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Several topics that are germane toititeamolecular dynamics of pgtomic moécules
are examined in the regime of bound staites, below the lowest d&xciation threshld.
Most of the proesgs wewill consideiin this chaptealso take place, or have counterparts,
at enegies where dscciation channels are open. As one mightgime, when discciation
and intramolecular dynamics mingle, the situation can beplicated. Dissociation will
be dealt with in due courséut not yet. It isnot feasibleto cover an area as broad as
intramolecular dynamics imnechapter, and probably not even in an entire text. heze
will focus onhighly vibrationally excited polyatomic molecules, especidily energy re
gime neaDy. This relates to Chapter®B of this Part Il module.

To begin, nuclei are assumed to move on a single adiabat, namely, the groutidl poten
energy surface (PES). It is alssased that spirorbit inteladion is too weak to couple
states ofdifferent mutiplicity. The use of a singlPESavoids corplicaions due to the
simultaneous pdicipaion of multiple surfaces. For closslell mokcules, the ground PES
is nearly always a sgtet,S. In addition, rotdonis negleatd Its efects will be introduced
later, here he focus is on Wardions. Effects due to rotatiazan besubtle.

The strategy is to start atodesenergies and work our way up@g. When considering
only vibrations, there can be no couplingviben states belonging tdifferent vibrational
symmetry species, so each is tegbseparatelyOff-diagonal aharmonic coulings lessen
the goodness of vibtianal (typically normal modejuarium numbers with increasing
energy. An eanple is given n which near resonant normal modbrdiions of the same
symmetry couple to give polyad¥he polyadsan remain robusi.é., preserve polyad
quantum numbers) tonpressivelyhigher erergies. Of course, at sufficiently highesgy
the polyad picturalso breaks down.

As the energy approachBg from below, the vibrational dyanics become unruly. This
is not surprsing giventhat potentials are far from harmonic at such highgesr This is
the rgime of quantum chaos. Expressions willdegived in Section 3 for the limiting
cases of regular and chaotic dynamics as well as the regime thatdiemiliate between
these limits.

In Section 2, the flow of vibrational excitation is introduced. This is referred to as intra
molecular vibrabnal redistribution (IVR). Classically, excitation of the vibrational-de
grees of freedom is defined at atpadar time, sayt = 0, by assigning values to all the
nuclear momenta and camates p; andg;j, where 1! i ! 3NB6, with N being thenumber
of atoms in the molecule. In general, not gl ;) pairs have conserved actiotise clas
sical counterpagt of good quantum nubers. Cosequently, esitation flows between
vibrational degrees of freedom. For exade) if the system start&tt = Owith a significant
amount of excitation localized in a particular mat mode, after avhile this initial
selective excitatiomight have "dissolvedhto a great many other states

Starting from such &= 0 localzed state, when excitatidinds its way into several or
more modes of a payomic species, it will, for all practical pposes, never reappear in
the original state. You might find discussions of commensurate frequencies, recursion
times, etc. in texts and journal articlefigisusuallyjust math. In a polgtomic species



!
!
"HE% | &QHY+$!,'1(-.*/0123!  45-12! 6-.17! 8%#HUNS:;:9<!,=9>1"? |

(say" 6 atoms), dissipation of highly localized vibrational excitationfiso#iively irrever-
sible. The molecule provides its own bath states into which thededadxcitation decays.

The abovedcts notwithstanding, belof@, the states are bound and diaglization of
the Hamiltoniargives the anger. So why fuss with vibrational dynamics when the eigen
states are in hand? The reason will hopefully be made clear by the end of tteg chap
through a discussion of the Wigner distribution of nearest neighbor spacings tlaat char
terize the regime of quantum chaos.

10'1%23*&+"#

Let's starwith the timehonored twelevel system whose generic Hamiltoniaiis+ V.
Stateg|1! and|2! aresoluions of the timendependent eigenvalue equatidty|! ! =
E|! !. The eigemaluesof |1! and|2! (E; andEy) are taken to be nearly equat that
other interactions can be safely neglected. It is assumed/tisatiue to terms in the
potential that were put aside in the constructiodl@fand that it has no nonzero diagonal
matrix elements. It serves strictly to couple zerder states. Withl! and|2! serving as
the 2D basis, the ergges and eigestates are

E. = 4(E1+E2) £ {4(E2! Ea)’ +|Viz|? (L.1)
|+) = cos! |1)+sin! |2) [y =1sgn!|1l)+cos!|2) (1.2)

where tar2” =1 2|V | /(E2! E;), and we také&, > E;.

The zereorder stateare said tdrepel' one awther under the influence of the coupling
This use of theerm "repelis accepted widelydespite the fact thatig potentially mis
leadng. Levels|1! and|2! do not r@el one anther They conbine to form eigenstates
whose energy differende. DEpis larger tharEz DE1. Nonetheless, | will adhere to common
usage and refer to levels being repelled.

For a given magnitude o¥/,, the amount of repsion dgends orfE, BE; |. The larger
|EoPE; | is for a given value dfVi2|, the smaller is the repulsive shife., E. BPE, (which
is equal tde; BEp). For conservative systems, the Hidomian is Hermitian, so inteacting
levels alvays repel one ather.l wish to emphasizthat feature

In the presence of teractions that couple théy levels, there can be no accitirde
gereracy. True degeneracy selts from symmetry It is robustbecause therean beno
noreero matrix elments of the Hamiltonian between éésvbelonging todifferent sym
metry species

The nondegenerate threlevel system indicated in Fig. 1(a) retains the iqaiae char
ader of the above twievel system. Again, repulsion guarantees that levels of the same
symmetry do not have the same energy (no accidenggrdecy). We could write one
down, but it would be a zerarder description. Nature simply does notyie vibrations
of the same symetry that have no couplings among them. The couplings might be small
but they are not zero.
|
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Figure 1. (a) interactions of zero order leve¢ls’, | 2", and|3". (b) As matrix elements
are varied, levels can at first approach anether, but the curves do not cross.

Figure 1 illustrates this by shavg how eigemalues vary with coupling strength. When
Vy3is increased witl1, andVy3 fixed, two of the eigevalues at first approach one another
and then move apart. This rorossing is present for all nonzero values of \theOf
course, if two of the threg; are set equal to zero there can bgeteracy because we have
factored the & 3 Hamiltonian maik into 2# 2 and # 1 blocks.In this case, hoever, we
have inadvertently intducedasymmetry.
|

Aft* 457 643G+ ¢

We will now work through an example of the thieeel system for the sp@l case
when|1! and|2! have the same energli(= E2 = Eg) and the matrix elements bfare
Vi2=0,Vi13# 0, andVo3# 0. This condition for the offliagonal elements is general in the
sense that any#3 matrix whose offliagonal matrix elements are all nonzero can be con
verted to a form in which one of thg (plus its complex conjugate) is equal to zero through
rotation of the basis. Make sure that you understand how this works.

Becausgl! and|3! have the same symmetry, d2d and|3! have the same symery,
|1! and|2! also have the same symmetry,gltsthe fact that the matrix elementween
them is zero. Thus, thé matrix cannot be manipulated inté&2 and 1# 1 blocks. In other
words, it is not possible to rotate the basis in a wayelivatnates two indepelentVj;'s.
For the present case, the matrix is

' Eg 0 Vi3 $
ﬁ 0 Eo Vs g. (1.3)
#Vis' Vo3' Ez g

Generality is maintained with this form o#3 matrix representation. The eigafues
follow from

(Eo! E)?(Es! E)! |Vis|2(Eo! E)! |Vs|?(Eo! E) =0. (1.4)

A little algebra yields the three distinct eigenvalues



!
!
"HE% | &QHY+$!,'1(-.*/0123!  45-12! 6-.17! 8%#HUNS:;:9<!,=9>1"? |

Eo and 3(Es +Eo) % /3(Es! Eo)? +|Vas |2 +|Vas|? (1.5)

Again, it is not posible to have acdertal degeeracy. To appreciate this ther, note
that if an acidertal degeeracy did occur, itvould indicate that one of the levels had no
interaction with the other two. In this case, the matrix could be writter#@sahd # 1
blocks. No unitary transformation could alter this form. This is oblyaust the case.

