I'/-,(*%)!)$!
)6*!7*.)'.3,)/$%!*27,%&/$%!9*!9/((!+*-*($7! /%!)6*!%*2)!&*#)/$%!#,../*+!)$! /%1/%/)*!$.+*.:!
@%(/4*!)6*!7*.)'.3,)/$%!*27,%&/$%8!/)&!/G7(*G*%), )/$%!/&!/G7.,#)/#,(!9/)6$')!)6*!/%).$+'#H
)/$%!$1!,&&'G7)/$%&!,%+!,77.$2/G, )/$%&!*2#*7)!/%!&/G7(*!#,&*&:!;6*!7.*&*%#*!$1!* !/%!)6*!
+*%$G/%,)$.!/%!*I%!Le:BiM!/&!96,)!#$G7(/#,)*&!G,))*.&:!

! WI',)/$%!Le:BiM!*%,3(*&!,((!G,)./2!*(*G*%)&!9/)6/%!{ !$!} !)$!3*!*27.*&&*+8!,)!(*,&)!1$.G,( (08!
/%!)*.G&!$1!)6$&*!$1!" " !,%+!)6*!+,-,+!$.#/0!12,34013!5#P!
!

! ! 5!Q! :!! Le:BjM!

!

!

Q 1
E ! H0 ! V

Q

P 1
E ! H0 ! V

P

Q ! = Q
1

E ! H0 ! V
QVP

1
E ! H0 ! V

PVQ !

Q E ! H0 ! V ! VP
1

E ! H0 ! V
PV"

#$
%
&'

Q !

Q H0 +V +VP
1

E ! H0 ! V
PV"

#$
%
&'

Q

QVQ+QVP
1

E ! H 0 ! V
PVQ
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 ;# $

!

! ;6*!1/.&)!)*.G!$1!)6*!(*-*(!&6/1)!operator, QVQ, accounts!1$.!#$'7(/%5&!,G$%5!)6*!+/11*.H
*%)!|!$!#!&),)*&!3.$'56)!,3$')!30!V:!;6*!&*#$%+!)*.G!,##$'%)&!1$.!*11*#)&!/%!{ !$!} !+'*!)$!)6*!
7.*&*%#*!$1!)6*!{ !%!} !&'3&7,#*:!d,G*(08!96*%!V!$7*.,)*&!9/)6/%!{ !$!}8!/)!#,'&*&!,G7(/)'+*!
)$!+*-*( $7!/%!{ !%!} :!;6*!,#)/$%!$1!)6*!$7*.,)$.!B!S!L* !R!" " !R!VM!/&!*I'/-,(*%)!)$!7.$7, 5, )/$%!/%!
{ !%!} 8!96/#6!#,%!3*!#$G7(/#,)*+:!?G7(/)'+*! /&!).,%&1*..*+!1.$G!{ !%!} "3,#4!)$!{ !$!} !-/,! V:!
;6*&*!7.$#*&&*&!#,%!3*! .*7*,)*+! /%+*1/%/)*(08!(*,+/%5!)$! ,((!$.+*.&! /%!,!7*.)'.3,)/$%!*2H
7,%&/$%:!F$9*-*.8!4**7!/%!G/%+!)6,)!*I%!Le:BjM!/&!*2,#):!")b&!-,(/+/)0!*2)*%+&!3*0$%+!7*.H
)'.3,)/$%!)6*$.0:!

! ;$!/(('&).,)*!)6*!,3$-*!7$/%)&8!)6*!(*-*(!&6/1)!$7*.,)$.!5!/&!*27,%+*+!/%!7$9*.&!$1!V:!;6/&!
/&!,#6/*-*+!'&/%5!)6*!/+*%)/)0!
!

! ! :! ! Le:BDM!

!

This is valid for arbitrary A and B. Using A = E Ð H0 Ð V and B = E Ð H0 yields 
!

! ! :! Le:BCM!

!

;6/&!/&!*,&/(0!/)*.,)*+!30!.*7(,#/%5!)6*!B!S!L* !R!" " !R!VM!$%!)6*!1,.!./56)!9/)6!)6*!*%)/.*!./56)H
6,%+!&/+*8!0/*(+/%5!
!

:! Le:TEM!

!

")*.,)/$%!/&!#$%)/%'*+!30!.*7*,)*+!&'3&)/)')/$%!,)!)6*!7$&/)/$%!$1!)6*!(,&)!)*.G!$%!)6*!./56):!
;6/&!0/*(+&!)6*!+*&/.*+!*27,%&/$%!$1!5!/%!7$9*.&!$1!V#P!
!

! ! ! ! Le:TBM!

!

Closure is introduced to the right and left of the middle V in the rightmost term. This po-
tential term is colored red, and closure is added at the locations of the red arrows. Notice 
that only!)6*!) !7,.)! &'.-/-*&:!"%!$)6*.!9$.+&8!)6*!.*+!V!$%(0!#$%)./3')*&!G,)./2!*(*G*%)&!
9/)6/%!{ !%!} :!;6'&8!*I%!Le:TBM!3*#$G*&!
!

! ! 5!Q! ! Le:TTM!

!

;6*!G,)./2!*(*G*%)&!$1!5!3*)9**%!&),)*&!/%!{ !$!} !,.*!5/-*%!30!
!

1
A

= 1
B

+ 1
B

B! A( ) 1
A

1
E ! H 0 ! V

=
1

E ! H 0
+

1
E ! H 0

V
1

E ! H 0 ! V

1
E ! H 0 ! V

=
1

E ! H 0
+

1
E ! H 0

V
1

E ! H 0
+

1
E ! H 0

V
1

E ! H 0
V

1
E ! H 0 ! V

                                                                      !  !

R= QVQ+QVP
1

E " H 0
PVQ+QVP

1
E " H 0

V
1

E " H 0
PVQ+...

QVQ+QVP
1

E ! H 0
PVQ+QVP

1
E ! H 0

PVP
1

E ! H 0
PVQ+...
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 ;6 $

!"#$%&',!!E/')05,2&"(./'2$1"*(/'1"(=" VM"O*P"#$5&"500'&1.*1%&"4*1.56"%0%4%,1&"5,"
%?,"OQ!RSP"1$*1"*.%"?'*-.*15+"5,"VT"O(P"#$5&"500'&1.*1%&"4*1.56"%0%4%,1&"5,"%?,"OQ!RSP"
1$*1"*.%"+'(5+"5,"V>"5!%!>"%?,"OQ!RUP!!
!

! ! !Q! !\! !!

! ! ! \! ! ! Le:TeM!

!

! "%!9./)/%5!*I%!Le:TeM8!)6*!1,#)!)6,)!( !7,&&*&!&),)*&!/%!{ !$!} !6,&!3**%!'&*+:!"%!)6*!VP!,%+!
PV!)*.G&8!)6*!*27(/#/)!1$.G!$1!) !5/-*%!30!*I%!Le:TM!/&!%$9!/%).$+'#*+:!?5,/%8!%$)*!)6,)!)6*!
{ !$!} !&'3&7,#*!+$*&!%$)!7,.)/#/7,)*!/%!)6/&!#($&'.*!3*#,'&*!)6*!) !$7*.,)$.!1/()*.&!/)!$')!L)( !
Q!EM:!;6'&8!*I%!Le:TeM!3*#$G*&!
!

! ! !Q! ! Le:TfM!

!

! ! ! Q! :! Le:ThM!

!

O*!%**+!%$)!3$)6*.!9/)6!&'3&#./7)&!$%!%8!%b8!%bbl:!
! ;6*! V $!)*.G!/&!/(('&).,)*+!/%!K/5:!h,:!"%!)6*!V %!)*.G8!V!,#)/%5!$%#*!#,../*&!)6*!&0&)*G!
1.$G!{ !$!} !)$!{ !%!} :!d*2)8!V!,#)&!9/)6/%!{ !%!}8!,%+!1/%,((0!V!#,../*&!)6*!&0&)*G!3,#4!)$!{ !$!} :!
;6/&!/&!/%+/#,)*+!/%!K/5:!h3:!])6*.!$7 )/$%&!/%!96/#6!V!,#)&!)6.**!)/G*&!L$%#*!/%!{ !$!} !)6*%!
$')!)$! { !%!} !,%+!.*)'.%/%58!$.!)6.**!)/G*&!/%!{ !$!}M8!,.*!*2#('+*+!30!)6*!7.*&*%#*!$1!)6*!) !
1/()*.&!/%!*I%!Le:TeM:!;6'&8!)6*!V!%!)*.G!/%!*I%!Le:ThM!/&!5/-*%!30!
!

"
!

!
!
! !!!! !!
"

"

"

"

"

"

!!!!!!! "

"

!
!! "

"

"
!

!

si R sj si V sj si VP
1

E ! H0
PV sj

si VP
1

E ! H 0
PVP

1
E ! H 0

PV sj +...

Rsisj Vsisj + si V n n
1

E ! H0n, n'
" n' n' V sj +V3 term +...

Vsisj +
VsinVnsj

E ! Enn
" +V 3 term +...

(a)

(b)



!
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!

! ! :! Le:TiM!

!

After some bookkeeping with primes and delta functions that arise from integrals such as 
% n |1/ (E Ð H0) | n' # = &nn' / (E Ð En), this becomes 
!

! ! ! :! ! Le:TjM!

!

! ;6*!)*.G&!)6,)!#$..*&7$%+!)$!)6*!+/11*.*%)!7$9*.&!$1!V!#,%!3*!'%+*.&)$$+!,&!1$(($9&:!;6*!
)*.G! !/&!&/G7(0!#$'7(/%5&!9/)6/%!{ !$!} !3.$'56)!,3$')!30! V:!;6*! V!$!)*.G!#$..*&7$%+&!
)$!#$'7(/%5!3*)9**%!,!5/-*%!|!$#!#!,%+!$%*!$1!)6*!|!%!#!(*-*(&8!&,0!|!%$!#8!,%+!3*)9**%!|!%$!#!,%+!
,! (*-*(! |!$%!#:!K/5'.*!h , !/(('&).,)*&! )6/&:!K$.! ,!5/-*%!7,/.!$1! (*-*(&! /%!{ !$!}8! )6*!V!$!)*.G! /&!
&'GG*+!$-*.!,((!(*-*(&!/%!{ !%!} :!;6*! V!%!)*.G!/%!K/5:!h3!/&!G$.*!)*+/$'&!3')!/)!1$(($9&!)6*!
&,G*!&).,)*50:!N/4*9/&*8!6/56*.!$.+*.!)*.G&!1$(($9!)6*!&,G*!&).,)*50:!

! ")!/&!&).,/56)1$.9,.+!)$!*2)*%+!)6*!,3$-*!+*-*($7G*%)!)$!G$.*!)6,%!)9$!&'3&7,#*&:!?&!
0$'!#,%!/G,5/%*8!)6/&!/&!,%!*2*.#/&*!/%!3$$44**7/%5:!;6$'56!,77(/#,)/$%&!*2/&)!96*.*!)6/&!
/&!'&*1'(8!)6/&!*2)*%&/$%!9/((!%$)!3*!7'.&'*+ !6*.*:!

! ;6*!+/,5$%,(/J,)/$%!$1!)6*!H 
eff!5/-*%!30!*I%!Le:BiM!/&!#$G7(/#,)*+!30!)6*!7.*&*%#*!$1!* !

/%!)6*!+*%$G/%,)$.:!;6/&!/&!&/G7(/1/*+!96*%!{ !%!} !/&!*2)*%+*+!)$!,!#$%)/%''G8!3*#,'&*!/%)*H
5., )/$%!$-*.!)6*!#$%)/%''G!*% #$'%)*.&!,!7$(*!96*%!* " !Q!* :!"%!)6/&!#,&*8!,!&G,((!/G,5/%,.0!
)*.G!\ !#' !/&!,++*+!)$!* !R!" " !R!V!)$!+*,(!9/)6!)6*!&/%5'(,./)0!/%!)6*!/%)*5.,)/$%:!;6/&!9/((!3*!
+/&#'&&*+!(,)*.:!N*)!' &!%$9!.*)'.%!)$!)6*!),&4!$1!#$%&).'#)/%5!H 

eff!30! '&/%5!,!L6$7*1'((0!
).,%&7,.*%)M!7*.)'.3, )/$%!*27,%&/$%:!
!

//010B0!"#$'%);?%+#$!C+-!A&)%;)D-%+#$!&EA-$'+#$!
!

! "%!*I%!LT:BM!)6*! ),&4!$1!$3),/%/%5!H 
eff! /&!#,&)! /%!)*.G&!$1! ,!F*.G/)/,%!$7*., )$.!&!)6,)!

#6,.,#)*./J*&!)6*!'%/),.0!).,%&1$.G,)/$%!)6,)!G,7&!" !$%)$!H 
eff:!;$!#,. .0!$')!)6*!7*. )'. 3, )/$%!

#,(#' (,)/$%8!.*)'.%!)$!" !Q!" " !\! V8!3')!)6/&!)/G*!9/)6!)6*!,++/)/$%!$1!,!&G,((%*&&!7,.,G*)*.!
( !)6,)!4**7&!).,#4!$1!)6*!$.+*.&!/%!)6*!7*.)'.3, )/$%!*27,%&/$%!
!

! ! " !Q!" " !\! ( V:! ! ! Lf:BM!
!

;6*!$7*.,)$.! &!/&!%$9!*27,%+*+!/%!7$9*.&!$1!( !
!

! ! &!Q! :! Lf:TM!
!

! ;6'&8!)6*!*27.*&&/$%!1$.!H 
eff!5/-*%!30!*I%!LT:BM!L/:*:8!H 

eff!Q! M!/&!*27,%+*+!/%!
7$9*.&!$1!( :!;6/&!/%-$(-*&!)*+/$'&!G,)68!G'#6!$1!96/#6!/&!7')!/%!?77*%+/2!"":T:B:!;6*!/+*,!
/&!)$!+*./-*!*2 7.*&&/$%&!1$.!)6*!G,)./2!*(*G*%)&!$1!)6*!#$G7$%*%)&!&#:![7*#/10/%5!,((!$1!)6*!

Vsin n
1

E ! H 0
n' Vn'n'' n''

1
E ! H 0

n''' Vn'''sj

n, n', n'', n'''
"

VsinVnn'Vn'sj

E ! En( ) E ! En'( )n, n'
"

Vsi sj

! S1 + ! 2S2 +...

eiSH e! iS



!
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G, )./2!*(*G*%)&!$1!,%!$7*.,)$.!/%!,!#$G7(*)*!3,&/&!+*1/%*&!1'((0!)6*!$7*.,)$.:!"%!)6*!7.*&*%)!
#,&*8!)6*!$7*.,)$.!&!,#)&!$%(0!)$!).,%&1$.G!)6*!F,G/()$%/,%8!&$!)6*!&#!9/((!3*!*27.*&&*+!/%!
)*.G&!$1!G,)./2!*(*G*%)&!$1!)6*!F,G/()$%/,%:!

! d$)*!)6,)!)6*!($9*&)!$.+*.!)*.G!/%!)6*!*27,%&/$%!$1!&!/&!7.$7$.)/$%,(!)$!( 8!/:*:8!)6*.*!/&!%$!
&" !)*.G!3*#,'&*!)6*!3,&/&!/&!)6,)!$1!" "^!&**!3*($9:!;6'&8!" !

!""!#,%!3*!$3),/%*+!)$!,.3/)., .0!
$.+*.!30!*27,%+/%5!" !

!""!Q! !,&!1$(($9&P!
!

! ! ! :! Lf:eM!
!

d$9!* 27,%+!)6*!*27$%*%)/,(&!/%! !)$!$3),/%!
!

! ! " !
!""!Q! :! Lf:fM!

!

K$(($9/%5!&$G*!,(5*3.,8!)6/&!/&!,..,%5*+!/%!)6*!647,38"49$:13//!1$.G!
!

! ! " &''!Q! :! Lf:hM!

!

;6*!+*&/.*+!)*.G&!/%!)6*!*27,%&/$%!$1!" !
!""!,.*!$3),/%*+!30!/%).$+'#/%5!" !Q!" " !\! ( V!,%+!&!

Q!( &#!\! ( $&$!\!:::!/%)$!*I%!Lf:hMP!
!

! ! " !
!""!Q! ! !

!

! ! ! Lf:iM!

!

K$(($9/%5!,!1,/.!,G$'%)!$1!,(5*3., /#!.*,..,%5*G*%)!L?77*%+/2!"":T:BM!)6/&!/&!*27.*&&*+!/%!
7$9*.&!$1!)6*!7*.)'.3,)/$%!7,., G*)*. !( !P!
!

! " !
!""!Q! ! ! Lf:jM!

! !

!

! ;6'&8!,!7*.)'.3,)/$%!*27,%&/$%!/&!$3),/%*+!1$.!" !
!""!/%!)*.G&!$1!)6*!F*.G/)/,%!$7*.,)$.! &:!

;6*!%*2)!),&4!/&!)$!&6$9!6$9!)6*!G,)./2!*(*G*%)&!$1!" !
!""!)$!,%0!+*&/.*+!$.+*.!,.*!$3),/%*+!