The above exercise use@#3 matrix,whereaghe principleis robust for higher dimen
sions. When all offliagonal matrix elements are nonzero, none of the eigenvalues can be
degenerate. This esented here without formal proof. You are welcome to test this hypo
thesis withnumerical experiments.

70'8+9)-$+"#&

Let'snow focus on molecular vibrations. With no more than a coofptgianta in any
given mode, moleules generally diay reasonablygood vibrational quantum numbers.
The most common mathematicalescription of molecular vibrations is normal modes. In
some cases, tal modes are more appropriate. For example, lc@upf the symmetric
and asymmetic stretch namal modes of bO results in local mode Gbtretch levelsThe
normal mode basis ifé descriptor of choice for medium sized adymic species.

Molecular potentials are never harmortitarmonic potentials are ppximations,so
goodness of vibrational quantum numbers is subjed@iwaplings are inevitable eventh
abasis that imeaty diagonal.

When two or more zerorder vbra
tional statesof the same symetry have
erergieswhose valueare close to one an 1100 ) v 1020 )
other, coupling is enhanced by this neq 1000 — —————— -
resaance. In such cases, -alagonal
marix elements can eféiently coupe the
zergorder levels.

Figure 2 showsa hypahetical system 1000 )
havingthree vibréional degrees of free
dom' The state having two $, quara, Figure 2. The numbers in the kefsn>nz!
|020!, is deyererate with thestatehaving | @€ the numbers of quanta of the#z, and#s
one$; quartum. Assume thaj100! and | MCdes. respectively.
|020 belong to the same (ground state)
symmetry specieso theyinteractvia the potentiaV, whichwasomitted in thecorstruc
tion of thezeraorder description.

! Nonlinear triatoric moleculs (NG, H20, SQ, etc) have three normal modes. Linear trialom
moleculess (CQ, N2O, HCN, etc) have four normal modes, two of which are degenerate and
consequenthjave angular momentum.
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7 &-.8% " B&-* 98" %:$0$.$2'#$%"2#&"0".",%,;$.: B $*%E>?%" 1#%" 9% +& *$@%2$*1,#-.0%-.%
.01,'2%3"3$.#13%4"3+".$.#*%',".0%&$% ()98- *B% 7 8$2B8$2%, $0*%o# " Yo# & $ %0 B
metry species d4.00! @ %-BSB@88.-4&%4' 19650 ! and|100!%.%- . #$2'44B
Referring to Fig. 2/100! and|020! are taken to be degerate belonging to the same
symmetry speciedavingcorverient enegy values, and diagonallamonicity is nglec
ted. This toy model is used to illustrate a piite. No real macule has thesetdabutes,
though sora bear resebiance.

The degeneracy ¢00! and|020! leads to complete mixing for any reero coufing
matrix element. The seiting erergies are: 1000 B/12|, whereVizis the coupling matrix
element. Coupngs that involve other levele nglected. In generathere will be nonzero
matrix elanents between all levels of the same syetry. However, becausgl00! and
|020! are degenerate, only these aresidered here.

These levelanteract viapotential energy
termsthaterterthrougha Taylor series egan
sion of the ptertial. The lowest order one ig
k122 ng22, Whereky, is a costant andy; is
the coodinate of theith mode. This is an
example of what is called a Fermi resonan
after the great Italian physst Enrico Fermi
(picture on right).As mentioned abovehé
CO, molecule with its 4 nuclear degrees ¢
freedom, displays this dfect: its |[100! and | g=
|>6%>! levels are strongly coupled via Fern §&
resonance.Our friends George and Jeani
Flynn lived in the house that was agied by
Fermi and his family when he was at @obia
University. Forced to leave Italy, Fermi an
his Jewish wife, Law, emigrated to the U.S &
in 1938.Note that|010!%'.% ;$% "9% :-99%$2
*C33$#2C%#84100! @R$2$* %>6"> 10890 #&S _ _
*'3$%*C33$#2CW00'B/0 Enrico Fermi and kls Bohr.

Cougding terms such as11200:3022 and
k122 ng2#4 are usually less importantdmuse the co@itients in the Tagr series epan
sion (in this casek;112o and kyxpp ) are smaller. As mdioned earlier,g;qp? also has
nonzero muix elementsbetween nofrfesmant levels €.g, |000! and|120!), but we
consider here only the resant couplings bsause they are strongest. It is a good idea at
this point for you to review the use of raising andéong operaors in a hamornic oscit
lator basis.

In extending the present example to higher energies, we shall neglect heredfter the
mode and focus onh, /!, interadions. Furthemore, the value d¥12is set equal to the
convenient round number 10, and the other nonzero matrix elements are obtained using
the following easily derived (and assigned as an exercisi)gstaw:
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i
(n, 2| kiz20uop2|ne ! Lz +2) = %(nl(nz +1)(n2 + 2)) 2V12 . (2.1
%
I"#$%H# & HYHRBY0& *%0;$P.%0:2"++$:%-. %o#&$%; 2'%'".:%8$#B% 7 &$%D'3- #" 4, Y63 #2-A%ESA
-.0%#&3$%02"1.:%*#' #$G%-*%h)-HS$.%;C

< ny / ny basis —

01 10 02 11 03 20 12 04 21 13 05 30 22 14 06

500
1000 10
| 10 1000 |
1500 17
17 1500
2000 14
14 2000 24
24 2000
2500 24
24 2500 32
32 2500
3000 17
H;j =0 outside 17 3000 35
the blocks 35 3000 39
39 3000

%)9%4" 1 2* $&HBA " H#-. 1$*V0#"%&-08$2 VD B2O* R . B6$%31*#% B 2$91, %0/-#&%3'#2-A%
$,$38.#%" #'-.$:%/-#&Yo#&$% &b (HR2BTH3; $2* %" 9% H#&SYAFB%"+$2'#"2*%4'.."#%
'44$**% "% &-0&$2% 3$3;$2% " 9% #&$% ; *HHIBPBE BIR. | (& #)*#$%& +$+,$%-& {-EBHE& '
7&-*%*1;#,$%+"- #%/-,,%;$%:-*41**$.%-.%4, "**BY% J 18596 * 00 0HEBYRH3 - *%0" 9%0# & $%; *-*%".: %
"+$2'#"2*%;$-.0%-.4"33$.*12'#%B

The 2#2, 3#3, etc. blocks are ferred to as diads, triads, etc. The resonances have given
rise to what are callepolyads in which certain sets of normal mode levels are styong
couped within each set. This colipg scheme isnterestingin the sense that lels such
as| 30! and|06! are strongly coupd within their polyad blockeven thoughheir quantum
numbers differ greatly. If you diagonalize th# 4 block in the bove matrix you will find
eigenfunctionsvith significantsimultaneougontributions from botfh30! and|06!.

Even though the assumptions invoked in constructing the above matrix are drastic, the
basc idea that underlies polyads has békstrated. Nearesonant levels are efficiently
couded because of their energy proximities. The coupling term, in the present case
k122122, need not be large bause the resonance gardees efficient coupling. Thus,
the blocks aréhe doninant feaures. Thatis the basic idea. When the inalyad normal
mode levels are not exactly omant, there are nonzero spacings between diagonal ele
ments within each block. Haver, the coupg matrix elements also increaseauwling
to the scaling relation given by eqn (2.1). The net effect is that the polyads continue to

provide reaonably robust quantum numbers.
%
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3$.#,%*+$4#*%".:%'%4" VPR-0&,C%-:$',-O$: YE3*%# & #Y0*$2HSVHR2 UBYA+"- B %%

The above case of Fermi resonancievben|10! and|02! can be used to demonstrate
IVR at a primitive level. Suppose @sation of |02! is fawored strongly ovef10!, for
example througiphaoexcitation. | am not sure about hdvestto achieve this gperimen
tally, butthat is not importanfor the presengedanken germent Furthemore, asume
that exitation occurs on a suffienty short time scale (and thdéoee with a suficiently
largebandvidth) to smultareoudy excite the eigestates| +) = ¢/10)+¢/02) and|! ) =
c|10)! ¢|02), wherec = 221/2, This essetially instantaneous exetion att = 0 yields

'(0) =102) = cof +) + |t ).
= 2!2(cy(|10)+]02))! c2(|10) +|02))) (2.2)

The constants; andc; are such that (0) is equal td02!, i.e.,c; = Dc, = 28112,

Thet = 0 photoexcitation step creates a coherent supgipoof the eigestates, with
the supegposition given by eqn (2.2) bein@2!. Think of it this way: Theercorder state
|02! is prepared before colipg between 02! and|10! has had a chance to take effect.
On a short time scale, ergy camot be known with sufficient pogsion to distinguish the
eigerstates, and exgition is therefore crude. In other worfi32! is solely responsible for
the photexcitation amplitud, so this is the "state" that isci#ed. It is not an eigenstate,
but it readily absorbthe radiationbecause the bandwidth of the radiation exceeds the
energy differenceE, | E, .

With sufficientenergy reslution (muchlonger puse duration), it would be possible to
excite the eigenstates separately. In this casg,0®le"bright state” would prade the
means of exciting the eigenstates, each of which corj@@ischaracter. The peentage
of |02! character in an eigstate would be pportional to the extation efficiency for the
eigenstate.

Followingt = O excitation,/ (t) evolves in time:

I(t) = (|+>e!i!+t! |!>e!i!!t) (2.3)

b

2

= 1(]110)+|02))e' " +t D 1(|10)! |02))e! i/ 1t (2.4)
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= %|10>(e! i+t gl !t) + %|02>(ex i/ +t 4 glif !t)_ (2.5)
Further manipulation yields
I(@t) = (! i10)sind/ t +]02)cosl! t) i ++ )2, (2.6)

where! =/ ,11,.
The time evolution is such that(t) oscillates betwee{02! and|10!, e.g, / (0) =
|02V and/ (1 /") = 1i|10)e' it ++/1)" /2! Figure 3 show$(02|/ (t))|2 versus.
Clearly, IVR can be viewed from cgaiemenrtary time d@endent and time deperdent
perspedives. Though the eigstates aréhe answeto the stéonary state eigeralue prob
lem, expeliments can reveal the underlying physics in different ways.

Stateresolved spdca recorded at hig
resolution yield theenergyeigervalues 1(02 |y ()2
because the system is observed for

much longer time than thatqeired to ~ -
exchange excitation bgeenthe zere

order statefl10! and P2!. Altematively,

time resolved studies with short pulse

reveal the eigererergies via dynamial l

processes. For example, at short tim 2n/ o 1=
the system looks likeOR!, but as time| Figure 3. The prioebility of finding the system
proceeds the system oscillatestivibeen | in |02" ostillates with radian frguency$.
|10! and 02!, as indicated in Fig. 3. It
doesn't get simpler than this.

As energy increases, the vibrational density oéstaf a polyatomic moteile ircress-
es, in fact dramatically, and the number of strongly coupled levels that need tcsioke con
ered growsaccordingly For example, in the polyad example given by the large matrix,
there are two triads. Eachvimlvesthree strongly coupled normal mode levels (basis-func
tions). For the triad centered at 2000, the tedipevels are|04!, |12!, and|20!. The
eigerstates are mixres of the bas fundions and, as with the two level $gm, time eve
lution can be desibed straightfowardy for coheent supgpositions. The time evolution
of this threelevel system is not as neat as when there are just two levels, but the
mathematical approach is the same. Thus, a gengnassion is written fothe time de
perdence of a state thabmpriseghe three meivers of the triad

! (t) = ala)e'’at +b|b)e' i/ bt +¢|c)e' o, (2.7)

wherea, b, andc are constants and the eigenstaés |b), and|c) can be egresgd in
the normal mode basis with coefficients that are obtained through diagonalization of the
3# 3 triad block:
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|a) = c5al04)+c]12) + ¢ 20) (2.8)
|b) = cox|04) + 3| 12) + 3| 20) (2.9)
|C) = Coul04) +C5[12) + [ 20) - (2.10)

If one of the zeraprder levels|04!, |12!, and|20!, has a unique character that makes
it sersitive to partcular expeiimental excitation and probe methodigp(cally a secalled
bright state), it can provide useful sggures. For example, suppose that in this 28k
is special (instead of th)@82! level that was chosen in the tdevel case)lt alone provides
all the oscilator strength in an experimehthen it is reasonable to ask about the resem
blance between (t) and|20! as a function of time. In other wordsw does the bright
character of (t) vary with time?After all, it is often the case théte signal recorded in
an eyelnmentis proportional to the square of the anydie for the bright chacter. As
before,the amplitude fothis can be obtaineda the inner producfsee eqn 2.7):

(2017 (1)) = acie Ve +hch et +cch el o, (2.11)
Taking the absolute square yields

[(20/ (t))|% = |ack |? +|bcg |+ |ccsy |2 + (2.12)

2Re§(cc§0)(bc§o) g! I/ ot +(bc2bo)(ac§)) g/ bat +(ac§))(cczco) gtV acti/:.

where %, = %, P %, etc. As in the twdevel case, there are interferences and beat fre
quencies. For 3 levels there are 3 frequencies, for 4 levels there are 6 frequencies, and for
N levels there ardl(NBL)/2 frequercies.This can get messy.

Now consider the situation at sufficiently high energies that thed &xudure is com
plex, with therecurrencesne might encounter at lower energi@gng way to messy dy
namics. Referring to eqn (2.7), we see that thefi®ties %, %, and%care in general
different, so even in low diersional examples such as Fermi triads,agr etc., it is
meaningless to talk about a gi@ chaaderistic time for excitaon transfer.

It has been known for a long time (from experiments carried outlisicolal environ
ments) that IVR involves a range of time scales. It would laagtrif, for a given sysm,
naure arranged couplings such that there was a single rate fobiational exchange

2 The so-called oscillator strength of a transition is a figure of merit that is often applied to
photoexcitation. In the present example, starting from a given level, photons transport the system
to 20! but not to] 12! or |04!. Thus, photoexcitation &€ienciedor the eigenstates given by eqns
(2.8)D(2.10) are proportional to the percentagg0f character. As before, short pudsxcita-
tion prepare$20!, which is a coherent superposition of the eigenstatepb!, and|c!.
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processes. In cooex schemes thatwolve a nunber of steps, a single rdieiting step
oftenemerges. This is different than Iy thesamerate for thedifferentsteps.