30!*-,(',)/%5!)6*!G,)./2!*(* G*%)&!$1!)6*!#$*11/#/*%)&!$1!)6*!+/11*.*%)!7$9*.&!$1!( !/%!*I%!
Lf:jM:!;6/&!/&!#,../*+!$')!)$!&*#$%+!$.+*.!/%!?77*%+/2!"":T:B:!;6*!.*&'()/%5!G,)./2!*(*G*%)&!
$1!" !

!""!,#)/%5!9/)6/%!{ !$!} !,.* !
!

Q! :! Lf:DM!

"

eiSH e! iS

H eff = H0
eff + ! H1

eff + ! 2H2
eff + ...

eiSH e! iS

eiSH e! iS = 1+ iS+ 1
2 iS( )2 +...( ) H 1! iS+ 1

2 ! iS( )2 +...( )

H + iS,H[ ] + 1
2! iS, iS,H[ ]!" #$+ 1

3! iS, iS, iS,H[ ]!" #$!" #$+...

H0 + ! V + ! iS1 + ! 2iS2 +...( ), H0 + ! V!" #$

+ 1
2 ! iS1 + ! 2iS2 +...( ), ! iS1 + ! 2iS2 +...( ), H0 + ! V( )!" #$!

"
#
$+...

H0 + ! V + iS1,H0[ ]( )+ ! 2 iS2,H0[ ] + iS1,V[ ] + 1
2 iS1, iS1,H0[ ]!" #${ } +...

s H0
eff +! H1

eff +! 2H2
eff s' Es! ss' + " Vss' + " 2 1

2 VsnVns'
1

Es ! En
+

1
Es' ! En

"
#$

%
&'

n
(
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;6*!1/.&)!)9$!)*.G&!$%!)6*!./56)!,.*!&*(1H*27(,%, )$.0:!;6*!)6/.+!#$'7(*&!|!$!#!,%+!|!$'!#!-/, !
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!

! ! :!
!

<0!/%).$+'#/%5! !Q! 8!)6*!1$.G,(!&$(' )/$%!#$..*#)!)$!1/.&)!$.+*.!L1$(H
($9/%5!,!1*9!G,%/7'(,)/$%&M!/&!
!!

  :!

!

;6*!,G7(/)'+*!1$.!1/%+/%5! !/%!| %!# /&!
!

! ! !Q! !Q! :!

!

;,4/%5!' !) !E( !0/*(+&P!
!

!
!

lim
! ! 0+

dE " n(E) |Vsn |2 Es " E

Es " E( )2 +! 2
" i#

1
#

!

Es " E( )2 +! 2

$

%
&

'

(
)

" *

+*

+

P dE
! n(E) |Vsn |2

Es ! E
! i" ! n(Es) |Vsn |2

! #

+#

$

1
!

!

Es " E( )2
+! 2

i! ! n(Es) |Vsn |2

Ve! t

i ! t " (t ) = H 0 +Ve#t( ) ! (t)

! (t) eiH0t |! (t ) !

! (t ) = s ! i d" eiH0" Ve#" e! iH0" s
! "

t

#

! (t)

n ! ! iVns d! e" ! e! i Es! En( )!

! "

t

#
Vsne! te! i Es! En( )t

Es ! En + i!
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 #; $

!

! !Q! !

!

;6*!&/5%!$1!)6*!/G,5/%,.0!)*.G!/%!)6*!+*%$G/%,)$.!/&!+'*!)$!#,'&,(/)0:!;6*!).,%&/)/$%!
1.$G!|!$!#!)$!|!%!#!/&!&'3&*I'*%)!)$!)'.%/%5!$%!)6*!7*.)'. 3,)/$%:!

!
!

! ;$!&'GG,./J*8!)6*!+/,5$%,(!G,)./2!*(*G*%)!$1!" &''!)$!&*#$%+!$.+*.!/&!
!

! ! !Q! :! Lh:CM!

!

 The smallness parameter (  has been subsumed into V. In many cases, the principal part 
contribution is of secondary importance. There is usually considerable cancellation as E 
passes through the region near Es, resulting in this contribution being small. If!

!/&!&0GG*)./#!,3$')! * ! !)6*!7./%#/7,(!7,.)!/%)*5.,(!/&!J*.$:!"%!,++/)/$%8!'%#*.H
),/%)/*&!/%!)6*!* ! !,%+!V!! !-,('*&8!,&!9*((!,&!*11*#)&!+'*!)$!$11H+/,5$%,(!" !

!""!G, )./2!*(*G*%)&8!
(*&&*%!)6*!/G7$.),%#*!$1!7./%#/7,(!7,.)!#$%)./3')/$%&:!
!

@99IJ +-4#$-*! K -%)+E!G*&,&$%' !
!

! ]11H+/,5$%,(!G,)./2!*(*G*%)&!$1!" !

!""!,.*!5/-*%!)$!&*#$%+!$.+*.!30!*I%!Lf:DM8!96/#6!/&!
.*7.$+'#*+!6*.*!9/)6! ( !Q!BP!
!

! ! !Q! ! Lh:BEM!

!

K$(($9/%5!)6*!,.5'G*%)&!G,+*!,3$-*!1$.! 8!'7$%!(*))/%5!)6*!I',&/H#$%)/%''G!
,77.$,#6!,!#$%)/%''G8!)6*!&'G!,&&'G*&!)6*!1$.G!
!

! !Q! !!

!

! ! :! Lh:BBM!

!

"%!)6*!#,&*&!$1!/%)*.*&)!6*.*8! !,%+! !6,-* !%*,.(0!)6*!&,G*!-,('* 8!&$!)6*!/G, H
5/%,.0!)*.G!/%!*I%!Lh:BBM!/&! :!"%!)*.G&!$1!)6*!#$%)/%''G!4*)&!|!* !#!)6*!/G,5/%,.0!
)*.G!/&! :!!!
! !

n ! Vnse! i Es! En( )t lim
! " 0+

1
Es ! En + i!

s H eff s Es +Vss +  P dE
! n(E) |Vsn |2

Es ! E
! i" ! n(Es) |Vsn |2

! #

+#

$

! n(E) |Vsn |2

s H eff s' Vss' +
1
2 VsnVns'

1
Es ! En

+
1

Es' ! En

"

#$
%

&'n
(

! s| H eff | s'"

1
2 dE ! n(E)VsnVns'

1
Es ! E

+
1

Es' ! E
"
#$

%
&'

! (

+(

)

1
2 P dE ! n(E)VsnVns'

1
Es ! E

+
1

Es' ! E
"
#$

%
&'

! (

+(

) !
i*
2

! n(Es)+ ! n(Es')( )VsnVns'

! n(Es) ! n(Es')
! i " ! nVsnVns'

! i " VsEVEs'
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 ##$

!

//010L0!3;,,-). !
!

! ;6*!G,)./2!*(*G*%)&!$1!" !

!""!)$!&*#$%+!$.+*.!,.*! !
!

! ! Lh:BTM!

!

! ;6*!+/,5$%,(!*(*G*%)&!$1!)6*!9/+)6!G,)./2!.*7.*&*%)!($&&8!96*.*,&!)6*!$11H+/,5$%,(!*(*H
G*%)&!.*7.*&*%)!#$'7(/%58!3')!$1!,!&7*#/,(!4/%+:!")!/&!,%,($5$'&!)$!)6*!#(,&&/#,(!#$'7(/%5!
#,'&*+!30!)6*!1./#)/$%!7(,)*&!/%!A$G7(*G*%)&!?!,%+!U:!;6*!.*,(!7,.)&!$1!)6*!" !

!""!G,)./2!
*(*G*%)&!.*1(*#)!)6*!1,#)!)6,)!)6*!(*-*(!&).'#)'.*!$1!)6*!3$'%+!&),)*&!6,&!3**%!7,&&*+!$%!)$!
)6*!#$%)/%''G:!;6*!#$%)/%''G!6,&!3*#$G*!('G70!30!,#I'/./%5!3$'%+!&),)*!#6,.,#)*.:!;6*!
&),)*!+*%&/)0!$1!)6*!#$%)/%''G!/&!*&&*%)/,((0!'%#6,%5*+8!96*.*,&!#$'7(/%5&!)6,)!$##'.!-/,!
)6*!#$%)/%''G!#,%!3*!,11*#)*+:!")!/&!/%!)6/&!&*%&*!)6,)!)6*!#$%)/%''G!6,&!3*#$G*!('G70:!

! ")! /&! .*,&$%,3(*! )$! ,&4! ,3$')!6/56*.!$.+*.&!$1! )6*! *27,%&/$%:! "&!*I%!Lh:BTM!&'11/#/*%)o!
a*.)'.3,)/$%!*27,%&/$%&!&$G*)/G*&!+$!%$)!#$%-*.5*!%/#*(08!&$!#,%!9*!3*!&'.*! )6,)! )6*!
&*#$%+!$.+*.!)*.G&!,.*!G$.*!/G7$.),%)!)6,%!6/56*.!$.+*.!)*.G&o!K$.!)6*!+/,5$%,(!/G,5/%,.0!
)*.G&!/%!)6*!.*5/G*!$1!%$%H$-*.(,77/%5!.*&$%,%#*&!)6*.*!/&!%$!7.$3(*G:!;6/&!/&!)6*!.*5/G*!
$1!K*.G/b&!5$(+*%!.'(*:!?(&$8!$11H+/,5$%,(!/G,5/%,.0!)*.G&!7.*&*%)!%$!+/11/#'()/*&!
! l!,%+!&$!$%:!
!

! !

s H eff s' = Es! ss' +Vss' +
1
2 P dEVsEVEs'

1
Es ! E

+
1

Es' ! E

"

#$
%

&'! (

+(

) ! i* VsEVEs'
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 #6$

!

5AA&$<+E!//01020!K-%)+E!G*&,&$%'!#9!M!
"##!

!

! W27.*&&/$%&!1$.!G,)./2!*(*G*%)&!$1!" &''!#$..*#)!)$!&*#$%+!$.+*.!/%!)6*!7*.)'. 3, )/$%!V!,.*!
+*./-*+!6*.* :!;6/&!/%-$(-*&!,!($)!$1!,(5*3.,8!96/#6!/&!5/-*%!/%!+*),/(!1$.!#$G7(*)*%*&&:!"!
6,-*!%$)!5/-*%!*-*.0!+*),/( 8!3')!*%$'56!)6,)!0$'!&6$'(+!3*!,3(*!)$!1$(($9!1.$G!$%*!G,)6*H
G, )/#,(!&)*7!)$!)6*!%*2):!"1!$%*!/&!9/((/%5!)$!),4*!$%!1,/)6!)6*!#$..*#)%*&&!$1!)6*!G,%/7' (,H
)/$%&8!G'#6!$1!)6*!G,)*./,( !/%!)6/&!,77*%+/2!#,%!3*!&4/GG*+!$%!,!1/.&)!.*,+/%5:!
!

"#;A*+$4'!D&%N&&$!{%' !}!-$<! {!$!}!
!

! ;$!7.$ #**+8!*27.*&&/$%&!,.*!$3),/%*+!1$.!)6*!G,)./2!*(*G*%)&!$1!&#!,%+!&$8!,%+!)6*%!1$.!
)6*!G,)./2!*(*G*%)&!$1! !,%+ :!;6*!G ,)./2!*(*G*%)&!$1!" !

&''!3*)9**%!)6*!{ !$!} !,%+!
{ !%!} !&'3&7,#*&! -,%/&6!/+*%)/#,((0! ,%+! )6*!G,)./2! *(*G*%)&!$1!&!,.*! /%!5*%*.,(!%$%J*.$:!
O/)6/%!{ !$!} 8!)6*!G,)./2!*(*G*%)&!$1!&!-,%/&6!/+*%)/#,((0!,%+!)6*!G,)./2!*(*G*%)&!$1!" !

&''!,.*!
/%!5*%*. ,(!%$%J*.$:!!
! X*1*../%5!)$!*I%!Lf:j M!
!

! ! " !
!""!Q! 8! ! Lf:jM!

!

)6*!)*.G!)6,)!/&!(/%*,.!/%!( !5/-*&!
!

! ! :!! LBM!

!

;6*!.*I'/.*G*%)!)6,)!,((!G,)./2!*(*G*%)&!$1!" !
&''!3*)9**%!{ !$!} !,%+!{ !%!} !,.*!/+*%)/#,((0!J*.$!

/&!'&*+!)$!$3),/%!,%!*27.*&&/$%!1$.!)6*!G,)./2!*(*G*%)&!$1!&#!3*)9**%!)6*!&'3&7,#*&!
!

! ! !Q!E! Q! ! !
!

! !!!!! ! Q! :! LTM!

!

;6'&8!)6*!G,)./2!*(*G*%)&!$1!&#!3*)9**%!&'3&7,#*&!/&!*&),3(/&6*+P!
!

! ! !Q! :! ! LeM!

!

;.*,)/%5!)6*!( $!)*.G!/%!*I%!Lf:j M!&/G/(,.(08!)6*!-,%/&6/%5!$1!G,)./2!*(*G*%)&!$1!" !
&''!3*)9**%!

&'3&7,#*&!0/*(+&!,%!*27.*&&/$%!1$.!)6*!G,)./2!*(*G*%)&!$1!&$!3*)9**%!)6*!&'3&7,#*&8!
!

! ! E!Q! !Q! :! Lf M
!

!

H1
eff H2

eff

H0 + ! V + iS1,H0[ ]( )+ ! 2 iS2,H0[ ] + iS1,V[ ] + 1
2 iS1, iS1,H0[ ]!" #${ } +...

H1
eff = V + iS1,H 0[ ]

s H1
eff n Vsn + s iS1,H 0[ ] n

Vsn + s iS1 n En ! Es( )

s iS1 n Vsn

Es ! En

s H 2
eff n s iS2,H 0[ ] n + s iS1,V[ ] n + 1

2 s iS1, iS1,H 0[ ]!" #$ n
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 #<$

;6*!1/.&)!)9$!)*.G&!$%!)6*!./56)H6,%+!&/+*!,.*!9./))*%!
!

! ! !Q! ! LhM!
!

! ! ! Q! :! Li M!

!

"%&*.)/%5!#($&'.*8!*I%!Li M!3*#$G*&!
!

! ! !Q! :! Lj M
!

!

A($&'.*!.*I'/.*&!)6,)! | & !"!,%+!| ' ! "!*,#6!&7,%!)6*!{ !$!\ !%!} "-*#)$.!&7,#*:!;6*!1,#)!)6,)!&!6,&!
%$!%$%J*.$!G,)./2!*(*G*%)&!9/)6/%!*,#6!$1!)6*!&'3&7,#*&!*%,3(*&!*I%!Lj M!)$!3*!9./))*%!
!

! ! !Q! :! LDM!

!

@&/%5!*I%!LeM!)6/&!3*#$G*&!
!

! ! !Q! :! LCM!

!

! A,.*1'(! * 2,G/%,)/$%! $1! )6*! (,&)!
)*.G!/%!*I%!Lf M!.*-*,(&!)6,)!/)!-,%H
/&6*&!/+*%)/#,((0:!?&!&6$9%!/%!)6*!
1/5'.* !$%!)6*!./56)8!/)!/&!/G7$&&/3(*!
1$.!&#! )$! ).,%&1*.! ,G7(/)'+*! 3* H
)9**%!{ !$!} !,%+!{ !%!} !30!,#)/%5!)9/#*!
3*#,'&*!*,#6!)/G*! &#!,#)&!/)!).,%&H
1*.&!,G7(/)'+*!$%(0!3*)9**%!&'3&7,#*&8!%*-*.!9/)6/%:!A$%&*I'*%)(08!*I%!Lf M!3*#$G*&!
!

! ! ! !Q!R! 8! LBEM!

!

,%+!&'3&)/)')/%5!*I%&!LhM!,%+!LCM!/%)$!*I%!LBEM!0/*(+&!
!

! ! ! !Q! :! LBBM!

;6'&8!

!

! ! !Q! :! LBTM!

s iS2,H 0[ ] n s iS2 n En ! Es( )

s iS1,V[ ] n s iS1V n ! s ViS1 n

s iS1,V[ ] n s iS1 ! V! n
!
! " Vs" " iS1 n

"
!

s iS1,V[ ] n s iS1 n' Vn'n
n'
! " Vss' s' iS1 n

s'
!

s iS1,V[ ] n
Vsn'Vn'n

Es ! En'n'
" +

Vss'Vs'n

En ! Es's'
"

s iS2,H 0[ ] n s iS1,V[ ] n

s iS2 n Es ! En( ) Vsn'Vn'n

Es ! En'n'
" +

Vss'Vs'n

En ! Es's'
"

s iS2 n 1
Es ! En

Vsn'Vn'n

Es ! En'n'
" +

Vss'Vs'n

En ! Es's'
"

#
$
%

&%

'
(
%

)%

#$%".%&'01"/<"%&"/)%.*15,2"/,+%"*,-") ""/)%.*15,2"175+%"
5&"1/"2%,%.*1%"*4)051'-%"751$5,"1$%"/.525,*0"&'(&)*+%>"
5,-%)%,-%,1"/<"1$%"/.-%."/<"/)%.*15/,!!
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 #5$

!