It is reasonable to discuss IVR with reference to a-metder desription of the vibra
tional degrees of freedoma.@.,the normal modes). The zeooder desription is acurate
at low energie# energy spacings between levels of the same symmetry are large. How
ever, at high energies this description breaks down, with feigetions expressed as
combinations of normal mode basis functions. Said differently, a giverorggovibra-
tional level (bright state) is distributed among the eigenstates. It is spread through a region
of the frquercy damain. The eigestates do not undgo dynamics but the bright state
does. It is prpared at = 0 and it subsequentlgvolves in time. If it is coupled to many
other zereorder states with matrix efeents that are similar, it will appear to decay. If it is
coupled to only one other state it will oscillate (two level system). If it isledup a small
number of states aymicswill likely be messy. In all cases, the 0 prgardion of the
bright state results in dynamics that seferred to asvR.

I"H$%$&"H#()

Hierarchies exist in which dain coupings stand out. For exmple, referring to Fig. 4,
asume|s) is strondy couded to thek; ) levels, and in turn thg; ) levels are coupled to
the levelgl;). A hierarchy exists ifthe couing of |s) to |k ) is much stroger than the
coudings: |s) to |I;), and|k;) to |I;). If the demsities of sates in the{ k} and{l} man
ifolds are sufcienty high, we can tredts) as coupling to a large nuoer of levels in each
manifold. In this caserermi'sgolden rule gives the decay rates [fey decaying directly
to the{ k} and{I} manifolds:

ksk=2!—!<|vsk|2>!k (2.13)

Ky :2!_!<|\/SJ |2>_/I , (2.14)

where 7 and /, arestatedensities for thd k} and {1} manifolds respetively.
!
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The criteria for hiemrchical coufing:

|s) & {k} followed by|k) & {I} are 1)

ks >> kg and kg >> kg . In the exam- ) .

ple of hierachical couging indicated in . :

Fig. 4 couging of |s) to {I} has been S F
turned off completely. A comon occu¥

rence arises in electronic sp@scopy, I »’
where aso-calledpromating mode inthe Fr
vibrational manifold of the lower —— F
electronic suiace (k) in the figure)

stands out from the otherbrations.The — F

situation depicted in Fig. 4 is used to g
a point across. It is extremég >> kg

and kg >>ky ), but thebasic idea has rigyre 4. A bright states coupled tanteme-
been observed experimentally. diate states that in turn are coupled to a de
manifold of bath state€qual spaings have
been used for convenience.

*4) #-#.) | 0%&"123"(4$"564"71)

We see fom the material presented above that in the regime of strongholeaular
coudings among zermrder vibrational levels there are no good dquannumbersand
distributions of energy eigeraluesareirregular. Level repulsion brought about by inter
mode couplings (offliagonal matrix elments) ensures complex dynamics and no degen
eracy. Iltseems thathe states know enough to stay oueath other's way. Likewise, the
eigervedors are also copilicated. Each consists of many basisteex; and there appears
to be no ader. The expansion coefients change miedy and with no oliious regularity
from one level to the next. Irtleer words, the giiation is a mess.

These complications notwithstanding, information about the intramatedynarics
can be obtained from analyses of level properties. Théegydor achieing this is
premised orstrong couplings chaderizing thehighly excited bound levels.

In this section, level spacing distributions will be derived for cases in whictine(i)
stacks of quanta (vibrational states) for the different normal modes are not correlated with
one anotherard (ii) all level positions are higly correlated, as occurs with strong
intramolecular coupngs. Case (i) coegonds to regular vibrational dynamics, like normal
modes with good quamm numbers. Case (ii) corresponds to the other extreme: quantum
chaos. Difributions will be derived for the corresponding nearest neighbocirgpa
Thoughsomewhatedious, it is straiglibrward to extend the deations to higler order
correlations, e.g., nextneaestneighbor correlations. Cguarisons to egeimentl data
are nearly abays made for neareseighbor digributions.Experimental data are rarely of
sufficient quality to justify nexhearesineighbor analysed.question the value of such
higher order correlation®Ve will focus onnearest neighbors
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Consider the case in which there is &!
ready astateat energyE (Fig. 5). We
then seekthe prdability that thestate
nearest the one & lies within a small
intervaldSlocaed atE+ S In this case,
S is a nearest neijor spaing, and
P(S dSis the corespording prdability.

We obtainP(S) dSby mutiplying the
probability that there is no level betwee
E and E+ S times the probability that
there is a level WS It is nowassumed
that the presence of a leveleatloes not
affect the loctions of the other levels. I
other words, the levgare not caelated.

S

| |
m

|| as

L

E E+S

Figure 5. Given that a level is present Bt
consider the possibility that another éévs
found neaE + Sin the elementlS To obtain
the nearest neighbor probability, take the-prc
duct of the probabilities: (i) that a level i
present idS and (ii) that no le#l is present
in the interval betweek andE+ S The in
tervalE to E + Sis divided intom pieces.

D

In this case, the probability that there is a leved$is given bydSdivided by the mean
level sepaation. With ' (E) being the density of states, the mean level separation is, by

definition, ‘' (E)®..

Thus, the probabilityhat there is a level idSis given by’ (E+ SdS,where’ (E+ S) is
the density of states at enerfgy S. Note that’ (E+ S) can also be written(E) because
we areassunng thatthe density of states isoximately corstant over the modeshergy

interval béweenE andE+ S

Obtaining the prbability that there is no level bweenE andE+ Sis facilitated by
dividing this interval intan small units, each of widt8/m, as shown in Fig. 5.

The assumption that the levels ar¢é carrelated has fareaching impkaions. It would
not beapplicable to théntramolecular coupling examined in the last section. However, it
would be applicable tacases in which the naral modes have good quantum numbers, in
which case there arno matrix elments coupling thelifferent normal modedn other
words, the above assutign is agpropriate for cases where the vibrational degrees of
freedom can beeated amdeperdent. Note that suchdependence can also be applied to
groyps. For example, levels within a group might be strongly coupled to one another,
wheras diferent groups are not coupled to one another. This would besmyed by a
Hamiltonian that is blockdiagonal, with coulings within blocks but not betwee blocks.
Recall the polyad matrix of the last section.

The above assumption enables us to write the probability that no level is foand in
interval, S/m, as one minus the probability that a leisefound in this intervali.e,
1! !(E)(S/m). The probability of there being no level betwé&eandE + Sis given by
the praluct of all the individual probabilities. Each of these individual probabilities is given
by 1! !(E)(S/m) for the intervals indicated in Fig. 5. Because thesenials are ide-

perdent, this yields

(1 7 (E)(S/m)™,

(3.1

)
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which becomeg! / (E)S asm& ( . Thus, we have derived the Poissorribsitionfor the
case of smooth, continuous variation' dE)

P(9dS = €' ' (B)S/(E)dS. (3.2)
This can also be written in terms of the dimensionless varsable(E) S
p(s)ds=¢€' sds. (3.3)

This distribution difers markedly from the one anticipated for the case of strong coup
ling. TheabovePoisson disibution peaks a$ = O, whereas there can be nccaental
degereracy in the strong colipg regime.

87"((71) 3"(4$"564"7)9;)

Equations (3.2) and (3.3) are for continuous distributiblwsvever, continuous distri
butions can prove ingficable n many cases of interet us Instead, v desireplots
showinghow probability varies with theumber of detection events and with dwerage
number ofdetection eventsThis wasworked out for the case of photon statistics in the
class noteg used in fall 2024 The topictherewas quantum optics. That section is repro
duced verbatim below.

87471 )(4%A4" (& ()<=$7>)?6%146>)704"&(@

Ourforay intoof the statiical properties fophotonswill benefit fromas clear an under
standingastime pemits of themeauranentsand mental picturethat underlieinterpreta-
tions. Consequentlywe will begin withimportant yesubtlecorsiderations regardindem-
poral durations and correspondipigyscal shapes andizes (related by the speed of light)
of photons.

A photonis defined by its energy, spin, and polarizationphlysicalspaceatributes are
due tothe boumary comlitions it must satisfyThesecan range fronsonfinanent inavery
smallresonator whose length, say,hurdreds of nm tepaming large disances, the so
called fee field rgime.In pewsing the lierature you are almost certain to encousitaie
mentsthatstate or imply thadmeauranentcanlocatea phdon. The measurement can be
carried out either in the space or time domkrgeneral, this is not corre@aid measure
mentlocates when or wherethe phaon was deected For example, refeing to Fig. 3.3,
the photoris accesible to detetton somavhere within the wavpadet's tenporal profile,
or equivalently, somewhere within the waaeket's spatial profilét cangeneratea sighal
in a small temporafregionthat lies somewherwithin the broadrangepresented by the

Gaussian
%
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Figure 3.3. Considera one-photon
wavepaket whose temoral shape
is Gaussian with a FWHM of fis.
This coresponds to 300 metd¥s
an interesting photon.There are FWHM=10 cm
good reasons to beve that many ’ (330 ps)
"very large" photons are out there.
anyevent, this example deiscores
the fact that a single photon can | N P
very spatially diffuse A detecor
with good time resolution can et
the photon sonwhere within the
tenporal range ofthe wavepacket

A

pixel width=10 cm =

A)0'7471)" ()% 11"".%4#B)

The measuremendf a photoris presenceearly alwaysesults in itsannihilaion, often
within a temporal windowthat is muchnarrowerthan theFWHM of the photonwave
packet Consequently, will frame our discussioim terms ¢ whenthe photon creates an
excitaion (detection event)n the measurement dee. Figire 3.4 depicts somef the
relevant features

single-event signals from detector

I||| ||||t—>

low intensity laser or |

other light source
[ — P record and analyze
efficient photon detector _
attenuation Figure 34.

Let's nowintroducea few realistic number&uppose laser beam hasmgower of 1 nW
andphoton eergyof 2.5 eV, correpordingto! 500 nm.The photon fluY is given by

_ I"A_ P
VIR (313)

wherel is intensity in Wattem® = J"s2"cm® (wherel is energy in joulel A is the beam
crosssectional area? is power n J"s, and" %is the photon energy ih Thus,) is in
photas per second. Putting number® eqn (3.13)we obtain

I"A P 1079 J"s*1
| =— "= = =2.5%$10° photons s*1. 3.14
1/ 17 25%$1.6$10719] P ( )
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Thisis animpressivéy large numberperhaps an "eye openeEvenwhatmight seem
to bean exceedingly lowowerlike 1 nW coregonds to far tolarge a photon flux to be
useful insofar agssessing photon statistid$hat photon fluxcanbe ugd but obviously
not "right out of the boX Instead, théight beammustbe attenuated until the photon flux
has been reduced byanyorders of magnitudéNote thepresence of aattenuabr in Fig.
34. At the same time, one can assidgtection eventso narrow temporal bingrhose
widths are very much smaller than the observation regibis can be used tplace the
systemin the regime in which most bins are empiuyhich isessential for determining
photon statistics

As a practical métr, measuremestimed atlucidatng photon stésticsare carried out
in the time domairfFig. 34). A photon travel80 kmin 1 pys. One can make nice sketches
of detectim events at different locatiomns a stream of photonsut thishas nothing to do
with what can be carried out in a laboratofiie good news is that the time domain mea
suranents are easily implemented nowadag®g offthe-shelf technology.

87"((71)B"(4$"564"71)

The math that describése regimeof interestarisesrom statistical consierations. Spe
cifically, theseconsiderationsan be related ta mathematicaéntity that is réerred to as
the binomial expansion Reasonablystraightforwad maniplations will yield the Poisson
probability distribution for recording independenfrandom)detedion events

P(n):%e#’”" (3.15)

where*n! is the average number détectionevents.

Let's nowcarry outthe math SupposeN indeperdent measurementare eachable to
amihilatea photorwith ~ 100%quantumefficiercy. To getN independent measurements
we resohe a convenientexperimentatime windowT, into N much smalletime windows
that we will callslots Each slot constitutes an independentsusamentThe number of
cases in which twdetectionevents fall within lhe sameslotis varnshingly small, as the
photon stream is extremely dilut®loreover, theslot width exceeds grebt (orders of
magnitude}hetemporalidth of a detection everithe number of slots is at odiscretion.
This tells you right away that it will n@ppear in the final answer, as we seek a foreta
tal property of photons, which cannot have anything to dotwéhmeasurements.

Figure 35 indicatesdetection event§ed)when adilute photonstreamimpinges orthe
detectorAssignment talots(blue) is dictated by the detection ted. Commondetectors

are photomultiplier tubes (PMT's) and arathe photdiodes (APD's)
%

3 Themanipuations will be straightforward after you master them, not before.



!
!
"HE% | &QHY+$!,'1(-.*/0123!  45-12! 6-.17! 8%#HUNS:;:9<!,=9>1"? |

single-event signals from detector (red), pixels (blue)

|IH‘|||||I|\||||l|!|‘||l||l|l|l|||!|||!’|I|!||l|!I|‘|l|! -

Figure 35. An ultraweak ircidentcw light beam inpinges on a dedor with
good tenporal resdution, as idlicated in Fig. 3.3. Dedion ewvents (red lines)
appear in the time slots. They are a great deal narrower than the slots. H
sketch been to scale, they would have been narrower by orders of magi
Their widths are magfed here for viewing convenience.

Signals aresent tothe recordand analye apparatusndicatedin Fig. 34. By usinga
sufficienty largetime window Ty, one oltains the probabilitythata detection evens re-
corded in a radomly choserslot:

average number of detection eventsintimewindow Ty _ ! To _ "n#

total number of measurement dots N

(3.16)

Note thatthe magnitude ofhe ratio*n! /N is at our disposah the sense thate get to
choose the number of sloké The parameteN simply dictates the resolution of the
measurmens. In the end we wilsimplify the mathby lettingN approach infinityto ensure
theindependent (random) nature of the detection evaftes. all, if we want an expression
that describes the fundamental istatal properties gbhotondetection events, this io@ot
depend on how the measurements are carriecspatifically, we seek the answer toe
question:What is the probability distribution of events being record@d.et's call this
probability P(n). It can beexpressedising the binomial expansion, which in turn can be
expressea@sthe product oftwo contributions

C"17>"%.)&7#=="&"#)4

Considerthe apportionment otletectionevents(hereafter referred to @&vents)among
the N measurement slots (hereafter referred to as skdsjlepicted ifrig. 35. The best
way tounderstand this exampla. Let'snow derivethe matlematical expression for this.

Referring to Fig. &, suppose we have 8 slots, and we wish to know how many ways 3
events can appear in these sléts.mentioned abovet is assumed that the events are
independent (random). Wmw trace the possibilities for tieslots and 3 events. The first
event can appear in any slot with equal likelihaad, there are 8 equally weigtd posi-
bilities. Let's say the first event shows up in slot #5. The second event can appear in any of
the 7 remaining slots with equiélinood. Let's say it appears in slot #heTthird event
has 6 possibilities, arldt's sayit appears in slot #6. The total number of possibilities for 3
events is 6 = 336 and we have ended with events in slots #5, #1, and #6, in that order.

There is nothing special about the slgt& #1, and #6The events are random, so any 3
slots would suffice. The fact that the above slofgeaped in a particular order needs to be
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fixed. The first was #5, but it could have been #1 or #6. Had it beengtriexhcould have
been #5 or #6. Had it been #6, the next could have been #1 or #5. In other words, there are
3! permutations for each of ti®8&7'6 possbilities.

slots slots slots
[ [ [ [ o] []] fof [ o[ [[|™ o [ |o]e] ||

Figure 3.6.