Equation (12) describes inter-subspace coupling. We see from eqns (3) and (12) that S is 
given in terms of the energies of the states in { s } and { n }  and matrix elements of V. 
!

"#;A*+$4'! N+%7+$!{!' !}!
!

! d$9!)6,)!9*!6,-*!)6*!G,)./2!*(*G*%)&!$1!&!)$!&*#$%+!$.+*.8!(*)!' &!#$%&/+*.!)6*!G,)./2!
*(*G*%)&!$1!" !

&''!9/)6/%!{ !$!} !,%+!*2,G /%*!)6*!)*.G&!)6,)!,.*!1/.&)!,%+!&*#$%+!$.+*.!/%!( 8!
&),.)/%5!9/)6!)6*!1$.G*.P!
!

! ! ! ! ! Q! !!
!

! ! ! ! ! Q! :! ! LBeM!
!

;6*!#$GG'),)$.!)*.G!-,%/&6*&!3*#,'&*!&#!,#)/%5!9/)6/%!{ !$!} ").,%&1*.&!,G7(/)'+*!)$!{ !%!} !
3')!%$)!9/)6/%!{ !$!} :!d*2)!#$%&/+*.!)6*!&*#$%+!$.+*.!)*.G!
!

! !Q! :! LBfM!

!

;6*!1/.&)!)*.G!$%!)6*!./56)!6,%+!&/+*!/&!J*.$!3*#,'&*!&$!6,&!%$!%$%J*.$!G,)./2!*(*G*%)&!
9/)6/%!,!&'3&7,#*:!"%!1,#)8!,((! !)*.G&!+.$7!$')!/%!)6*!*27.*&&/$%!1$.! !
1$.!,((!>:!;6*!&*#$%+!)*.G!$%!)6*!./56)!6,%+!&/+*!$1!*I%!LBfM!3*#$G*&!
!

! ! !Q! !R! ! LBhM!

!

;6*!#($&'.*!&'GG,)/$%&!,.*!$-*.!|!%!#:!;6*!&'GG,)/$%&!$-*.!|!&!#!-,%/&6!3*#,'&*! &!6,&!%$!
%$%J*.$!G,)./2!*(*G*%)&!9/)6/%!,!&'3&7,#*:!<0!'&/%5!*I%!LeM8!*I%!LBhM!3*#$G*&!
!

! ! !Q! ! LBiM!

!

;6*!)6/.+!)*.G!/%!*I%!LBfM!/&!*-,(',)*+!9/)6!,!3/)!$1!,(5*3.,P!
!

! !Q! ! LBjM!
!

! ! Q! ! LBDM!
!

! ! Q! !\ ! LBCM!

!

s H1
eff s' Vss' + s iS1,H0[ ] s'

Vss'

s H2
eff s' s iS2,H 0[ ] s' + s iS1,V[ ] s' + 1

2 s iS1, iS1,H 0[ ]!" #$ s'

[ iSj , H 0] s H2
eff s'

s iS1,V[ ] s' s iS1 n Vns'
n
! Vsn n iS1 s'

n
!

s iS1,V[ ] s' VsnVns'
1

Es ! En
+

1
Es' ! En

"
#$

%
&'

n
(

1
2 s iS1, iS1,H0[ ]!" #$ s' 1

2 s ! S1
2H 0 ! H 0S1

2 + 2S1H 0S1 s'

! 1
2 s S1

2 s' Es + Es'( )+ s S1H 0S1 s'

! 1
2 s S1 n n S1 s' Es + Es'( )

n
" s S1 n n H0 n' n' S1 s'

n,n'
!
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 #=$

! ! Q! ! LTEM!

!

! ! Q! ! LTBM!

!

! ! Q! ! LTTM!

!

WI',)/$%&!LTTM! ,%+!LBiM!+/11*.!30! ,!1,#)$.!$1!R!T:!A$G3/%/%5! )6*&*!#$%)./3')/$%&!)$! )6*!
&*#$%+!$.+*.!)*.G!0/*(+&!
!

! ! ! !Q! :! LTeM!

!

;6/&!#$G7(*)*&!)6*!),&4!$1!$3),/%/%5!*27.*&&/$%&!1$.!)6*!+*&/.*+!G,)./2!*(*G*%)&!)$!&*#$%+!
$.+*.!/%!)6*!7*.)'.3,)/$%8!3$)6!3*)9**%!&'3&7,#*&!,%+!9/)6/%!{ !$!} :!

! 1
2 s S1 n n S1 s' Es + Es' ! 2En( )

n
"

1
2

Vsn

Es ! En

Vns'

En ! Es'
Es ! En( ) ! En ! Es'( )( )

n
"

! 1
2 VsnVns'

1
Es ! En

+
1

Es' ! En

"
#$

%
&'

n
(

s H2
eff s' 1

2 VsnVns'
1

Es ! En
+

1
Es' ! En

"
#$

%
&'

n
(



!
!

""#$#!%&'()*'*+,- #!$./.$0!1234!56 !!

 $4!

!

!!"#"$%&'()*'*+,$-"$./0'&+12$&321))/,&0$41,5$)&33 $
!

! "#$%&'()! *!+,*%%&+*,! -*).#$&+!#%+&,,*/#)!0&/-! ,#%%1!2/%!(34*/&#$!#5! .#/&#$6!0&/-#4/!*$!
(7/()$*,!')&8&$9!5#)+(6!&%!
!

! ! 6! :;<!
!

0-()(! ! !&%!/-(!#%+&,,*/#)!.*%%6!"!&%!/-(!5#)+(!+#$%/*$/6!*$'!/-(!!/().!*+ +#4$/%!5#)!5)&+=
/&#$*,!'*.>&$9!?@!/-(!($8&)#$.($/1!",*%%&+*,!#%+&,,*/#)%!*)(!'&%+4%%('!&$!8&)/4*,,@!*,,!/(7/%!
#$!+,*%%&+*,!.(+-*$&+%1!A-&%!+#.>,(.($/!*$'!%#.(!/-*/!5#,,#0!%()8(!/#!&$/)#'4+(!/-(!/#>&+!
&$!/-(!+#$/(7/!#5!/-&%!+-*>/()1!B34*/&#$!:;<!@&(,'%!
!

# $:%<!C! 6! :D<!

 

0-()(  ! !C!&!E!D! 6!  C! 6! 6!t !  0 is understood, and the complex 
coefficients A1 and A2 are determined through the initial (t = 0) conditions. Displacements 
and velocities oscillate with the angular frequency parameter!" 1, and at the same time they 
decay with the rate parameter ! 1!25!" 1!FF!! 6!/-(!%&/4*/&#$!&%!'(%+)&?('!*>/,@!?@!/-(!%&.>,(!
>&+/4)(!#5!*!'*.>('!%&$4%#&'1!

! A-(!%@%/(.!'#(%!$#/!-*8(!*!%&$9,(!5)(34($+@1!A-(!>)(%($+(!#5!'&%%&>*/&#$!:'(+*@<!)(%4,/%!
&$!*!%>)(*'!#5!5)(34($+&(%!*?#4/!/-(!+($/()!5)(34($+@!" 11!A-(!%>(+/)4.6! 6!&%!9&8($!?@!
/-(!G#4)&()!/)*$%5#).!#5!$:%<H!
!

! ! != 1! :I<!

 

2$/(9)*/&#$!@&(,'%!J#)($/K&*$!%-*>(%!+($/()('! */!L!" 11!A@>&+*,,@6!)(%#$*$+(! /*M(%!>,*+(!
*)#4$'!#$(!#)!/-(!#/-()!#5!/-(%(!+($/()!5)(34($+&(%1!A-(!($()9@!&%!>)#>#)/&#$*,!/#!$" . It!-*%!
*!J#)($/K&*$!%>(+/)*,!%-*>(!0 -#%(!54,,!0&'/-!*/!-*,5!.*7 &.4.! &%!D! . 

!

677*2,18*$./'1),&+1/+ $
 

! A-(!N*.&,/#$&*$!5#)!*!,#%%=5)((!-*).#$&+!#%+&,,*/#)!0&/-#4/!(7/()$*,!')&8&$9!5#)+(!&%!
!

# # ' !C! 1! :O<!

!

P>>,@&$9!N*.&,/#$Q%!(34*/&#$H!
!

   (5) 

 

m!!x+b!x+ kx = 0

b!x

e! ! t A1ei" 1t + A2e! i" 1t( )

! 12 ! 02 ! " 2 ! 02 = k / m

g(! )

g(! ) (2! )" 1/2 dxe" i! t e" ! t A1ei! 1t + A2e" i! 1t( )
0

#

$

p2

2m + 1
2 kx2

!p = !
! H
! x
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!

*$'!4%&$9!( !C! !R&1(16!*>>,@! !/#!(3$!:O<S6!9&8(%!/-(!4%4*,!(34*/&#$!#5!.#/&#$!
5#)!-*).#$&+!#%+&,,*/&#$%H! 1!G#)!/-(!'&%%&>*/&8(!%@%/(.!4$'()!+#$%&'()*/&#$6!&/!
&%!$#/!>#%%&?,(!/#!#?/*&$!*!>)#>()!N*.&,/#$&*$!:&1()6!' !C! !T!* <!*%!/-(!J* 9)*$9&*$!* !+*$$#/!
?(!0)&//($1!2$%/(*'6!/-(!'&%%&>*/&8(!5#)+(!T !&%!>4/!&$/#!/-(!B4,()=J*9)*$9(!(34* /&#$!
 

  . :U<!

!

A-(!J*9)*$9&*$!* !&%!5#)!/-(!,#%%=5)((!#%+&,,*/#)1!A-&%!@&(,'%!/-(!(34*/&#$!#5!.#/&#$!#5!/-(!
'*.>('!#%+&,,*/#)!
!

! ! 1! :V<!
!

0-()(! ! !C!&!E!D! !*$'!! 1!B34*/&#$!:V<!&%!(34&8*,($/!/#!(3$!:;<1!P%!%/*/('!*?#8(6!
&/!&%!$#/!>#%%&?,(!/#!0)&/(!*!J*9)*$9&*$!/-*/!?@!&/%(,5!@&(,'%!(3$!:V<1!W*/-()6!/-(!'&%%&>*/&8(!
5#)+(!T !&%!&$/)#'4+('!&$/#!/-(!J*9)*$9(!(34*/&#$1!J&M(0&%(6!&5!/-(! '&%%&>*/&8(!5#)+(!&%!
*''('!/#!/-(! )&9-/=-*$' !%&'(!#5!(3$!:X<6!(3$!:V<!&%!#?/*&$('1!

! 2/!&%!>#%%&?,(!/#!'(8&%(!*$!+,,+-%./+!N*.&,/#$&*$!/-*/!@&(,'%!(3$!:V<!0-($!&/!&%!4%('!0&/-!
(3$!:X<1!A-(!'&%%&>*/&8(!5#)+(!&%!&$/)#'4+('!/#!Heff!?@!*''&$9!/-(!/(). ! H 
 

  Heff =  (8) 

 

0-()(! ( !C! 1!A-#49-!Heff!&%!$#/!*!/)4(!N*.&,/#$&*$6!(3$!:Y<!@&(,'%!/-(!+#))(+/!(34*/&#$!
#5!.#/&#$!9&8($!?@!(3$!:V<!0-($!(3$!:X<!&%!*>>,&('!/#!Heff1!

! Z(5#)(!>)#+(('&$9!/#!/-(!34*$/4.!.(+-*$&+*,!%#,4/&#$!#5!(3$!:Y<6!&/!&%!4%(54,!/#!*//(.>/!
/#!*$/&+&>*/(!)(%4,/%1!A-(!'(+*@!#5!+,*%%&+*,!8&?)*/&#$*,!*.>,&/4'(! $!&%!*++#4$/('!5#)!?@!/-(!
>*)*.(/()! ! 1!A-()(5#)(6!/-(!34*$/4.!.(+- *$&+*,!*.>,&/4'(%6!| 0 #6!.4%/!(*+-!'(+*@!0&/-!*!
+#..#$!>*)*.(/()! ! 1!A-&%!($%4)(%!/-*/!*,,!0*8(!>*+M(/%!-*8(!*!%&$9,(!'(+*@!)*/(6!&$'(=
>($'($/!#5!.(*$!($()9@!*$'!+#.>#%&/&#$1!2/!&%!*.4%&$9!/-*/!/-(!>*+M(/%!+*$!*,%#!+#$/*&$!
/-(!9)#4$'!%/*/(!| [  #6!0-&+-!#5!+#4)%(!+*$$#/!)(,*7!/#!*!,#0()!%/*/(1!N#0(8()6!/-(!+,*%%&+*,!
,&.&/!&%!#$,@!*+-&(8('!0&/-!>*+M(/%!&$!0-&+-!/-(!9)#4$'!%/*/(!&%!$#/!)(%#,8('1!P,%#6!$#/(!
/-*/!&/!&%!$#/!>#%%&?,(!/#!'(/().&$(!>)#'4+/!%/*/(%1!W(,*7*/&#$!+*4%(%!8&?)*/&#$*,,@!(7+&/('!
%/*/(%!/#!'(+*@!0&/-#4/!%*@&$9!0-()(!/-(!(7+&/*/&#$!*>>(*)%1!\#4!0&,,!%((!/-*/!| $  | 

" !'( +*@%!
0&/-!*!)*/(!9&8($!?@!D! 6!0-&+-!&%!(34*,!/#!/-(!+,*%%&+*,!($()9@!'(+*@!)*/(1!
!

9:/+,:'$,0*/,'*+,$&7$. !"" $
 

! 2$!/)(*/&$9!Heff!34*$/4.!.(+-*$&+*,,@6! !-*%!'&*9#$*,!.* /)&7!(,(=
.($/%H! !relative to the zero-point level. The quantum counterpart to the 
/().!)(34&)(%!+*)(1!2$!+,*%%&+*,!>-@%&+%6!$(!*$'! ($!*)(!(34&8*,($/6!0-&,(!&$!34*$/4.!.(+-=
*$&+%! /-(&)! +#))(%>#$'&$9! :$#$=N().&/&*$<! #>()*/#)%! *)(! &$(34&8*,($/1! A-(&)! )(%>(+/&8(!

m!x !x = ! H / ! p
m!!x+ kx = 0

p!x
b!x

d
dt

! L
! !x

!

"#
$

%&
'

! L
! x

+b!x = 0

!!x+ 2! !x+! 02x = 0

! 02 = k / m

b!x

2! xp

p2

2m
+ 1

2 kx2 + 2! xp

m!x

H 0 = p2 / 2m+ kx2 / 2
En = n! ! 0 2! xp
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'&*9#$*,!.*/)&7!(,( .($/%!*)(!&.*9&$*)@!: !*$'! !&$!*!-*).#$&+!#%+&,,*/#)!?*%&%<!
*$'!/-(@!-*8(!%#.(!$#$K()#!#55='&*9#$*,!.*/)&7!(,( .($/%!*%!0(,,1!A-(!$(!*$'! ($!.*/)&+(%6!
&$!4$&/%!#5! 6!*)( !
!

! ! $(# ($#
! !! !

!!!!!!! ! :]<!

 

 A#!/)(*/!$(!*$'! ($!#$!(34*,!5##/&$96!,&$(*)!+#.?&$*/&#$%!.4%/!?(!4%('1!G#)!(7*.>,(6!*!
%@..(/ )&+!#>()*/#)!&%!+#$%/)4+/('!?@!/*M&$9!:$(!̂ !($<!E!D1!N#0(8()6!/-&%!&%!N().&/&*$!:/-()( =
5#)(!$#/!'&%%&>*/&8(<!%#!&/!+*$$#/!?(!4%('1!A-(!+#.?&$*/&#$!T!R$6!( S!E!D!@&(,'%!'&%%&>*/&#$!:*!
>,4%!%&9$!0#4,'!9&8(!(7>#$($/&*,!9)#0/-<1!A-(!)(%4,/&$9!Heff!.* /)&7!&%!'&*9#$*,H!!
!

! ! !1! :;[< !

!

A-(!(&9($8*,4(%!*)(!1! !C! 1!_&?)*/&#$*,!*.>,&/4'(%!'(+*@!0&/-!/-(!)*/(!! 6!*$'!
/-(&)!%34*)('!.#'4,&!'(+*@!0&/-!/-(!)*/(!D! 6!&$!M((>&$9!0&/-!/-(!+#))(%>#$'($+(!>)&$+&>,(1!
!

! ! :;;< !

!

;:''/0< $
 

! A-&%!(7*.>,(!%-#0%!/-*/! '&%%&>*/&#$!+*$!?(!>4/!&$/#!*!34*$/4.! .(+-*$&+*,!#%+&,,*/#)!
.# '(,!0&/-!*$!#>() */#)!/-*/!&%!'&*9#$*,!&$!/-(!-*).#$&+!#%+&,,*/#)!?*%&%!*$'!-*%!&.*9&$*)@!
(&9($8*,4(%1!Heff!0*%!+#$%/)4+/('!23#45-!/#!>)#8&'(!/-(!'(%&)('!'&%%&>*/&#$1!

! 2$/)#'4+/&#$!#5!/-(!/().! !@&(,'%!/-(!)(%4,/!9&8($!?@!(3$!:;[<1!G)#.!/-(!>()%>(+=
/&8(!#5!"-*>/()!D6!/-(!%@%/(.!+*$!?(!`4'9('!*%!#$(!&$!0-&+-!/-(!8(+/#)!%>*+(!#5!&$/()(%/!:/-(!

i! / 2 ! i! / 2

i! / 2

|0!   |1!    | 2!    |3!      | 4! | 0!    |1!    | 2!    |3!      | 4!

1 0 ! 21/2 0 0

0 1 0 ! 61/2 0

21/2 0 1 0 ! 121/2

0 61/2 0 1 0

0 0 121/2 0 1

0

"

#

$
$
$
$
$
$
$
$

%

&

'
'
'
'
'
'
'
'

! 1 0 ! 21/2 0 0

0 ! 1 0 ! 61/2 0

21/2 0 ! 1 0 ! 121/2

0 61/2 0 ! 1 0

0 0 121/2 0 ! 1

0

"

#

$
$
$
$
$
$
$
$

%

&

'
'
'
'
'
'
'
'

         0       1            2            3             4

!

! i! 0 0 0 0

0 " 0 ! i! 0 0 0

0 0 2" 0 ! i! 0 0

0 0 0 3" 0 ! i! 0

0 0 0 0 4" 0 ! i!

etc.

"

#

$
$
$
$
$
$
$
$

%

&

'
'
'
'
'
'
'
'

n! ! 0 ! i! !

! = Cn n e! in" t

n
"

#

$%
&

'(
e! # t  )  ! 2

* e! 2# t

! ! [ x, p]
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6 !%>*+(<!+#$%&%/%!#5!-*).#$ &+!#%+&,,*/#)!8(+/#)%!| 0 #1!A-&%!&%!+#$%&%/($/!0&/-!/-()(!?(&$9!*!
>*)/!#5!/-(!/#/*,!8(+/#)!%>*+(!/-*/!&%!,(5/!#4/!:/-(!7!%>*+(<1!2$!#/-()!0#)'%6!&5!0(!-*8(!| [  #6!
| ;  #6!| D #6!(/+1!4>!/#!%#.(!$4.?()!8 !#5!8(+/#)%!&$!/-(!6 !%>*+(6!#/-()!8(+/#)%!>*)/&+&>*/(6!(8($!
/-#49-!/-(@!,&(!#4/%&'(!/-(!6 !%>*+(1!
! P$!*$*,#9#4%!%&/4*/&#$!*)&%(%!0&/-!/-(!/)*+(!#5!/-(!.*/)&7!)(>)(%($/*/&#$%!#5!$(!*$'! ($!&$!
/-(! -*).#$&+!#%+&,,*/#)!?*%&%1!G)#.! ,&$(*)! *,9(?)*6!0(! -*8(!A) !$(!C!A)!($!0&/-!$!*$'! ( !
.*/)&+(%!#5!'&.($%&#$!81!A-&%!5,&(%!&$!/-(!5*+(!#5!/-(!5*+/!/-*/!R$6!( S!C! 6!0-&+-!/(,,%!4%!
/-*/!A) !R$6!( S!%-#4,'!?(! !What happens is this. The domain of the operators xp and px 
exceeds that of the matrices. In other words, xp and px operating within the domain defined 
by the basis vectors generate vectors that are outside this domain. This can be illustrated 
using the x and p matrices that yield eqn (9) (e.g., see Friedman and Atkins). Relevant 4 !  4 
matrices are given below. Each contribution to the diagonal elements is listed separately. 
For example, the  entry in the  matrix comes from . 
 

    

 

  

 

    !!  

 
 

 No matter how large the dimension of the matrix becomes, the last diagonal entry always 
has what appears to be a missing term, i.e., , where N is the dimension of the matrix. 
Because N is the trace of the unit matrix, the commutator relation is accounted for. This 
exercise shows that matrix representations should be used with caution when dealing with 
representations of nonzero commutators. 
 

 

 

   
 !  

i!
i! N.

! 1+ 2 ! ! xp (1! " 1)+ (#2 ! #2)

x = (! / 2m! 0)1/2

0 1 0 0
1 0 ! 2 0
0 ! 2 0 ! 3

0 0 ! 3 0

"

#

$
$
$
$

%

&

'
'
'
'

p = i(! m! 0 / 2)1/2

0 ! 1 0 0
1 0 ! " 2 0
0 " 2 0 ! " 3

0 0 " 3 0

#

$

%
%
%
%

&

'

(
(
(
(

[ x, p] =
i!
2

1 0 ! " 2 0
0 1 0 ! " 6

" 2 0 1 0
0 " 6 0 ! 3

#

$

%
%
%
%
%

&

'

(
(
(
(
(

!
i!
2

! 1 0 ! " 2 0
0 ! 1 0 ! " 6

" 2 0 ! 1 0
0 " 6 0 3

#

$

%
%
%
%
%

&

'

(
(
(
(
(

= i!

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 ! 3

"

#

$
$
$
$

%

&

'
'
'
'

! i! ! N
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!!"#"$%&'()*'*+,$="$>4& ?@1'*+31&+/)$. !

!"" $
 

 The example indicated in Fig. B1 of two levels coupled to a continuum has the matrix 
representation 
 

            (1) 

 

where %1 = 2& | V1E | 
2, %2 = 2& | V2E | 2, and %12 = 2& V1EV2E. Note that all % values are real 

and %21 = %12, as seen by examining eqn (5.11) and the paragraph immediately below this 
equation in Chapter II.2, main text. In the present example, the level density ' n(En) used in 
the quasi-continuum model has been subsumed into in the continuum kets | E # and there-
fore into the matrix elements of V, e.g., V1E = ( s1 | V | E #. It is assumed that neither V1E nor 
V2E is a function of E.   
 
 
 

 

 
 

 

 
 

 

 
 

 

 
 
 

 It is instructive to examine the eigenvalues of the 2 )  2 matrix in eqn (1) 
 

E 
± =  (2) 

 

  = . (3) 

 

Use has been made of the fact that  = %2%1. For the special case %1 = %2 = %, eqn (3) 
takes the form 
 

E1 ! i! 1 / 2 ! i! 12 / 2
! i! 21 / 2 E2 ! i! 2 / 2

"

#
$
$

%

&
'
'

1
2 E1+E2( )! i 1

4 ! 1+! 2( )± 1
2 E2 ! E1( )! i 1

2 ! 2 ! ! 1( )( )2
! ! 12( )2

1
2 E1+E2( )! i 1

4 ! 1+! 2( )± 1
2 E2 ! E1( )2 ! i E2 ! E1( ) ! 2 ! ! 1( )! 1

2 ! 2 +! 1( )( )2

! 122

Figure B1. The | s1 " and | s2 " states 
can couple to one another via the 
continuum, which is indicated by 
the vertical shaded rectangle. The 
coupling matrix elements V1E are 
assumed to be the same for all E; 
likewise, the V2E matrix elements 
are assumed to be the same for all 
E. These bound-continuum interac-
tions are indicated by the shaded 
flared regions. There is no direct 
coupling between | s1 " and | s2 ", 
i.e., Vs1s2 = 0. 
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 E 
± =  (4) 

 

 Note that the E 
+ and E 

Ð levels are degenerate when % = | E2 Ð E1 |. This differs from the 
case of 2 )  2 Hermitian matrices, where degeneracy is impossible with nonzero off-diag-
onal matrix elements. Moreover, for % > | E2 Ð E1 |, the square root is purely imaginary, so 
E 

+ and E 
Ð have identical real parts and different imaginary parts. When % is much larger 

than | E2 Ð E1 |, E 
+ and E 

Ð approach (E2 Ð E1)/2 and {(E2 Ð E1)/2 Ð i% }, respectively. This 
is indicated in Fig. 2, where % increases from zero to a value well in excess of | E2 Ð E1 |.  
 

 

 
  
 

 

 
 

 

 
 

 
 

 

 

 
 

 Figure B2 also shows examples of eqn (3), in which %1 and %2 are increased, but with %1 
"  %2. In all cases, as coupling to the continuum increases, the complex energies E 

+ and E 
Ð 

move toward one another in the complex plane, reach a point of nearest approach, and then 
move away from one another with further increases of %1 and %2. There is what is called a 
bifurcation of the widths. Increasing the amount of dissipation eventually results in the two 
widths  and   having very different values. 
 To help interpret the above, let us solve an analogous problem of matrix diagonalization 
using the quasi-continuum model. This enables us to trace | s1 # and | s2 # into the quasi-
continuum that dissolves them. Referring to Fig. 3, we first ignore | s1 # and diagonalize the 
combination of | s2 # and | n #. The following parameters are used: an energy separation of 
unity within {  n } ; coupling matrix elements V2n = 2 for all n; and no nonzero matrix ele-
ments among the | n #. Though not used in this first step, an energy separation of | E2 Ð E1 | 
= 20 and V12 = 0 are assumed. Figure 3(b) shows that | s2 # has been dissolved into and 
spread throughout a portion of the {  n }  manifold. The resulting states are labeled | n, s2 #. 
!  

1
2 E1 + E2 ! i! ± E2 ! E1( )2 ! ! 2"

#
$
%

! + ! !

Figure B2. Variation of the complex 
energies E 

+ and E 
Ð as #1 and #2 are 

varied. In (a), the points show E 
+ 

and E 
Ð from eqn (4) for increasing 

values of #. In (b), #1 !  #2, so the 
transition that takes place near (E2 Ð 

E1)/2 is less abrupt than in (a). This 
behavior is referred to as bifurcation. 
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 Now | s1 # is introduced. Referring to Fig. 3(b), level repulsion pushes | s1 # more toward 
E2 than away from E2 because the magnitudes of the V1n matrix elements exceed those of 
the ( s1 | V | n, s2 # matrix elements, where | n, s2 # are the mixed levels obtained by dissolving 
| s2 # into the {  n }  quasi-continuum with ( s1 | V | s2 # = 0. Thus, the center of the resonance 
is pushed upward, as shown in Fig. 3(c). Of course, the same argument applies to the center 
of the other resonance, which is moved downward. 

 Coupling between | s2 # and | s1 # has occurred via the quasi-continuum. As viewed from 
the {  s }  subspace, the peaks in 3(c) are closer together than those in 3(a). Thus, it is reason-
able for the real parts of E 

+ and E 
Ð to move toward one another, as seen in Fig. B2. 

 

A321))/,&03$2&:()*@$B<$7012,1&+$()/,*3$
 

 A-(!*?#8(!(7*.>,(!%-#0('!/-*/! &$/()(%/&$9!)(%4,/%!+*$!?(!#?/*&$('!?@!8*)@&$9!>*)*.( =
/()%!&$! *! .#'(,!N*.&,/#$&*$1!P!%>(+&5&+!>-@%&+*,!%@%/(.!0*%!$#/!&'($/&5&('! *$'!+#$%(=
34($/,@! /-()(!0*%!$#!?*%&%!5#)! `4'9&$9!*++(>/*?,(! )*$9(%!#5!>*)*.( /()%!#)! /-(!>-@%&+*,!
+#$/($/!#5!/-(!)(%4,/%1!N()(!*!%@%/(.!&%!*$*,@K('!/-*/!+#$%&%/%!#5!/0#!+,*%%&+*,!-*).#$&+!
#%+&,,*/#)%!+#4>,('!?@!5)&+/&#$!>,*/(%1!2/!&%!%-#0$!/-*/! /-&%!'&%%&>*/&8(!%@%/(.!*%%4.(%!*!

Figure B3. Sequential diagonalization: First consider interactions of | s2 " with | n ". 
This yields the Lorentzian envelope of | s2 " character shown in (b). The lengths of 
the blue bars are exaggerated for viewing convenience. Next, | s1 " interacts with the 
states shown in (b), yielding the result shown in (c), in which | s1 " character is 
indicated by red. Notice that the peaks are closer to one another than in (a), as 
indicated by the vertical arrows. 
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.*/- ( .* /&+*,!5#).!/-*/!&%!%&.&,*)!/#!/-(!#$(!9&8($!?@!(3$!:;<1!2/!&%!%/)*&9-/5#)0*)'!/#!%((!
0-*/!&%!9#&$9!#$6!(%>(+&*,,@!/-(!,&.&/&$9!+*%(%1!
! G&94)(!ZO!%-#0%!/-(!%@%/(.!4$'()!+#$%&'()*/&#$1!A-(!5)&+/&#$*,!5#)+(!/-*/!*+/%!-#)&K#$=
/*,,@!#$!(*+-!#5!/-(!>,*/(%!&%!(34*,!/#!*!+#$%/*$/!&!/&.(%!/-(!)(,*/&8(!8(,#+&/@!#5!/-(!>,*/(%1!
A-(!.*9$&/4'(!#5! /-(!5#)+(!&%! 6!*$'!/-(!(34* /&#$%!#5!.#/&#$!#5!.*%%(%!! #!*$'!
! " !*)(H!
 

    (5) 
 

    (6) 
 

where  = k1 / m1,  = k2 / m2, ! 1 = b / m1, and !  2 = b / m2. With xi assumed to vary as 
, eqns (5) and (6) yield the following equation in the x1,2 basis: 

 

   (7) 

 

 The matrix resembles the one 
in eqn (1) except that "  appears 
in the imaginary terms, whereas 
the width matrix used in eqn (1) 
is assumed to be energy indepen-
dent. The more general form is 
given in Section 3.3. Note that 
when "  is restricted to the region 
of a resonance frequency, the 
terms  are approximately 
constant because the value of "  
remains close to that of a fixed 
frequency. 

 A-(!'(/().&$*$/!#5!(3$!:V<!@&(,'%!5#4)!(&9($8*,4(%!" .  B*+-!#5!/-(!)(%4,/&$9!'&%>,*+(=
.($/!(&9($8(+/#)%!:0-&+-!*)(!,&$(*)!+#.?&$*/&#$%!#5!$#!*$'! $"<!-*%!/0#!8*,4(%!#5!" !*%%#=
+&*/('!0&/-!&/1!!!

! A#!%&.>,&5@!/-(!>)#?,(.!54)/-()6!*%%4.(!! #!C!!  " !C!! 6!"#!C!""6!*$'!! #!C!! " !:&$!0-&+-!
+*%(! !C! !C! <1!A-(!" !8*,4(%!*)(!9&8($!?@H!
!

    (8) 

and  

  "  = Ð i!  " '  (9) 
!

where   

b| !x1 ! !x2 |

!!x1 +! 12x1 + ! 1!x1 ! ! 1!x2 = 0

!!x2 +! 22x2 + ! 2 !x2 ! ! 2 !x1 = 0

! 12 ! 22

e! i! t

det
! 12 ! i! 1" ! " 2 i! 1"

i! 2" " 22 ! i! 2" ! " 2

"

#
$
$

%

&
'
'

= 0

! i "

! 12 ! 22 ! 02

! = ±! 0

! ' = ! 02 ! " 2

Figure B4. Two harmonic oscillators are coupled via 
friction plates. The contact area, and therefore the con-
stant b, is assumed to be independent of displacements 
x1 and x2, which is valid for small displacements. 
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 For eqn (8), x1 = x2, and for eqn (9) x1 = Ð x2. Thus, eqn (8) corresponds to an asymmetric 
stretch motion (xa) in which there is no loss. The relative velocity of m1 and m2 is zero; 
they move synchronously with the same velocities. Equation (9) corresponds to a 
symmetric stretch motion (xs), which of course is lossy. When  , the oscillator is 
underdamped and oscillations occur. The amplitude is given by 
 

  xs =   (10) 

 

In the special case , the system is critically damped and the amplitude is 
 

  xs =   (11) 

 

No oscillation occurs. The critically damped case corresponds to the most efficient decay. 
When , the system is overdamped and the amplitude is given by 
 

  xs = .  (12) 

 

where * = . 

 Because * is always smaller than ! , eqn (12) always corresponds to exponential decay. 
However, for the strongly overdamped case ( ), one of the decay constants is 
large while the other is small. The overdamped case is subtler that underdamped or criti-
cally damped cases. A discussion of this is given in Marion and Thornton. 
!  