There is no relevance to teequence#s, #1, #6. There are 3quivalentvays to arrange
occupancy ofheseslots(#1, #5, #6, et.). Consequently, & must divide8"7'6 by 3! The
resultis referred to as th@nomialcoefficient It is assignedhe moniker N-choosen" and
labeled withone ofthethreecommonly usedymbolsthat appeain the literature

|
C(N, n), \Ch, and#'\';
ny

| will use the first, in which case,

171 171 | | |
81716 _ 87165 _ 8 _ NI (3.17)

C(N,n) = — == :
3 3 58 39 n(N"n)

The othercontributionalsorelies on theneasurementiseingindependent(How could
it be otherwise!For eachevent the probabilitythat a random measurement will occupy a
given slotis *n!/N, and forn events we havgn!/N]". This must be combined with the
probability that forn events nothing is founde., [1! (“"n# N)]N'". Theoverallprobability
is given bythe product of the above dwoibutions:

NI

N!'n
N(NT n)! $6N AL (5.19)

The Poissomistributionis obtainedoy taking the limitN & $. Start byrearrangingegn
(3.18 with the limitN & $ in mind

NI Sy
(NI n)INT Sont )

(2t o n)™ (3.19)

In the limitN & $, the large fractiomecomes 1. The last terfd! ("n# N)]N'" is subtler

but with some efforbnefinds that it is ¢ "*. If you wish to carry this out yourself, |
suggest that you use the binomial expansion and be careful to carry out the summation
from the mosexpeditious directiorin any event, ambiningthese contributions yieldke
Poisson disthutionthat wasntroduced at the start of this subsection:
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P(n) = %e‘“”". (3.15)

Figure 3.7 gives examgs of the Poisson distributiorr € *n!). The envelopes indeed
look Gausian. Hovewer, the hozortal axis is restricted to discrete entries, whereas a
Gaussian varies conuously with its variable. Moreover, upon examining the Poissen dis
tribution, you will find that there are other significant differences as well. In other words,

watch out (Assignment #3).

Poisson Distribution PDF
— A=5
0.15 _ A=10
_ A=20
oy
3 o1
32
o
a
0.05 4
0 Google
0 5 10 15 20 25 30 Images
Random Variable
Figure 3.7. From AlmaBetter: Binomial and Poisson distribution, via Google Image
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(a+b)? = a?+2ab+b?

(a+Db)® = a®+3a’b+3ab?+b?

(a+b)* = a*+4a%+6a%b? +4ab3+b*

Binomial expansion: (a+b)N :'!\‘ _ NP kpNik
ko KI(N T K)!

Evaluate terms
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Eigenstates dootcorrelate with one anothdtachisimpervious to dynamic€onsider
for examplghecase of a molecule with a numbemnofmal modes. If there is no intermode
coupling, we are back to the Poisson distribution. When there is intermode coupling, and
at high energieg is generally stronga normal mode containing some number of quanta
is very likely to bestrongly correlated with other normal modes

When thestatesare correlated, as in the examples in Section 2, the presenctatd a
at E can have a profound effect on the probabilityt Hr@other level is found nearbjhe
probability that a level is found in the intend$nearE + Sis no longer given simply by
dSdivided by the average energy spacih¢f)dS as it was in the situation that resulted
in the Poisson distrition described by eqns (3.2) and (3 Rpte that the density of states
does not depend on whether the levels are correlated. It is a property that is averaged over
many levels, and therefore it isaffeded by interstate couplisg This is easilylemon
strated in the matrix diagalization exercises at the end of the chapsgecifically, by
invoking trace invariance

Forthis more general casee start by statinghat the probability that stateis found in
the intervaldSlocated aE + Sis gven by, (S dS The funtional form of, (S is not yet
speified. It is equal to' (E+ S) only when thestatesare uncorrelated. However, when the
statesare strongly caelated , (S is different. For example, there can be no éedal
degerracy, so, (9 is always equal to zero 8t 0. Functional forms gf (S) arediscused
below.

Referring to Fig5,the probability that a level idSis a nearest neigpor is given by

m
. S
= 1 (Dg)|=2%y ) 4
PSS = lim ;5;1[1#. (as) m]. (9)dS (3.4)
This can bearranged int@a more usefriendly form.The product is converted to a sum by
using the fact thag'"x = x andtheln operation converts the product to a sum. This might
be new to you, but it is a common trick.

% m )
P(SdS = expainalim $ [1#./ (%3)%]211 (S)ds (3.5)
C (™ v
— expalim § In{l#! (%s)%]?e! (S)ds (3.6)
(™ Y
= exp;/flim & (ﬂs)%z./ (9)dS 3.7)
m Y
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Use has been made of the fact that only the first term in thertaeypansion of the log
arthm is retained in the limin & ( . Equation (3.7) then becomes

s = o s st
(9dS = expgl " (S)ds (T (Syds. (3.8)
& o yo

Let us now discuss possible functional forms (8). Wigner surmised that for highly
correlated levels the probability of finding a levetlfdis prgortional toS i.e.,, (S)=aS
This is a good assumption for smallwed ofS because a Taylor series expansion(&)
aboutS= 0in generalieldsa term that is linear i& Moreover, there is no reason (such
as synmetry) for this linear term to vash. Thus, Wigner's surmise is good for sngdiut
is not, at this point, justified for larg& Putting, (S)= aSinto eqn (3.8) yields

P(9dS = aSexp(! as?/2)ds. (3.9)

The constara is obtained by using the condition that the average neaeegtbor speing
is simply the inverse of the density of states.

I(E)' 1= #P(S)S'dS = #aS2 €' as?/2 g = 2% (3.10)
0 0

Thus,ais equal to! / (E)2/2. From eqn (3.9) we see that the resulting nearestneigh
bor distrbution function in terms of the dimsioriess variables= " (E)Sis

p(s)ds = %exp("! s2/4)sds- (3.11)

This equation gives results that are closthése obtained by irgy the more magma-
tically rigorous Gaussian Orthogal Ersemble (GOE) of random matrices. The latter is a
nice exercise in math, but it adds little physical insight. If you are interestieak stuff, |
have several booksu can borrow.

Equations (3.9) and (3.11) work well in describing level spacings obtained in real and
computer expements. Some p@te have said that Wigner was lucky, in the sense that the
linear aproximation , (S = aSworks so well even though is just the first term of the
series expansion of(S). | think thatis short sightd. Wigner had extoadinary physical
insight. Retaining just the first term in the series is equivalent to usingjagtrnal Ham
iltonian matrix. This point is stil, so it will be discussed in class. We have seen in cases
of polyads and some of theaxises at the end of the chapter that this is sufficient to bring
about the strong coupling giene that chaderizes quantum chaos. Once coupling is
sufficient to bring about chaos, more cting (of the same rtare) does not change this.
The system remains chaotic. | suspect that Wigner knew this but did not botheotatelab

Though the focus here is on molecular energy levels, the principles involirexlder
ivation of the Wigner distribution are quite general. Consequently, the results can be ap
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plied to a broad range of phenomena. Figure 7 shows experimental results obtained for
laser modes that oscillate in competition with one another, assvetisults obtained in a
molecular system. There are many other examples in the literature. Keep in mind that
Wigner's original intent was to rationalize the (at the time strange) level spacing distri
butions that had been observed in resonances of heghiied nuclei. For example, such
resonances can be probed using an energy resolved neutron beam. Nuclear forces are short

"#3%! &QH* % +$!,'1(-.*/0123! 45-lé! 6-.17! 8%#%4H9:;:9<!,=9>1"? |

range, so only= 0 partial waves need to be considered, simplifying analyses.