! 0
2 > " 2

Aei! 't + Be! i! 't( )e! ! t

! 02 = " 2

A+ Bt( )e! ! t

! 0
2 < " 2

Ae! t + Be! ! t( )e! ! t

! 2 ! " 02

! 02 << " 2
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 Referring to Fig. C1, | s1 # is not coupled directly to the continuum, but via | s2 #. The 
energy of | s2 # is complex as viewed from within {  s } . This situation is found in several 
molecular systems. It illustrates how the effective Hamiltonian method can be used to solve 
a problem in a low dimensional space, whereas the {  s + n }  vector space is of much higher 
dimension (infinity when {  n }  is a continuum). The Heff matrix in the | s1,2 # basis is 
 

   (1) 

 

where  = 2& | V2n | 
2

 ' n in terms of quasi-continuum kets | n # or 2& | V2E | 
2 in terms of 

continuum kets | E #, and V12 = V21*. The eigenvalues and eigenfunctions are 
 

# ! :D<!
 

  . (3)
 

 
 
 

 

 

 

 

 
 

 

Following some algebra (Appendix II.2.1), the constants in eqn (3) are 
 

   

 

  (4) 

 

where: R = .  (5) 

 

E1 V12

V21 E2 ! i! 2 / 2

"

#
$
$

%

&
'
'

! 2

E± = 1
2 E2 + E1 ! i 1

2 ! 2 ± E2 ! E1 ! i 1
2 ! 2( )2

+ 4 |V12 |2"
#
$

%
&
'

+ = C1
+ s1 +C2

+ s2 ! = C1
! s1 +C2

! s2

C1
+ =

2|V12 |

4|V12 |2 +|E2 ! E1! i 1
2 ! 2 +R|2

C2
+ =

|V12 |
V12

E2 ! E1! i! 2 /2+R

4|V12 |2 +|E2 ! E1! i 1
2 ! 2 +R|2

C1
Ð=

2|V12 |

4|V12 |2 +|E2 ! E1! i 1
2 ! 2 ! R|2

C2Ð=
|V12 |
V12

E2 ! E1! i! 2 /2! R

4|V12 |2 + E2 ! E1! i 1
2 ! 2 ! R

2

E2 ! E1 ! i! 2 / 2( )2 + 4 |V12 |2

Figure C1. | s2 " is coupled 
directly to {  n } ; | s1 " only 
couples to {  n }   via | s2 ", 
i.e., V1n = 0. 
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 Recall that the eigenvectors of a non-Hermitian matrix are not in general orthogonal. In 
the present case, | + # and | Ð # are orthogonal when %2 = 0, but otherwise they are not. This 
is verified by evaluating ( + | Ð #. Let us now examine some limits and special cases.   
 

D*/E$2&: ()1+C$)1'1,!
 

 For cases in which coupling between | s1 # and | s2 # is weak relative to coupling of | s2 # 
to the continuum, a good first approximation is that | s2 # is dissolved into the continuum 
and spread throughout an energy region of width  centered at E2, with a Lorentzian line 
shape. The state | s1 # then couples to this new continuum via the | s2 # character it has 
acquired. Mathematically, the square root in eqn (2) can be approximated by the first two 
terms of its Taylor series expansion in the weak-coupling limit: 
 

E ± =  (5) 

 

!  (6) 

 

E +  (7) 

 

E Ð 1 (8) 

 

 The expressions for E + and E Ð show that | + # and | Ð # differ qualitatively. | + # resembles 
| s2 # but with a small amount of | s1 #. Thus, its decay rate is slightly smaller than that of 
| s2 #. This is not significant. Also, the real part of E + has been shifted relative to E2 by an 
amount that is familiar from perturbation theory, i.e., let %2 = 0 in eqn (7) and you will see 
this right away. On the other hand, | Ð #, though it resembles | s1 # in many ways, now decays, 
whereas | s1 # did not. This is a qualitative change. The decay rate of | Ð #  is: 
 

   (9) 

 

Notice that %+ is smaller than %2 by this same amount. 

 The variation of %Ð with %2 in eqn (9) is interesting. For a given energy difference 
E2 Ð E1, as %2 increases from zero, %Ð increases linearly with %2. %Ð continues to increase 
with %2 until  = E2 Ð E1 is reached, after which further increases in %2 cause %Ð to 
decrease. In the region  >> E2 Ð E1, %Ð is inversely proportional to %2. This may seem 
curious: increasing the decay rate out of {  s }  causes the | s1 # decay rate to diminish. 

! 2

1
2 E2 +E1( )! i! 2 /4± 1

2 E2 ! E1! i! 2 /2( ) 1+
4|V12 |2

E2 ! E1! i! 2 /2( )2

"

#
$

%

&
'

1/2

! 1
2 E2 + E1( ) " i! 2 / 4 ± 1

2 E2 " E1( ) ! i! 2 / 4 ±
|V12 |2

E2 " E1 " i! 2 / 2

! E2 +
|V12 |2 E2 " E1( )

E2 " E1( )2 + ! 2 / 2( )2 " i
! 2

2
1"

|V12 |2

E2 " E1( )2 + ! 2 / 2( )2

#

$
%

&

'
(

! E1 "
|V12 |2 E2 " E1( )

E2 " E1( )2 + ! 2 / 2( )2 " i
! 2

2
|V12 |2

E2 " E1( )2 + ! 2 / 2( )2

! ! = ! 2
|V12 |2

E2 ! E1( )2 + ! 2 / 2( )2

! ! 2 / 2
! 2
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 To understand this, think of the coupling as sequential. First, | s2 # is distributed through-
out the continuum according to its decay rate %2. Levels that derive from mixing | s2 #  with 
{  n }  are predominantly of {  n }  character. Because | s1 # has no nonzero matrix elements to 
{  n } , this results in weak coupling of | s1 # to the new {  s2 + n }  continuum. It can be said 
that {  n }  has acquired a small amount of coupling to | s1 # by dissolving | s2 # and spreading 
it throughout some of its spectral range. As %2 increases, the amount of | s2 # character 
eventually decreases at energies near E1. Consequently, the coupling of | s1 # to {  s2 + n }  
becomes weaker.  

 The above result can also be illustrated by diagonalizing a Hermitian matrix containing 
| s1 #, | s2 #, and a large enough number of quasi-continuum levels | n # to mimic a continuum. 
This allows the | s1 # and | s2 # levels, as well as their linear combinations, to be traced into 
the continuum. 
 

;,0&+C$2&:()1+C$B*,4**+$ | s1 # /+@ | s2 # 
 

 Now consider the other extreme, in which | V12 | is large compared to both  and 
E2 Ð E1. The dominant effect is that the real parts of the eigenvalues are shifted by | V12 | : 
 

! !  (10) 

 

  (11) 

 

 The main effect has been ob-
tained without retaining higher 
order terms in the expansion of the 
square root (Fig. C2). The eigen-
vectors are essentially { | s1 # ± 
| s2 #}  / +2. This is intuitive: V12 
dominates over coupling to the 
continuum, resulting in eigenstates 
in which | s1 # and | s2 # are strongly 
mixed. Consequently, decay is 
shared equally between the two 
resulting eigenstates. 
!  

! 2

E± = 1
2 E2 + E1 ! i! 2 / 2( ) ± |V12 | 1+

E2 ! E1 ! i! 2 / 2( )2

4 |V12 |2

!

"
#

$

%
&

1/2

! 1
2 E2 + E1( ) ± |V12 | " i! 2 / 4

Figure C2. For | V12 | >> | E2 Ð E1 |, decay is 
shared equally between eigenstates. 
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 Finally, consider the case in which V12 is , where µ is the transition dipole 
moment operator and E(" ) is an external electric field. The above formalism can be used 
to obtain the | s2 # ,  | s1 # line shape. In the simplest case, this line shape might be due to 
spontaneous emission from the excited level, in which case the shape reflects the natural 
width. However, the result applies to the coupling of | s2 # to any continuum.   

 The transition is one in which a photon is removed from the field and its energy appears 
as that of the excited state. Thus, the energy of the initial state | s1 # is not E1, but E1 + n" , 
where n is the number of photons of frequency " . In other words, the initial state includes 
the photons. The energy of the excited state is E2 + .  

 To proceed, ( s1 | + # is examined to see how much of | s1 # appears in the excited state | + #. 
Using eqns (3) and (4) with the assumption | V12 | << , the desired amplitude is.  
 

   (13) 

 

 This describes absorption, which is seen to have a Lorentzian line shape. At resonance 
("  = E2 Ð E1) the absorption strength is proportional to the intensity of the applied radiation 
and the square of the electric dipole matrix element, and it varies inversely with the decay 
rate %2. Note that this result is valid for the perturbation regime. 
 

-((*+@1F$!!"#"#"$61C*+8/):*3$/+@$*1C*+8*2,&03$&7$.*77$
 

 The Heff matrix in the | s1,2 # basis is 
 

 .  (1) 

 

Its eigenvalues are 
 

!= . (2)!

 

The term R is in general complex. The eigenvectors are   
 

  , (3)
 

 

where | + # and | Ð # denote the respective  and  solutions. From the characteristic 
equation, the relationship between the coefficients for the + solution is 
 

   .  (5) 

µ ! E(! )

n ! 1( )! ! i" 2 / 2

s1 + !
V12

E2 " E1 " ! " i" 2 / 2
 #  !| s1 + |2!

| µ12 |2|$(! ) |2

E2 " E1 " !( )2 + ! 2 / 2( )2

E1 V12

V21 E2 ! i! 2 / 2

"

#
$
$

%

&
'
'

E± = 1
2 E2 + E1 ! i 1

2 ! 2 ± E2 ! E1 ! i 1
2 ! 2( )2

+ 4 |V12 |2"
#
$

%
&
'

1
2 E2 + E1 ! i 1

2 ! 2 ± R( )

+ = C1
+ s1 +C2

+ s2 ! = C1
! s1 +C2

! s2

E+ EÐ

C2
+ = C1

+ E2 ! E1 ! i! 2 / 2+ R
2V12



!
!

""#$#!%&'()*'*+,- #!$./.$0!1234!56 !!

 93!

 

Using the normalization condition 
 

  1 =  =  (6) 

 

 and  are obtained: 
 

   =  (7) 

 

   = . (8) 

 

The phase of  is arbitrary; in eqn (7) it is taken to be positive real. To obtain  and 
, use the Ð R solution in eqn (3) and proceed as above. This gives: 

 

    =  (9) 

 

    = . (10) 

 

 The vectors | + # and | Ð # are eigenvectors of a non-Hermitian effective Hamil tonian. They 
are not, in general, orthogonal. This can be checked here by evaluating the inner product: 
 

   ( + | Ð # =  +  . (11) 
 

Using eqns (7) Ð (10), the following explicit form is obtained: 
 

  ( + | Ð #  =   (12) 

 

where denom is the product of the square roots in eqns (7) and (9). Because denom is 
nonzero, the issue of whether the eigenvectors are orthogonal involves only the numerator: 
 

   (13) 
 

This expression is nonzero if  %2  0. As %2 approaches zero, this expression also approach-
es zero because the Hamiltonian becomes Hermitian. 
 

|C1
+ |2 + |C2

+ |2 |C1
+ |2 1+

| E2 ! E1 ! i! 2 / 2+ R|2

4 |V12 |2

"
#$

%
&'

C1
+ C2

+

C1
+ 2 |V12 |

4 |V12 |2 + | E2 ! E1 ! i! 2 / 2+ R|2

C2
+ |V12 |

V12

E2 ! E1 ! i! 2 / 2+ R

4 |V12 |2 + | E2 ! E1 ! i! 2 / 2+ R|2

C1
+ C1

!

C2
!

C1
! 2 |V12 |

4 |V12 |2 + | E2 ! E1 ! i! 2 / 2 ! R|2

C2
! |V12 |

V12

E2 ! E1 ! i! 2 / 2 ! R

4 |V12 |2 + | E2 ! E1 ! i! 2 / 2 ! R|2

(C1
+)* C1

! (C2
+)* C2

!

4 |V12 |2 + E2 ! E1 + i! 2 / 2+ R*( ) E2 ! E1 ! i! 2 / 2 ! R( )
denom

4 |V12 |2 + E2 ! E1 + i! 2 / 2+ R*( ) E2 ! E1 ! i! 2 / 2 ! R( )
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 The effective Hamiltonian model presented in the main text can be applied to a number 
of familiar and important quantum mechanical phenomena in the condensed and gas pha-
ses. The physics, almost by definition, is in good registry with the mathematical structure 
of the Heff model. Otherwise, I could not have written the first sentence. The general nature 
of the solutions cannot be attributed to quantum mechanics, at least not solely. It must, first 
and foremost, reflect the mathematical structure of the Heff model. At the same time, this 
structure cannot be unique to a particular physical phenomenon. For example, it must 
underlie both the quantum and classical versions of a given system. In this complement, 
you will see how this works. 
 Insight into the quantum mechanical Heff model can be gained by working through clas-
sical oscillator examples such as the ones presented in this complement. They differ from 
their quantum counterparts but can be cast in ways that reveal close resemblances to the 
analogous quantum mechanical cases. The similarity enables subtle aspects of the Heff 
model to be understood.  
 The quantum mechanical effective Hamiltonians of interest in this chapter, roughly 
speaking, can be divided into two groups: those in which dissipation is rigorously irrever-
sible (i.e., to a true continuum), and those in which a dense quasi-continuum of bound states 
serves as a bath, with the understanding that it can be extended to a true continuum when 
the need arises. There are nuances and other distinctions, but the above-mentioned division 
has been omnipresent. That is the quantum version.  
 In the classical counterparts considered in this complement, we will focus on examples 
of irreversible decay. The quasi-continuum counterpart is also worthwhile, but it requires 
additional numerical work, essentially diagonalizing larger matrices. This is not hard, but 
simply would take more time than is reasonable for a complement. Instead, these cases will 
be assigned as Power Point presentations that will be assigned soon. Let us now get down 
to the business at hand. 
 

1"0#,%)#"2&- )
 

 Consider the arrangement de-
picted in Fig. D1 of four masses 
and four springs, with motion 
restricted to 1D. The displace-
ments xn are measured relative 
to the laboratory, equivalently, 
relative to the wall on the left. 
At equilibrium, xn is set equal 
to 0 for all n. The springs each obey Hooke's law, so all vibrations (here, the normal modes) 
are harmonic. The normal modes are obtained by writing the classical equations of motion 
for the mass points and solving these, thereby obtaining the eigenvalues (normal mode 
frequencies) and eigenvectors (normal mode displacements in the xn basis). These equa-
tions of motion are 

Figure D1. Masses mn and springs kn: displacements xn 
are horizontal. 



! "$ !

 

   (1a) 
 

  (1b) 
 

  (1c) 
 

  . (1d) 
 

With the help of the ansatz  and the definitions 
 

    
 

     
 

    
 

    
 

eqns (1a-d) become 
 

   ,  (2) 
 

where A is a 4 !  4 matrix, 1 is a 4 !  4 unit matrix, and x is a 4D column vector. The " 's are 
the normal mode frequencies. They are obtained by solving this equation. There are 8 of 
them because in classical mechanics position and momentum can be specified indepen-
dently. In the quantum version there are 4 eigenvalues and 4 eigenvectors.   
 The matrix A is given by 
 

  A =  . (3) 

 

As mentioned above, diagonalization of A gives the normal modes. The eigenvalues " i 
come in pairs (± # i) and the eigenvectors yi are expressed in the xn basis: 
 

  .  (4) 

 

 Suppose each mass is assigned the same value and likewise each spring constant is as-
signed the same value. If the number of mass-spring pairs is then increased to a large num-
ber, we have a rudimentary 1D monatomic crystal. Its quantum mechanical vibrations are 
acoustic phonons.  

m1!!x1 + k1 + k2( )x1 ! k2x2 = 0

m2!!x2 + k2 + k3( )x2 ! k2x1 ! k3x3 = 0

m3!!x3 + k3 + k4( )x3 ! k3x2 ! k4x4 = 0

m4!!x4 + k4x4 ! k4x3 = 0

xn(t) = xne! i! t

! 11
2 = k1 + k2( ) / m1 ! 12

2 = k2 / m1

! 22
2 = k2 + k3( ) / m2 ! 21

2 = k2 / m2 ! 23
2 = k3 / m2

! 33
2 = k3 + k4( ) / m3 ! 32

2 = k3 / m3 ! 34
2 = k4 / m3

! 44
2 = k4 / m4 ! 43

2 = k4 / m4

A ! ! 1( ) x = 0

! 11
2 ! ! 12

2 0 0

! ! 21
2 ! 22

2 ! ! 23
2 0

0 ! ! 32
2 ! 33

2 ! ! 34
2

0 0 ! ! 43
2 ! 44

2

"

#

$
$
$
$
$

%

&

'
'
'
'
'

yi = cinxn
n
!
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 Now consider a dissipative interaction that couples the yi to one another. Dissipation is 
introduced at m4 by replacing m4 with a friction plate of the same mass (Fig. D2). As a 
result, the eigenvalues of A are shifted and they become complex. The frictional force is 

, and with the opposing friction plate fixed to a wall, the (4, 4) matrix element of eqn 
(3) is altered:  
 

    , (5) 
 

where $ = b / m4. The other matrix elements 
in eqn (3) are not affected. You should ver-
ify that this is the case. In terms of the nor-
mal modes obtained by diagonalizing the 
matrix in eqn (3), the dissipative force act-
ing on m4 introduces loss into these normal 
modes and couples them together. How this 
works can be seen through a few manipula-
tions, as shown below.  
 The coupling matrix in the xn basis is  
 

 B  = .  (6) 

 

Adding eqn (6) to eqn (2) yields 
 

  .  (7) 

 

Equation (7) is transformed from the xn basis to the normal mode basis by applying the 
matrix U that diagonalized the matrix A given by eqn (3). This yields 
 

  .  (8) 

 

The first term is, by definition, diagonal. The second term transforms eqn (6) into the nor-
mal mode representation: imaginary terms appear on the diagonal and there are imaginary 
off-diagonal terms. Terms linear in #  appear throughout the matrix, which is of the form 
 

b!x4

! 44
2 ! ! 44

2 " i" !

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 ! i! "

"

#

$
$
$

%

&

'
'
'

A+ B ! ! 1( ) x = 0

UAU! 1 +UBU! 1 ! ! 21( ) x = 0

Figure D2. Referring to Fig. D1, m4 has 
been replaced by a friction plate. An op-
posing plate is fixed rigidly to a wall. 



! "" !

 . (9) 

 

Note that $11 + $22 + $33 + $44 = $, $ij  = $ji  (explain why this can be stated without proof), 
and the off-diagonal terms are purely imaginary. Because the signs of the off-diagonal 
terms depend on the definitions of the displacement directions, they are not important, as 
long as they are used consistently. 
 Because #  appears in both the diagonal and off-diagonal terms of eqn (9), this equation 
cannot be solved by elementary methods. Without dissipation, the eigenvalues of A are real 
and each yi is associated with two real parameters, + # i and Ð # i. This is no longer true 
when $ij   !  0. To solve eqn (9), one can use the method in the box below.  
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 Equation (9) is of the general form:  = 0, where y is the normal 
mode column matrix. The two other matrices are 
 

  =  and $ = .

 
 

Defining z = (#1 + i$) y, yields  = # 1 z. These equations are written 
 

   = 0.  

 

The entries in the above 2 !  2 matrix are each matrices of dimension n. This matrix, 
of dimension 2n, yields the eigenvalues. 
 

 

 An important feature of eqn (9) is that coupling at m4 via dissipation results in imaginary 
diagonal and off-diagonal terms. An example is given in eqn (10) 
 

! 12 ! i" 11! ! ! 2 ! i" 12! ! i" 13! ! i" 14!

! i" 21! ! 22 ! i" 22! ! ! 2 ! i" 23! ! i" 24!
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0 0 0 0 ! n2
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  . (10) 

 

 The masses and spring values were chosen to give normal mode frequencies that do not 
differ greatly from one another. This matrix displays loss and couplings in the normal mode 
basis. Diagonalization yields lossy vibrations. Notice that Fig. D3 is unfinished except for 
the hint that increasing $ from zero moves all of the eigenvalues off the real axis and into 
the lower half of the complex plane. I want you to play with this by varying   and  
to see what happens. Then write a brief report, including a clear interpretation, and get it 
to me by Monday.  
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

 
 
 
 
 
 
 
 When $ is made sufficiently large, the real part of one of the modes goes to zero and this 
degree of freedom has only exponentially damped solutions. This behavior, in which in-
creasing the value of $ causes a subset of the eigenvalues to approach large imaginary 
values, is sometimes called bifurcation. It has led to confusion in computational studies of 
unimolecular decay using quantum mechanical Heff models.  

1! i! 11" ! " 2 ! i! 12" ! i! 13" ! i! 14"

! i! 21" 2 ! i! 22" ! " 2 ! i! 23" ! i! 24"

! i! 31" ! i! 32" 4 ! i! 33" ! " 2 ! i! 34"

! i! 41" ! i! 42" ! i! 43" 8 ! i! 44" ! " 2

"

#

$
$
$
$
$$

%

&

'
'
'
'
''

! 's ! 's

Figure D3. The normal mode frequencies are altered by the introduction of the friction 
plate. The distribution of eigenvalues is symmetric about the imaginary axis. As !  in-
creases, the vertical arrows, in general, carry the energies further into the lower half of 
the complex plane. When !  is made sufficiently large, one solution on each side separ-
ates from the others (bifurcation). 
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 The masses, springs, 
and friction plates model 
has a straightforward in-
terpretation. The friction 
plate stops moving when 
the friction parameter is 
made very large. In this 
limit  the problem redu-
ces to one of three mass-
es that can move, with 
m4 essentially out of the picture. It is equivalent to the wall, as indicated in Fig. D4. 
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 Let us now place the friction-plate pair in the middle (Fig. D5). This arrangement will 
serve to illustrate frictional coupling between two oscillator systems. We immediately see 
how the limiting cases behave. When the friction parameter $ is made to approach infinity, 
m2 and m3 approach a single mass, and x2 and x3 approach a single displacement. Alterna-
tively, for $!%!0, the system approaches two independent oscillator systems. The interes-
ting stuff lies between these extremes.  
 
 
 
 
 
 
 

 

 The equations of motion yield the following matrix in the xn basis 
 

  . (11) 

 

Note that the off-diagonal imaginary terms have a positive sign, and recall that signs of off-
diagonal matrix elements are not important as long as they are treated consistently, i.e., two 
plus signs or two minus signs but not one of each. The normal modes of this system differ 
from those of Fig. D1. As mentioned above, with the coupling by the friction plates turned 
off (i.e., $ = 0), the normal modes are associated with two independent systems, each 
having two modes. Friction couples these systems to one another. 
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Figure D4. In the strong-friction limit of Fig. D2, the two plates 
become rigidly connected to one another. In effect, the wall is 
connected to the spring k4. 

Figure D5. The friction plates are at the m2 and m3 positions. 
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 It is instructive to visualize the system in Fig. D5 as it approaches the large friction limit. 
There is a low loss mode in which m2 and m3 move more-or-less together, and a high loss 
mode in which m2 and m3 move in opposite directions. To illustrate the large-$ limit, the 
central 2 !  2 matrix in eqn (11) (red box) is diagonalized, yielding a matrix whose form is 
 

     (12) 

 

Exchanging the labels of the third and fourth rows and columns yields 
 

   (13) 

 

 The high loss term in the (4, 4) position is resistant to change; it behaves as an over-
damped oscillator. For this mode, the oscillatory nature of the springs attached to the 
friction plates are of secondary importance, as there is no periodic oscillation.  
 The 3 !  3 matrix indicated by the blue box in eqn (13) gives vibrations in which m2 and 
m3 move more-or-less together. This is anticipated on physical grounds. The m2 / m3 
combination acts (approximately) as a single mass point, so the system has 3 rather than 4 
degrees of freedom. The three surviving vibrations behave as lossy normal modes. They 
are true vibrations, having tossed out their comrade the severely damped oscillator. 
 Thus, we see that the mathematical bifurcation that has occurred is reasonable. It has a 
sound basis and behaves in a predictable way. It is no different than the bifurcation discus-
sed in Complement A. Any time a set of friction plates is introduced into our collection of 
masses and springs a bifurcation can be achieved by making $ sufficiently large. 
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 To finish this complement, consider the spring-plus-friction-plate device attached to m4 
shown in Fig. D6. It is assumed that k5 is smaller than the other ki's. In addition, it is as-
sumed that damping is strong enough that m5 does not oscillate. 
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Figure D6. The object 
in the blue box is a 
spring strongly damped 
by a friction plate. Ever-
ything to the left of m4 is 
the same as in Fig. D1. 
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 To solve this problem, we can add another term to the equations developed above and 
get 5 instead of 4 normal modes, etc. This will result in one frequency that is very lossy 
and four others that are much less lossy. To see the qualitative effect of the k5 /m5 
combination on the rest of the system, let us transfer the influence of the k5 /m5 device to 
m4, while retaining the normal mode description of the m1 Ð m4 system. This introduces loss 
into the four normal modes and couples them to one another. In this sense, this case is like 
ones discussed previously. There is, however, a fundamental difference: m4 experiences a 
dissipative force via a spring. To see how the system is influenced, consider the matrix 
elements involving x4 and x5:  
 

 
 
 
     (14) 
 
 
 
 
 

 

 The 2 !  2 matrix for x4 and x5 can be diagonalized, yielding x4' and x5' and changing a 
few other matrix elements. With the assumption that # 45

2 and # 54
2 are relatively small, the 

most significant change to the 4 !  4 matrix indicated by the upper left box occurs at the 
(4, 4) position. The addition to the (4, 4) position has both a real and an imaginary part, and 
the magnitude of the former is larger than that of the latter. Thus, the lossy device intro-
duces damping at the four masses m1 Ð m4 that is smaller than that experienced by m5, and 
the normal modes are coupled mainly by the spring k5. The highly damped spring k5 serves 
as a transition between the normal modes and strong dissipation. 
 Following the above procedures, the matrix U used to generate the normal modes will 
spread the term at the (4, 4) position throughout the matrix that is diagonal in the unper-
turbed normal mode basis. Note that this spreading is the same as in the case of the m4 
friction plate shown in Fig. D2, except now the off-diagonal matrix elements are predom-
inantly real, in which case no bifurcation occurs. 
 There is no limit to the number of amusing and progressively more complex classical 
systems that can be conjured and analyzed. Correspondence with quantum systems is a 
great help insofar as understanding what is going on in the latter, which has engendered 
controversy, cults, and ridicule. 
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 A few simple, or at least reasonably straightforward, models will be examined here. The 
goal is to strengthen understanding and intuition about couplings between discrete and con-
tinuum states and the phenomena they bring about. No attempt will be made to mimic real 
physical systems, except to exclude mathematical exercises that are wildly unrealistic on 
physical grounds. As a child learns by playing with toys, we will  play with the models, 
varying parameters to move between regimes, and to test approximations and assumptions. 

 We begin with systems in which two groups of zero-order states are distinct from one 
another. They interact only through one or more intermediate states. This general scheme 
is applicable to a number of 
small polyatomic molecules. 
A classic example is formal-
dehyde, in which excited S1 
and T1 potential energy sur-
faces participate in the mol-
ecule's unimolecular decom-
position following photoex-
citation (diagram on right). 
The conceptual groundwork 
had been laid earlier in nu-
clear physics, where so cal-
led doorway states serve as 
such intermediates. We will 
not go there except for use-
ful mathematical tools. 
 

6&7-'-'.)/,0/$12&/ )
 

 Vector spaces of high dimension 
abound in molecular quantum 
mechanics. Mathematically, they 
can be partitioned into any number 
of subspaces. Such maneuvers by 
themselves are devoid of physical 
content, however. The choices of 
how many subspaces are to be 
used, and the ingredients of each, 
depend on the situation under consideration and the goals. For example, three might be 
appropriate for the case indicated in Fig. E1, as there are three regions: the {  sj }  subspace 
of states , a single  state, and the {  km }  subspace of states . Alternatively, maybe 
two subspaces is preferred, in which case {  sj }  and {  km }  remain separate, but  needs a 
home in one of these subspaces.  
 

! sj ! n ! km

! n

Ozaki Laboratory of ISSP 
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Figure E1. A zero-order intermediate state 
 is considered. It has nonzero matrix 

elements of V with each of the states in the 
{  sj }  and {  km }  manifolds. Each matrix 
element  is assigned the common val-
ue Vnk. All matrix elements  between 
{  sj }  and {  km }  are taken to be zero. Like-
wise, V is taken to have no nonzero diag-
onal matrix elements within {  sj }  or {  km } . 
It serves only to couple  to {  sj }  and 
{  km } . Thus,  serves as a conduit. 
 

 The symbol {  sj }  denotes a group (manifold) of states  that belong together, e.g., low-
lying vibrational states of an electronically excited potential energy surface. They are 
eigenfunctions of a zero-order Hamil tonian H0. Likewise, {  km }  is a group of eigen-
functions  of H0. This subspace is dense relative to {  sj } . In other words, it has rela-
tively small energy spacing between adjacent states. For example, the  might be highly 
excited vibrational states of the ground potential energy surface. This is the scenario 
presented by formaldehyde in which the T1 triplet intermediate serves as a conduit between 
the S1 and S0 surfaces 
 Al ternatively, perhaps the dense subspace is used to mimic a true continuum, as when a 
zero-order electronically excited state dissociates via interaction with another electronic 
state. In either case, {  km }  will be referred to as a quasi-continuum. Even  is an eigen-
function of H0. It may seem odd that there is only one state in this group. However,  can 
be one of many  that constitute a manifold {  ni } . If {  ni }  is sparse compared to {  sj } , 
one of the states in it can be selected, and the coupling scheme in Fig. E1 can be applied. 
Cases in which a number of  states participate will be addressed in due course.  

 To begin, partitioning is considered in which {  sj } , , and {  km }  are organized into two 
subspaces. As mentioned above, {  sj }  and {  km }  are to be kept separate. The issue is what 
to do with , which has nonzero matrix elements of V with states  and , spe-
cifically,  and . To distinguish rates from corresponding Lorentzian linewidths, 
explicit  will be used rather than setting  equal to 1. Thus, a decay rate of !  has a 
corresponding Lorentzian width . The immediate goal is the examination of perspec-
tives and limiting cases of the model in Fig. E1, including straightforward extensions. 

 Because  is coupled to both {  sj }  and {  km } , perhaps it can be thought of as being 
dissolved initially into one or the other of these subspaces, yielding {  sj + n }  + {  km }  or 
{  sj }  + {  km + n } . If it is known that  is coupled much more strongly to one of the 
subspaces, this can serve as the basis for a hierarchy in which the strongest coupling is 
handled first and the weaker coupling is dealt with subsequently.  

 Such an assumption must be based on physical considerations, as there is no mathemati-
cal basis for it. Referring to Fig. E1, the system is symmetric in the sense that the left and 
right sides differ in labels, level densities, and spacing distributions, none of which enter 
explicitly at this point. It is a good strategy to enlist coupling hierarchies (and correspon-
ding temporal sequences) whenever the situation permits because they are likely to provide 
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the most realistic perspective. We shall examine effective Hamil tonians that act within 
subspaces that respect such hierarchies. Our first task is to define the subspaces. 

 Different coupling sequences do not, in general, treat assumptions and approximations 
equally when using a perturbation expansion or iteration scheme. It is well known that 
different perturbation expansions applied to the same problem in general yield different 
results at a given order of expansion. Of course, they each give the same answer when 
carried to infinite order.  
 Figure E2 illustrates the fact that the alternatives: (a) {  sj + n }  + {  km } , and (b) {  sj }  + 

{  km + n }  treat assumptions and approximations differently. The model is easily diagon-
alized in the full vector space { sj + km + n }  to check the accuracies of the approximations 
examined below.  
 

Figure E2. (a) A single zero-
order state  is coupled first 
to the {  sj }  manifold, yiel-
ding the . The presence of 

 is indicated (heavy black 
lines) as having been dissol-
ved into the {  sj }  manifold. 
The resulting  are then 
coupled to the {  km }  mani-
fold. In (b),  is coupled 
first to the {  km }  manifold, 
yielding the . Each  is 
then coupled to the {  sj }  
manifold. The percentages of 

 character in the  and 
 is indicated with heavy black lines. It is exaggerated to aid visualization. 

 

!1/&)819:) " n)2",$%&5)-'-(-1%%;)(" {  sj }  
 

 Referring to Fig. E2a, the intermediate state  is first coupled to {  sj }  while ignoring 
{  km } . Diagonalization of the {  sj + n }  part yields wavefunctions  that are expressed in 
the basis of zero-order states as 
 

   =  = . (1) 

 

The expansion coefficients are written as inner products because this notation, though cum-
bersome, is transparent, and good bookkeeping is required in the material that follows. 
Labeling of bras and kets is intuitive, e.g., the ket for  is | sj #. If  has nonzero matrix 
elements with many  without undue preference (the matrix elements  are each of 
comparable magnitude), the magnitudes of expansion coefficients $ n |  # will be much 
less than unity. In other words, a modest amount of  character is present in each . 
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 Consider the coupling between  and {  sj } , and leave aside for the moment the 
coupling between  and {  km } . It is said that  decays to {  sj } . If  the  matrix 
elements are each of comparable magnitude, the envelope of the distribution of 
| $ n | %i # | 2 values has a shape that for all practical purposes is close to Lorentzian. 
The width  characterizes the coupling strength. This is the partial width of  
decaying to {  sj } . Alternatively, the partial width  characterizes the decay of 

 to {  km } . Partial widths reflect coupling strengths to different decay channels, in 
this case the {  sj }  and {  km }  subspaces. 

 

 

 The  in eqn (1) belong to the {  sj + n }  subspace. They are coupled to the {  km }  quasi-
continuum subspace by the matrix elements1 
 

   =   (2a) 
 

    =    (2b) 
 

    = .  (2c) 

 

In going from eqn (2b) to (2c), it is assumed that the  values do not differ significantly 
from one another for different values of m. Thus, each  has been assigned the common 
value Vkn. This translates into using a single value, , for the matrix elements  
for  coupling to each member of the manifold of  states (Fig. E3).  
 

Figure E3. For any particular  (see Fig. E2a) the matrix 
elements (= ) given by eqn (2) are assumed to 
have equal values . This follows from the assumption 
that the  values can each be assigned the value . The 
resulting resonances (  dissolved into the {  sj }  manifold) 
are isolated. The shaded Lorentzian profile depicts the distri-
bution of  character in the resonance. The height of the 
Lorentzian curve is exaggerated to facilitate visualization. 