A 1 Figure 7. (left) Cavity
061 L7« © 41 modes in a laser having
B it ] "chaotic cavity structure"
. i compete with one anothe
02 ‘ . for population inversion.
- 0 | This coples them in a way
g 1 \ that is not organized (the
2 081 () - opposite of moddocking).
% el < ] This situation results in &
N "R, ] Wigner  distribution  of
g 04r AN 7 mode spaing (Zaitsev,
S 02 1| Phys. Rev. A76, 043842,
g off ‘ _ ] 2007). (below). This neast
al ' ‘ R neighbor spacing disibu-
LN -, @ - tion was obtained in cal-
0.6 %o ., b _ lations of a quantum spir
ol pReAN . IHS%N&(1$) % chain (Mej'a-Monasterioet
ik 4 | al. 2005 Europhys. Lett72
02 . . -+ 520).
0 | .
0 2 3 4
mode spacing [in mean spacings]
[ R E— N R E— T T T 1
Lok 4L 4L " I4$%
. 1 F 1 &($) % |
o ¥ N
T st 1 oe 1L |
\ \\
7 o 1p ) 1n 1
/ e L / . U
00T 2 3 4750 [ 2 3 4 50 5

It is instructive to consider other forms ,ofS) that satisfy the requineent that, (S =
0 atS= 0 and behave sensibly at laigeFor exanple, consider (S) = 7 (E)(1! € "S).
This is equal to zero &= 0 and’(E) atS= ( . Thus, it corresponds to the Poisson and

HA#$)l 7$>07= , </@
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Wigner cases in the [imiS8& ( andS& 0, respectively. The parametémust be chsen
such that eqn (3.8) is satisfied. Inserting this form(&) into eqn (3.8) yields

P(SdS=exp§? "/ (E)(1! ¢ S)ds( I (E)(1! e "S)ds (3.12)
& o 90
= exnil /(E)§s+,—1,( XY 1)/°“/(E)(1I ' "S)ds (3.13)

(E) /o

exp(! 1 (E)S) expg” Plepg {Be 5% E)11 e vs)as (3.19)

Expandinge® S aboutS= 0 and retaining the lowest order terms yields
P(SdS= exp( 3(1(B)")S (1 4r s+ ))!(E)”S(l! 17s+17282.)ds. (3.15)

The parametef is determined by using egn (xx). Retaining the lowed¢terms in egn
(xx) yields the Wigner disibution (a= "(E)”). Importantly, we see that the Whgr dis
tribution is a good approximation for smé&ll...To be continued.

9¢
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I"HSO6&HE'()*+),-."  10"1('&1) 2 "3&%

Figure ldepictsatoy model thathasproven invaluable sincés introduction It facili-
tates qualitative uterstandingof a class ophenomenathat arissin polyatormic molecules.
Mordechai Bixon and Josh Jortner introduced it in the 1960's to furtier photchem
istry community'sundestarding of (mainly photoinitiatedyadigionless transionsin pol-
yatomic moleculesTheir model has survived the test of timé&h modest ugradesHere,
we will work throughpretty muchthe original versionwith a few improvenents added by
Alberto Besvick and comments bjne Assigned exercises ensuetention on your part.

HAHA

Figure 1. The pivileg k!

ed zerothorder state f —_——
|s! is couped to states e - i
|k!, whose eergies are -
semrated from one an |s! !
other by the spang " E.=0 - T
q S
The marix elements R —
Vi areasumedo each -
have the same va. / _—
Vsk -

Referring to Fig. 1, aerdh-order bound statgs! is coupled to a dense m#oid of
evenly spaed zerth-order bound statgd!. The latter can repsent either a quason
tinuum or, for sufftiently small energy spacing in effecta truecortinuum. The cotin-
uum result is oltained from the quasicortinuum modeby taking the limit”# 0, while
ersuring that obewvables do not depend oh It is nice to see how the math for the discrete
case evolves to that aftrue continum. The use of evenly spaced sta&s is for con
venience. They could have been chosen tdocom say,to a Wigner nearest neighbor
spaing distribution(which applieavhen| s! is couged to a dense manifold of vibrational
states in the regime of quantum chaosjp somehing else However,nothing significant
would have beemgained so the use of evenly spaced states is a reasonable simplifying
assumption.

Statd| s! is asigred a prileged statuswhereas thgk ! states costitute a maifold of
bathstatesFor example| s!!could be a zetb-order bright state accesseéd photaexci-
tation from the ground electronic stdts.decayto the{ k} marifold (which oftenconsists
of highly excited vibrational statesftenon the ground PES}¥ the mainpoint of this
conmplement. The ntramanifold d/namicsof { k} are of secotiary inportance. We are
intereged in how{ k} influences|s!, but not inits intra-manifold dynamicsper se The
state|s) undergoes dyarnics beause it is an eigéunction of a zerth-order Hamitonian
Ho rather thanHg + V. We will see that Wwen|s! is coupled to a high density of discrete
levels as in Fig. 19r to a true cainuum, is presence in the eigenstates foba\ orentzi

HAHA
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an lineshapecentered aE: whose full width at half maximum (FWHM) i/ . If the non
stationary states) is prepared at= 0, its percentage in the temporally evolving state of
the systeny (t),i.e., |!s|/ (t)!|? decays emonertially with rate $.

I "HE%& ) 1S &+ 1% - ) *)' -, I+ X1&T&' )™ I O#L'&™, H*,&234'+%4 . & \#&.+,#3%5!
11'613116-#+-1. &1 #*0#+.,'01#*1 -') 7', +-18'436 9

11 <I=3614>H$1 2488, #3*,
),.r) 1BLLA4"+ & 3%+ 441
‘@+#,01),.,1 | L.&1+3%A
401 3! -#$-1 288 #3%4!
),.,") 1313*138123&143\
681 4+ &3 ), )1 24!
*3¢ O#B. H+! #18.+ #30)
B-#)1#)181'&8/0! 31 )1 #A
(& 4+328) 3@ | (@)
O 9%)O1#*ID. &, | CBYY'|
*3% O 8. #+! & JHH3*)
3HOBH, - H$-1'T LAHHA

|s! .
+>! #*| &'$#3~kﬁ_'&‘ | ,_'! \ —— continuum
|.& #+#]. #*SDEF)#%'&A
)+,8 )/ +#1#+.44>5] A
$#3¥)31+3% A1 &) + A © IS8
#31,73,1)-36*< 9

1:84G*1'4'+, &3 #+.44> /D
+, 0S4 1), 124#$-,1+3004'1, 31.1436&1 &$>1, &HIAY),.,' 12#.\)#+/SB#, 1#*, & .+ #3*0
B-#)1#)&'1'&'0!,31.)1#*'§>),'21+&3))#*$!;CFHK9

154<G!),10+.5) 3L+3% #%%2B&!1%.)AF3* #*%%2! 8>!,%* ' 4#*$! ,-&3%$-! &&.&9!
B%*'4#+$1+ X8 "L 1##*,12' *)13110".+ #7. #3*18'+.9%0) 1#*12.*>1+ )') |s)1-)*3 A
6-'&'1'4)"1,31$39!B-"13*4>13,-'&10" +.>1&3%,"#)!/-3,3*1"2#))#3*5!6-#+-1,.7")1.143*$! #2']
3*1.1234'+%4.&! #2'))+.B'3&!'@.2/4'51Y3* ,.*'3%)! '2#))#3*1 4#1' #2")! &'l ,>[#+.44>)
2#4#3%)1311?#8&3*.4!/'&#30)9
Let's nowreturn tothe model in Fig. land derive its mathematical solutidRecall that
|s) and|k) are eigekets of Ho. The latter are assuméal beequaly spaced and colgxd
to |s) viamatrix element¥skthat all have the same value. Thesepdiying assumpgons
enable analytical solutions to bertved. From the perspective [3f), these asumgions
introduce no sigificant iraccuracies as long &s) is coupled to a suffienty large num
ber of| k) statesIn thiscasethe dynamical behavior ofs) is determined primarily by the
average value of the energy spacings tad average value of theagnitudes othe
couplingmatrix elementsor their rms valueCare may be required to avoid gpus ef
fectsbecause¢he spacings are @dken to behe same.