 
 If  the decay widths are non-overlapping, they can be estimated using Fermi's golden rule: 
 

   =    =  . (3) 
 

 Equation (3) gives the decay width of a given  for the coupling sequence indicated in 
Fig. E2a. Note that each  value is smaller than the  decay width by the factor 

 
1 Matrix elements of V can be taken as real, so Vij = Vji. 
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| $ n |  # | 
2. This is intuitive: coupling of  to {  sj  }  distributes its decay width  

among the  in proportion to the percent  character in each .  

 This can be verified by summing the decay widths for all . This yields the width of 
 decaying to {  km } . The flux to the quasi-continuum has been transferred to {  sj + n } . 

You should go over the above arguments a few times. The math is straightforward: 
 

   =  =  = . (4) 

       1 

 Decay rates given by Fermi's golden rule imply irreversibility, whereas nature is 
reversible. If a process proceeds in a given direction, it can proceed in the reverse direction. 
Reversibility is introduced through the principle of detailed balance. The decay rate given 
by Fermi's golden rule, by itself, has the state going away.  

 Strictly speaking, irreversibility is not present in a quasi-continuum model, as all states 
are accounted for. In a bound space, Lorentzian spectral shapes are interpreted as repre-
senting decay. In an experiment in which the level spacing is resolved, one records a dis-
crete spectrum. It is the envelope of these lines that reflects the decay being discussed. 

 As explained in the Partial widths box on the previous page,  is not the decay 
width of the zero-order state . That would be 
 

    =  + .  (5) 
 

The partial width  appears as the decay width of the {  sj + n }  subspace because in 
case (a)  is coupled first to {  sj } . The width  does not enter explicitly because it is 
subsumed into {  sj + n } , specifically, when  is dissolved into the {  sj }  manifold. 
 The qualitative picture presented above for Fig. E2a and eqn (3) is reasonable. Its val-
idity as a first step in a hierarchical coupling scheme is premised on the relative coupling 
strengths. Case (a) fails if  is comparable to or larger than . For example, indi-
vidual  values obtained by putting parameter values into eqn (3) are larger than the 
mean energy spacing of the . The resonances overlap and eqn (3) is not applicable. The 
proper coupling scheme is case (b): . 

 Further consideration of Fig. E2 indicates that we need not worry about overlapping 
resonances. In case (a), the width  is distributed over an energy range that, by defin-
ition, exceeds greatly the width . Therefore, the resonances cannot overlap to any 
significant degree. Alternatively, in case (b),  lives mainly in the quasi-continuum, so 
the widths of the {  sj }  resonances are modest. Thus, for a single intermediate level, the 
resonances on average do not overlap. 
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 In case (b),  enters {  km }  with a Lorentzian distribution, and the  then couple to 
{  km + n }  whose states  are 
 

  . (6) 

 

The level  is distributed over many . The expansion coefficients  each have 
magnitude much less than unity.   

 When using a quasi-continuum model to represent coupling to a continuum, the matrix 
elements Vkn are not meaningful by themselves. A small nearest neighbor separation " � E 
in {  km }  is used to mimic a continuum. The value we assign ad hoc to " � E affects the 
magnitudes of the Vkn and consequently the coefficients . As discussed in 
Complement D, the meaningful physical quantity is the width  = . 
Thus,  (which is, by definition, equal to  in the present system) can be varied, as 
long as, at the same time,  is adjusted to ensure a constant value of . 

 The matrix element that connects  to the dense  manifold can be written 
 

   = .  (7) 

 

To understand this, recall that V connects  to  and , but it does not connect 
 to , at least not directly, i.e.,  = 0. In addition, V has no nonzero mtrix 

elements within the {  sj }  and {  km }  manifolds. This means that inserting closure to the left 
of V in eqn (7) has only the surviving element shown. 

 Values of  in general vary from one value of sj to the next, and this might be obser-
ved, as the {  sj }  manifold is relatively sparse. On the other hand, the distribution of 
| # $i | n % | 2 values is dense. Assuming that these are not resolved, in effect they are averaged 
over the resolution window. This results in a Lorentzian of width , as discussed in 
the derivation of eqn (3).  

 For non-overlapping resonances, Fermi's golden rule gives the width of  decaying to 
{  km + n } : 
 

.  (8) 

 

Note that either  or  can be used, because the {  km }  and {  km + n }  subspaces differ by 
only one level.  

 A plot of percent  character versus energy displays resonances that follow the Lor-
entzian envelope of  versus energy, as illustrated in Fig. E4. For case (b) there 
is no problem with overlapping resonances when using eqn (8). Note that eqns (8) and (3) 
are not the same. Each describes a quasi-bound level, but the quasi-bound levels differ. 
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 Referring to eqn (8), to obtain the decay of the {  sj }  manifold, , the rates 

 

are 
summed over the : 
 

   =  = . (9) 

 

For a given ,  is the percent  character in . Referring to Fig. E4,  
is proportional to the height of the broad Lorentzian, so it changes from one  to the next. 

 Because  is distributed over a large number of , each  value is much less 
than one. The number of  that contain  character can be taken as the width  
divided by the mean level spacing in {  km } , which is . Consequently, the number of 

 that contain  character is , and the average value of  is equal to 
. Thus, eqn (9) becomes 

 

  = . (10) 

 

The sum over sj is over , with a mean level spacing of &sÐ1. Assuming the matrix 
elements have comparable magnitude, the sum is taken as multiplication by , and 
eqn (10) becomes 
 

  = . (11) 

 

Using  =  yields 
 

  . (12) 

 

This is the result for case (b).  
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Figure E4. The broad resonance is the Lorentzian envelope of ! !n dissolved into the {  km }  
quasi-continuum, yielding {  km + n } . The narrower resonances are due to states in {  sj }  inter-
acting with {  km + n } . 
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 Equation (12) can be interpreted as follows. The probability that  has entered {  sj }  is 
equal to its decay rate to {  sj }  divided by its total decay rate: , as discus-
sed in the Partial widths box. This is a small number because . This probability 
is approximately equal to . Given that  has entered {  sj }  whereas it belongs in 
{  km } , it can go to {  km }  sequentially: first to escape from {  sj + km }  to form: {  sj }  +  + 
{  km } , with rate , and then to enter {  km }  with rate . The former is rate limiting. 
Thus the rate  is equal to . 
 

412$5-5$2"20+1%
 

 Cases (a) and (b) are now interpreted further. When  is much larger than , case 
(a) is appropriate, and  couples initially  to {  sj } . The  thus formed in turn couples to 
{  km } . The distribution of  versus energy is relatively sparse, so their resulting reso-
nances are isolated. In fact, the case (a) condition ensures that these resonances are isolated, 
because with  >>  the amount of  character in a given  is insufficient to 
enable overlap except infrequently, for example brought about by chaotic intramolecular 
vibrational dynamics, as discussed in Chapter 1 (vide infra Fig. E7). 

 Al ternatively, if  is much larger than , case (b) is the better first approximation. 
When the values of  and  are comparable, neither (a) nor (b) should be used as a 
first approximation. 

 If case (a) corresponds most closely to the physical situation, applying case (b) presents 
difficulties that are lethal. For example, suppose  is first combined with {  km }  even 
though case (a) conditions prevail. The  character is distributed over a relatively narrow 
energy range in {  km }  compared to the energy range it would have spanned had we coupled 
it initially to {  sj } . If eqn (8) is then applied, levels in {  sj }  are affected only in the energy 
range given by the width . This gives an obviously incorrect result. 

 Figure E2 illustrated the above arguments. Assume that a system has widths that are 
given by the envelopes of the black bars shown as cases (a) and (b). The former has a 
broader envelope than the latter. If case (b) is applied, quasi-bound levels for Esj values 
outside the spectral range of | # $i | n % | 

2 do not enter. Yet, it is clear that such quasi-bound 
levels exist and that their widths are not insignificant. Thus, though the problem can be 
made to ultimately converge by further iteration, this may take quite a while when starting 
from case (b) for situations in which the system resembles case (a). 
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 This is an amusing aside that I conjured back in 1995 and have played around with from 
time to time. The idea is to see what happens as one of the couplings is turned on. Let us 
assume that V consists of two parts, , with  coupling  and {  km } , and  
coupling  and {  sj }  (Fig. E5). If  the coupling potential  is time independent and  
is initially zero,  is initially in {  km + n }  with  given by eqn (6). At t = 0,  is turned 
on, and it is assumed that ' nk >> ' ns. For t > 0, the  interact with the . The resulting 
resonance widths are = . Each  decay rate is small be-
cause  is distributed over a significant range in {  km + n } . The rate of the entire 
{  sj }  manifold going to the {  km + n }  manifold is much smaller than ' nk. 
 

Figure E5. The intermediate state  is 
coupled to {  km }  with matrix elements . 

 is turned on at t = 0. 
 

 If the system is excited to {  sj }  with a 
short duration laser pulse before  is 
turned on, the {  sj }  population does not 
decay. Excitation remains in {  s } . Like-
wise, if  is excited before  is turned on, it dissolves into {  km }  with the rate ' nk. There 
is a transient regime in which the system is excited to  with  = 0, and  is then 
switched on before  has decayed. We are not concerned with this regime. 
 If {  km }  is a continuum, exciting  at t << 0 cannot result in excitation appearing in 
{  sj }  for t > 0. The excitation initially implanted in  has decayed irreversibly. This is 
akin to photodissociating a molecule before it makes a collision, as indicated in Fig. E6a. 
There is no collision. The implanted excitation has evolved to a continuum. 

 On the other hand, if {  km }  is a quasi-continuum, the  character that decayed follow-
ing excitation may be dormant but available, as indicated in Fig. E6(b). For ' nk >> ' ns little 
excitation will find its way to {  sj }  when t > 0 for the simple reason that  overwhelmingly 
favors {  km }  over {  sj } .  

 
 

 

  
 

 

 
 

 Now consider ' ns >> ' nk. If  is prepared at t << 0, excitation will not appear in {  sj }  
as long as {  km }  is a continuum. After all, ' ns was zero before t = 0 when excitation 
occurred, and  has decayed prior to t = 0. If {  km }  is a quasi-continuum, however, the 

V n +V s V n φn V s

φn V n V s

! n ! i V s

! sj ! i

! ! sj " 2! |Vnsj |2 | ! i n |2 " k ! sj

! n

! n

Vn

Vs(t)

V s

! n V s

! n V s V s

! n

! n

! n

! n

! n

! n

! n

Figure E6. AB is photoexcited to AB*. (a) AB* dissociates, so it does not collide with 
M. (b) AB* converts to high vibrations of the ground PES; ABà collides with M. 
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matter is less clear, because  has decayed but not to zero. Because  is strongly coupled 
to {  sj }  by V, it may be possible for the collision to resurrect enough  character to result 
in significant coupling of  to {  sj }  and uncoupling of  from {  km } . This would be an 
interesting effect. Now back to the main topic. 
 

9:";01017%*"#$%&"(%5$#+1"1*$#!
 

 Figure E7 illustrates case 
(a). The different  are 
each dissolved into the {  km }  
quasi-continuum according 
to eqn (3). The fraction of 

 intermediate character in 
a given  is preserved 
throughout the resonance. 
This fraction (which is exag-
gerated to make it easy to 
see) is the ratio of the black 
portion to the total length 
(red plus black) of the lines 
whose envelopes are the res-
onances. This ratio does not 
change when the  states 
are distributed among the 
new quasi-continuum levels  that are mixtures of the states  and . In other words, 
the fraction of  character in the different  has a Lorentzian envelope, while the com-
position of a given  remains fixed throughout the resonance. 
 

412$5#2"2$%/31";0*#%
 

 Figure E8 illustrates interstate dynamics 
within {  sj + n }  that derive from its inter-
action with the {  km }  quasi-continuum. On 
the right, all of the  except the single state 

 have been dissolved into the {  km }  
quasi-continuum, i.e., the Hamiltonian has 
been diagonalized except for . This 
state is going to be used as a probe. I first 
encountered the use of such probes a long 
time ago (mid-sixties) in E&M, where a 
small "test charge" was introduced to probe 
its electrostatic environment. 

 Let us now consider the fate of  as it 
interacts with the rest of the system. The en-
semble of  states differs from the one in Fig. E7 because it is missing one state. It in-

! n ! n

! n

! n ! n

! i

! n

! i

! i

! j ! i ! km

! i ! j
! i

! i
! "

! "

! "

! j

Figure E7. Case (a) reso-
nances: red, black, and blue 
denote sj, !  n, and km charac-
ters, respectively. The per-
centages of !  n character are 
exaggerated to aid visuali-
zation. The percentage of 
!  n in a given "  j is equal to 
the percentage of !  n in a 
given #  i times the percen-
tage of that #  i in a given "  j. 
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cludes all of the  and  states except . The nonzero matrix elements of  with 
the  are due to: (i) the  character of  and the {  km }  character of the ; (ii) the  
character of the and the {  sj }  character of the , and (iii) the {  sj }  character of  
and the  character of the . In terms of color coding, the black of  interacts with 
red and blue of ( j, while the red of  interacts with the black of . 

 As discussed in the main text and Complement C, the peak positions of the quasi-bound 
levels can be shifted relative to their zero-order positions by the presence of {  sj }  and  
in the quasi-continuum. Figure E8 illustrates the fact that  does not in general see a 
symmetric continuum. This causes  to experience level repulsion that pushes its energy 
more in one direction than another. In other words, the peak position of its resonance, once 
it has been dissolved into the quasi-continuum, can be shifted through interactions with the 
other dissolved states in the quasi-continuum. The net effect is that the peak positions can 
be shifted when the energies of the  are close to one another, say ~ a linewidth apart. 
This is an example of the principal part playing a role. This effect is modest and occurs 
only when resonance center energies are sufficiently close to one another. 
 

<0#250',20+1%+= ! n%*8"5"*2$5)%! "#$#%&"(%"1/%&'( 
 

 Lorentzian holes appear in plots of 
fractional character versus energy 
when intermediate states are absorbed 
by the continuum. The matrix elements 
between the bound {  sj }  states and the 
{  km + n }  quasi-continuum states are 
larger than the quasi-continuum nearest 
neighbor separations. Within the energy 
range of a  decay width, the quasi-
continuum levels are near-degenerate 
with respect to the coupling matrix ele-
ments. Thus, they are mixed together. 
This has the effect of shifting the amount of character.  

 This phenomenon is exclusive to the case (b) limit. For case (a), where  is more 
strongly coupled to {  sj }  than to {  km } , the fraction of  character is retained throughout 
the resonance, as shown in Fig. E7. For case (b), where  is more strongly coupled to 
{  km } , each  has a certain percentage of  character. However, when the  couple to 
one of the , many  are mixed together. Thus, we cannot be sure about the distribution 
of  character throughout a resonance. In fact, it turns out that  character is labile within 
the energy range of a perturbation that acts on the . 

 Figure E10 shows results from an exact calculation that uses a true continuum. This 
system fits neither the case (a) nor case (b) limit. It is in-between. The mathematics for the 
exact solution is developed in the next section. Here we use the result to make a point. The 

 state has a decay width of 0.25 cmÐ1, while spacing between  and  is 0.18 cmÐ1. 
This could be viewed from the perspective of 3 states and a complex non-Hermitian 
Hamiltonian as was done in Complement B. This would yield decay widths, but here we 
are interested in more. We want the exact solutions so we can see where things are distri-

! km ! i ! " ! "

! j ! n ! " ! j ! n

! " ! j ! "
! n ! j ! "

! " ! j

! n
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! "

! i
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! n

! n

! n

! i ! n ! i

! sj ! i

! n ! n

! i

! n ! s2 ! s1



!
!

""#$#!%&'()*'*+,- !!$./.$0!12$3!45 !

! 79!

buted. The states , , and  are spread throughout a continuum and we want to see 
how this works.  

 

 

 
 

 Referring to Fig. E10, the  character is labile within the continuum. We see that the 
 character has gone to zero at the energies of the states  and . It has been pushed 

out of the way to make room for the new states that enter the continuum. Recall that mo-
deling such phenomena with complex Hamiltonians would yield the decay rates, but levels 
could not be traced into and throughout the continuum. 

 The result of another set of exact calculations is shown in Fig. E11a. These are discussed 
later; here we comment on the outcome. In the case (a) limit, the resonances are sharp and 
the apparent level structure is that of {  sj + n } . When ' ns is increased by a modest amount, 
the levels broaden, though not enough to get into the regime of overlapped resonances. The 
figure shows that the distribution of  character follows the Lorentzian shapes of the 
resonances, in agreement with Fig. E7. 

 Figure E11b shows the  level having been dissolved into the continuum. Its percent 
character goes to zero at the peaks of the resonances, as in Fig. E10. As ' ns increases 
further, resonance widths decrease, except of for the intermediate level, which is distributed 
over a broad spectral range. The intermediate level has disappeared from the bound space. 
As a consequence of markedly increasing the coupling of  to the continuum,   has 
entered the continuum and uncoupled itself from {  sj } . Such behavior has been a source of 
confusion in the literature. 

 
 

 

 
 

 

 

 

 

 

! s1 ! s2 ! n

! n

! n ! s1 ! s2

! n

! n

! n ! n

Figures E10 and E11 have been misplaced. 
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 The model is now solved exactly for the case of a true continuum. With the solution in 
hand, limiting cases and a large range of parameters can be examined easily, e.g., to judge 
the approximations introduced in the previous subsection. Figure E12 shows that the pre-
vious notation has been altered slightly to accommodate the fact that energy E varies con-
tinuously due to the presence of the continuum. In addition, we anticipate extending the 
single intermediate level to a number of intermediate levels. To begin, the eigenfunction 

 is expanded in the basis of bound and continuum functions 
 

  = . (14) 

 

Figure E12. The bound states  are 
coupled through the single intermediate 
state  to the continuum states . All 
of the  matrix elements are assigned 
the same value, and  is assumed to 
be zero for all  and E'. All diagonal 
matrix elements of V are zero. Thus, V 
serves only to couple manifolds.!
 

 

 The expansion coefficients in eqn (14) are: Cn = ! " n | #,  = , and 
CE'' = . The continuum functions  are normalized using the Dirac delta 
function:  = . The continuum states subsume the density of states that 
appeared as  when using a quasi-continuum model. To obtain the coupled equations for 
the expansion coefficients, the time independent Schršdinger equation (H0 + V)  = 

 is applied to eqn (14), yielding 
 

  = . (15) 

  

Multiplying this equation from the left in turn by , , and , and carrying out the 
integrations yields 
 

 

  =  (16) 
 

  =  (17) 
 

  = . (18) 

! (E)
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where  = ! | V | #,  = ! | V | #, and  = ! | V | #. As indicated in 
Fig. E12, there are no nonzero matrix elements of V between {  sj }  and {  E' } . Furthermore, 
there are no nonzero diagonal matrix elements of V, nor are there any nonzero off-diagonal 
matrix elements of V within {  sj }  or {  E' } .  In other words, V serves only to couple  to 
{  sj }  and {  E' } . Equations (16) Ð (18) plus the normalization condition yield . This 
sounds fine so far, but as we know, the devil is in the details. 

 Equation (16) can be inverted to yield  as long as E  !  . The  values are dis-
crete, so this poses no difficulty; E !   can always be chosen when evaluating . 
Thus, eqn (16) can be written 
 

  . (19) 

 

It is understood that E !  .   

 Inverting eqn (17) requires care. Encountering the singularity at E' = E is a certainty, as 
E' varies continuously. Thus, we need an expression for CE' that is valid for E' = E. The 
strategy is to require that E' !  E when E Ð E' appears in the denominator, and add a term to 
account for E' = E. This is achieved by using the fact that  can be taken to be zero, 
where  is the Dirac delta function. Recall that  is a distribution function centered 
at x = 0 whose height approaches infinity and whose width approaches zero such that the 
area is one. Many normalized functions (Lorentzian, Gaussian, etc.) serve as delta func-
tions when their widths approach zero. There is no unique functional form of . How 
this works is explained in the box below. 

 
 As a stand-alone expression, x  = 0 is meaningless. If x is multiplied by one of 
the functions used to represent a delta function, a function is obtained that is not zero, 
as seen in Fig. E13. 

 

 

 
 

 

 
 

 

 
 The product of the functions in Fig. E13 (i.e., x times the Lorentzian) has positive 
and negative parts whose magnitudes are equal. Being asymmetric about x = 0, upon 
integration x  vanishes. Indeed, integration of x  times any function that is 
non-singular at x = 0 yields zero. It is in this sense that we say x  = 0. In other 

Vsin ! si ! n VE'n ! E' ! n VnE'' ! n ! E''

! n
! (E)

Csi Esi Esi

Esi ! (E)

Csi = CnVsin
1

E ! Esi

Esi

x! (x)
! (x) ! (x)

! (x)

! (x)

! (x) ! (x)
! (x)

Figure E13. Multiply-
ing the line f (x) = x by 
the Lorentzian curve 
yields a curve that is 
asymmetric about x = 0. 

Lorentzian
f (x) = x
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words, the behavior of  is judged by how it affects integration. As long as f (x) is 
well behaved at x = 0, we have 
 

   (20) 

and 

   = 0. (21) 

 

At x = 0,  samples the integrand. Consequently, x  has the effect of multipli-
cation by zero when integrated with a well-behaved function. Thus, if we write 
 

   A = B + x C(x)  (22) 
 

with the understanding that integration is involved, integrating with respect to x yields 
no contribution from the term x C(x). In other words, $ A dx = $ B dx because $ dx

 = 0. On the other hand, dividing by x gives 
 

   . (23) 

 

Integration of this equation through the singular point x = 0 introduces the term C(x), 
which is referred to as the integration residual: 
 

  . (24) 

 

Of course, one cannot simply add terms to equations like A = B. However, when 
integration through a singularity is involved, terms such as  in eqn (23), that 
can only contribute to the integrals via the singularity, might be present. 

 
 The above considerations show that eqn (17) can be inverted to yield CE' as long as we 
agree that E' is not allowed to be equal to E when E Ð E' appears in the denominator, and 
that a term is added that is present only at E' = E and satisfies (E Ð E')CE' = 0 in the sense 
of the integration discussed above. This added term is proportional to  but can 
otherwise be a function of E. Equation (17) therefore is inverted: 
 

 . (25) 

 

 If eqn (25) is multiplied by (E Ð E'), the last term yields zero upon integration. The first 
term on the right is the principal part. The residual term  differs from the imaginary 
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term introduced earlier. In the present case, no imaginary energy parameter can enter be-
cause we are treating the continuum on equal footing with the other states. The Hilbert 
space is not divided into subspaces. At this point  is arbitrary. It cannot be determined 
from mathematics. It must be obtained by consideration of the physical conditions. For 
example, recall the integration of x 

Ð1 from Ð % to %, which encounters a pole at x = 0 
 

  . (27) 

 

The principal part (i.e., the first plus third terms in the rightmost large bracket) vanishes, 
leaving the contribution from the singularity at x = 0 
 

    = . (28) 

 

 If it is possible for the energy to take on an imaginary parameter (i.e., if it is acceptable 
to introduce dissipation this way) then a semicircle around x = 0 (or equivalently setting 
the denominator equal to x ± i& and then taking the limit & '  0+ after integration) can be 
used to solve eqn (28). The path chosen in the complex plane (or the sign in front of i&), 
results in the integration in eqn (28) yielding ± i( . In some cases + i(  is appropriate while 
in others Ð i(  is appropriate. The physical situation dictates this choice. 

 As stated above, in the present case, we are dealing with a Hermitian Hamiltonian rather 
than a non-Hermitian effective Hamiltonian. Consequently, there can be no imaginary 
energy parameter that would represent dissipation. Thus, the integration residual, i.e., the 
term that must be present in the equation for CE' to account for E' = E, must be real. The 
term integration residual is used to denote the part due to E' = E. This is preferred over the 
term residue, which is associated with the residue theorem in complex variables. To apply 
the residue theorem requires that we are willing to complex an imaginary parameter with 
the real variable E, and in the present case this is impossible. Thus, we see that the present 
approach differs from that of an effective Hamiltonian in which the continuum is treated 
as a dissipative sink.   

 Upon including the integration residual discussed above, inversion of eqn (17) gives 
 

 . (29) 

 

It is understood that the first term in the large parentheses is taken as the principal part 
upon integration, and it is assumed that VE'n is constant (VEn) for all E'. The P symbol used 
previously to indicate that the principal part is to be taken is omitted, its presence being 
understood. The form of the residual in eqn (29) is not unique. For example,  
could be expressed compactly as An(E). This will be done later to facilitate manipulations. 
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For now, the more transparent form in eqn (29) is used. The coupled equations for the 
expansion coefficients are summarized as follows. 

 

  =  (30) 

 

 CE'  =  (31) 

 

 Cn (E Ð En)  =  (32) 

 

 Together with the normalization of , eqns (30) Ð (32) describe fully the system. 
Interpretation requires care, as eqns (30) Ð (32) are exact but not transparent. For example, 
consider the situation in which E is close to  and  is non-negligible only in the 
vicinity of . This corresponds to the case (b) (not case (a)!) resonances studied earlier. 
The quasi-bound levels have energies close to  and each is dominated by .  
 Substituting eqns (30) and (31) into eqn (32) yields 
 

   = . (33) 

 

The principal part integral on the far right vanishes because VnE is assumed to be indepen-
dent of E leaving 
 

    = . (34) 

 

 For a given set of parameters (En, , VnE, ), z(E) is easily obtained. The nor-
malization !  | # =  yields Cn. Though this step is tedious (Appendix 
II.2.3), the result is compact. The coefficients  and CE' are then obtained by using eqns 
(30) and (31). To within an arbitrary phase that has been set equal to zero, Cn is given by 
 

 . (35) 

 

The (  and z(E) terms are integration residuals. Thus, Cn is determined and the other ex-
pansion coefficients are obtained immediately. For example, using eqn (30),  is 
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  = . (36) 

 

 Thus, the model shown in Fig. E12 has been solved exactly. For energy E, z(E) is eval-
uated with eqn (34) and the expansion coefficients are obtained by using eqns (35), (36), 
and (31).   

 The  belong to a continuum. It is easy to compute a large enough number of  
that quantities such as | ! | # | 2 and | ! | # | 2 versus E appear continuous. Little 
computer time is required. For a given number of bound levels, the computing time scales 
linearly with the number of energies. Figure 14 shows results for five . Thousands of 

 were obtained in a few seconds. Entries (a) Ð (xx) correspond to going from case (a) 
to case (b) of Fig. E2. 
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 The final exercise with our toy 
model is the inclusion of an arbit-
rary number of intermediate states 
coupled to a single continuum, 
again obtaining an exact solution. 
This follows straightforwardly 
from the last section, albeit with 
more tedious math. Because the 
mathematical development is sim-
ilar except for bookkeeping, steps 
will be given with minimal dis-
cussion. Little can be said about 
keeping track of subscripts. The 
model is shown in Fig. E15. 

 The next two pages contain a lot of algebraic manipulation. I see no way around this, so 
just persevere, either that or skim the manipulations on a first reading. To begin, the wave-
function at energy E is written 
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1

E ! Esi
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! si ! (E) ! n ! (E)

! si
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Figure 14. 

Figure 15. The É 
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 . (37) 

 

The difference between eqn (37) and eqn (14) (which describes the case of a single inter-
mediate state ) is the sum over nq. Again, applying (H0 + V)  =  yields 
 

 . (38) 

 

Multiplication from the left in turn by , , and , and carrying out the integrations 
yields the coupled equations 

 

   =  (39) 

 

   =  (40) 

 

   = . (41) 

 
Inverting eqns (39) and (41) yields 
 

   =  (42) 

 

   = . (43) 

 

Putting eqns (42) and (43) into eqn (37) enables  to be written 
 

 . (44) 

 

The expansion coefficients  and  introduced in eqn (37) have been expressed in 
terms of the Cn's. Likewise, eqn (40) can also be expressed in terms of the Cn's, 
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. (45) 

 

This can be written in a form that begins to look familiar, 
 

 . (46) 

 
 

 Equation (46) can be interpreted as an effective Hamil tonian operating in the inter-
mediate subspace {  nq } : 
 

   . (47) 
 

The matrix elements of Heff are 
 

 . (48) 

 

 In eqn (47),  is the column matrix of the coefficients . Equation (48) appears 
formidable, with E appearing in denominators in all matrix elements of Heff. The main 
difference between eqn (48) and our previous treatment of effective Hamiltonians with 
a true continuum is that, in the present treatment, z(E) is real rather than Ði( . Were we 
to operate only within {  nq }  and forego information about the continuum, z(E) would 
be Ði( , and there would be irreversible decay to the continuum. Thus, eqns (47) and 
(48) will not be used. 

 
Returning to eqn (46), we see that this equation is of the form 
 

  . (49) 

 

 In this somewhat unconventional form, H excludes z(E), and E is included in the 
diagonal elements of H. So H is not a Hamiltonian per se, but it is closely related to one. 
The matrix elements of H are 
 

 . (50) 

 

Cnk E−Enk( )=

          Cnq
Vnks jVs jnq
E−Es jnq , s j

∑ + dE '' CnqVE ''nq
1

E−E ''
+ z(E)δ (E−E '')⎛

⎝⎜
⎞
⎠⎟nq

∑
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
VnkE ''∫

E − Enk( )Cnk = Vnks jVs jnq
E − Esj

+ dE ''VnkE ''VE ''nq
E − E ''

+ z(E)VnkEVEnq∫
s j
∑

⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪nq
∑ Cnq

Heff − E⎡⎣ ⎤⎦ C[ ] = 0

Hnknq
eff = Enkδnknq +

Vnks jVs jnq
E − Esj

+ dE ''VnkE ''VE ''nq
E − E ''

+ z(E)VnkEVEnq∫
s j
∑

C[ ] Cnq

H[ ] C[ ] = z(E) V[ ] V[ ]† C[ ]

Hnknq = E − Enk( )δnknq − Vnks jVs jnq
E − Esj

− dE 'VnkE 'VE 'nq
E − E '∫

s j
∑
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The reader may wish to expand one or two rows of  to ensure that eqns (49) and (50) 
are indeed equivalent to eqn (46). The column matrix  contains the expansion coeffi-
cients for the intermediate states. The VnkE form a column matrix , and  is the 
corresponding row matrix. Thus, the mathematics is in a form that enables manipulations 
to be carried out using matrix algebra. 

 The normalization result obtained in Appendix 2.3 is now used. There we had 
 

   = 1. (51) 

 

In tracing the steps of the derivation in Appendix 2.3 of the normalization condition, it is 
seen that this result can be used in the present case. Equation (44) sums over terms 
Cnq VE''nq, which is the equivalent (here) of the old CnVEn. Therefore, we can write 
 

  |  | 2 (( 2 + z2) = 1. (52) 
 

By putting eqn (49) in the form 
 

  , (53) 

 

the problem is solved: compute , take its inverse, and multiply eqn (53) by : 
 

   (54) 

 

We now have z(E) and  can be obtained. Equations (52) Ð (54) yield 
 

  . (55) 

 

This is clumsy but easy to compute because the manipulations are matrix multiplications, 
with  given and  obtained quickly. With  in-hand the expansion coefficients 
for the bound and continuum states are obtained straightaway. 
 

  

H[ ]
C[ ]

V[ ] V[ ]†

CE ' (E)VE 'n
2 π2 + z(E)2( )

V[ ]† C[ ]

C[ ] = z(E) H[ ]−1 V[ ] V[ ]† C[ ]

H[ ] V[ ]†

V[ ]† C[ ] = z(E) V[ ]† H[ ]−1 V[ ] V[ ]† C[ ]  ⇒  z(E) = 1
V[ ]† H[ ]−1 V[ ]

C[ ]

C[ ] = 1
V[ ]† H[ ]−1 V[ ]

H[ ]−1 V[ ] 1

π2 + 1
V[ ]† H[ ]−1 V[ ]

⎛

⎝
⎜

⎞

⎠
⎟

2

V[ ] H[ ] C[ ]



!
!

""#$#!%&'()*'*+,- #!$./.$0!12321!45 !

 92!

 

II.2. Bibliography 
 

Alphabetical order 
Arfken GB, Weber HJ, Mathematical Methods for Physicists, 4th Ed. (Academic Press, New 
York, 1995). 

Kusse B, Westwig E, Mathematical Physics: Applied Mathematics for Scientists and Engineers 
(Wiley, New York, 1998). 

Churchill RV, Brown JW, Complex Variables and Applications (McGraw-Hill, New York, 1990). 

Sakurai JJ, Modern Quantum Mechanics (Addison-Wesley, New York, 1994). 

Baym G, Lectures on Quantum Mechanics (Addison-Wesley, New York, 1990). 

Cohen-Tannoudji C, Dupont-Roc J, Grynberg G, Atom-Photon Interactions (Wiley-Interscience, 
New York, 1992). 

Bersuker IB, Polinger VZ, Vibronic Interactions in Molecules and Crystals (Springer Verlag, New 
York, 1983). 

Medvedev ES, Osherov VI, Radiationless Transitions in Polyatomic Molecules (Springer Verlag, 
New York, 1883). 

Fong FK, Ed., Radiationless Processes in Molecules and Condensed Phases (Springer Verlag, New 
York, 1976). 

Feshbach H, Theoretical Nuclear Physics: Nuclear Reactions (Wiley, New York, 1992). 

 
!"/0$+'/ &

 

 Referring to the sketch, the zero-order levels 
| s1 # and | s2 # are coupled to the zero-order 
quasi-continua | kq1 # and | kq2 # , respectively. 
They are also coupled to each other via , 
which is taken to be positive real.  

 The | s1 # and | s2 # decay widths (with  
turned off) are  and . Small and 
large-% regimes are to be examined. Start in 
the small-% regime and assume that  is 
much larger than %, , and . Des-
cribe this situation. As  is made smaller 
and approaches zero, explain how this affects things. 

 In the large-% regime, % is much larger than  and either width. This is boring, as the 
two systems are independent. As  is made smaller and approaches zero, discuss how 
this affects things. 
 

Vs1s2

Vs1s2
!Γ s2k2 !Γ s2k2

Vs1s2
!Γ s1k1 !Γ s2k2

Vs1s2

Vs1s2
Vs1s2