The following assumptions are made ceming matrix elements
|

S
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9%|Ho|s! = Es. For conveniencdssis set equal to zero.
%|V|s! = 0.

%|Ho|k! = Ex=k", wherekis an integer: 0, £ 1, + 2, etc (1)
%|V|k'! =0 for all|k! and|k'!.

9% |V|k! = Vg This is taken to be the same for|&l.

| B-1+3%/4#$1/3, #.4V1#)1.)%2'0!,31-.2'1*31%3* '8 31 0#.$3* 412, ,&H#@!'4'2**,)5!*38!
03)l#,1-.2'1 *>1%3*J'8 3131 1A#.$3* 412, &H@!'4'2'%,)18',6"I0#11'8*,! [ k<) 9B-' 113+98)!
), &+ 2B%1+3%/4#+$)18',6"! | 5) 1.*0! | k) 9IB-'1| k = 0) 4'?'4I#)I0'$™*'&., 164, |5) 5!6-#+-!
H#)1#2/38, . 141, 14#24#,1311)2. Al OICH1,-#8I $#2'516'12. >164) -1, 318/ +3* #O'&, - 1)#2/4']
230'4!/8)*,01.837'5! .)1.2&.$1)/+#G) 0! &2)12.,&H@!'42* )1 2.> 1*3, '441 -
6-34'1),3&301K3% -' 4)5!,-'1/8')"*,1230'41.84)1%)1,3I'@.2#*'1,-'| & *)# #3*11&32! -
4,88V 1&'SH2'BHIPTY | >> ”, 31-1)2.441" 1 1&'$H#2'

| B3/&3+"086&#,,-'IF+-&LO#S &L 19,#34113&!, HHAHS 2"+ 381 *0I#$*2.4%'MI

$

I (Ho+V)/ i)INIE;|7 )8 ;0%
1.*0!/ &3P+ 1#,1.4,'&*.'4>13* B 1.*0! (k|!,3!38,.#4

$

I (sl(Ho+V)IZ i) INIE;(s]/ i)! QL
I! ! <k|(Ho+V)|! i)' NIE; (k|7 )9 R&
$

I K36!#*)'&!+43)%8%l#* 1 1&3*,1 B[y ;) 13*!1,-14'1, A*01)#0")!31!'1*)!;,Q<!.*0!;R<!,3!
'@&)) -1&'4?.F, 12, &#@ L)) #*,'&2)I1311,-'12. . &# @42 ) #H ) (< 9IB-#p#'4)!

L (sl(Ho+V)gl IKYKI+Is)(sh 7 )= Ei(slf i)
¥ &
1 DoV (kI? ) NIEi(s|/ 1) 9 'S4
k

=HT'6#) 513/ &. #*$11&321,-14'1,16# Kk | 1>#'40)

%
i <k|(Ho+V)§! |k><k|+|5><SI-&I! i)=Ei (k]! i)!
k

! I Ew(k|! i) +Vis(sl! 1) INIE; (k]! ;)8 T
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6-'&" $-INRES!I6#H,- UNIUSIVI(5IVIOS! +91H328#*#*$!'*)!; S<!.*0l; T<! 5 BAN 36#*$!)32'!
&H+AT>12 7% ?'&)5

1

. — 2n .
H B =[Vu] ) ETR Wi
$
XG> LT<IGH, - - 1¥382.4#]. #3*1+3*0#, #H3*
$
I [(sl/ i) [2+1 [(k|7 i) |2 N3 Y4
k
SHA0)!,-'1.2/4#,%0)(s|y; ) L*0! (k|y;) M
$
I (s|ly;) I NI 1 ! 74
) 1
\/1+|vsk| ;(Ei_k(sj
N (klyro )t NIy, ) 9 (U4
E;— ko '
$

B-1/-)1311  (s|y; ) #).&8#,&.&>91"3&I+3* 2 #*+'Bl#, 1)1, 7*1 318'I&'.49

I C,1&'2.4#%)1,3)342' I <1 W<I L3R *01#)'&, | -'1&)%4, 1##*,31'1¥)1;Z<! *01;(U<9IF342#+$1138&!
S #)1 3% &HH.A1 8'+.9%) 1 #, /I &) 4] -'1) %21 #51'[¥] \W<O! "8GF.,'4>5] -#)1)%2! +.*1 8']
&14.+'018>1. %1% 4> # A1382%4.1%)H#*$ -'1&)H0%',-'3&D, - 1[#,.$ AL14&'E A
YH#3*1 1382 1;G/I*O#@!.,1 101 31! ,-#)IH32/4'2, <9I B-#)!1.+#4#,.,)| 2. *#I%A4. #3*)5!
SHAOH$L. 1432/ +,I'@R.) )#3*113&!,-'104) 8, #3413 I+~ &+, &I |y, ) '#$™ ),.,)9!
X)H$!,-'18) %4, 1$H?1#1 G/[*0#@5!,-'1)%21#'[*1:W<18'+32") |

$

1 i
1 _r . (<)
Il Zk“Ei—k5 5cot(TEE1/5)5 (<
$
FOU %, #$! #) 1, 3V W<I>#H0)
$
.- h(2n hI" :
N $!!N!2(h|Vsk|25—1)Cot(nEi/5)dN!TCot(nEi/5)5 (04
$

6-'&'16'-.2'10'1#*'0 !

$!N!%’I|Vsk|26—1. (13)
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This expression fo# is recognized as the rate given by Fermi's golden rule. It is often
expressed in terms of the density of stat@syhich is, by definition, equal t6% in the
present caséf the problem at hand involves a true continuum, ourafigequasicortin-
uum model isa meremathematicatonvenience. In this case, no physical giyrcan
depend on the choice d¢f which is taken to be smaller than any physically significant
energy interval. Matheatically, keejfng ” finite eliminates sigularities, such as would
occur in egn (7) withe, = k” varying continuously neak;. There is nothing wrong with
such singularities and we will deal with them later. The math, thouwle sophistcaed
than what we have used so,figreasy to use once mastered.

The present model is valid for a gisaortinuum as well as extension to a true t@on
uum. It is not linited to small values of, though care must be exercised when using it in
the regime where a small number pf levels are coupled tg). As mentioned above, if
only a few|x) levels are involved, individual level energies and matrixnelets figire
prominently in the solutions. Therefore, thewsptions of even spacing and a singlg
value are unrealistic, even though thesiagiions give accurate results when magy
levels are involved because of averaging.

Now consider the consequence of the fact $h@ivhich is a measurable pareeter)
cannot depend on the choice ‘0fThe continuum limit is a good example. Referring to
eqgn (13), we see thfit'sk|must be prportional to "2, It is inteesting that the coupling
mérix element depends of} in which caset is not possible to vary andVskindepen
dently. They are inextricably linked.

To make” smaller {.e., the density of states larger), the physical spacecitso with
the quasicortinuum must be made Iger. Of course, this adtional space has nothing to
do with the region wherg) and|k) couple. This coupling is intraolecular, whereas the
space associated with the continuum lies well outside the rediere the molecule is
intact. It is the space of the separated fragments.

The coupling region remains as
it was, while theadditional space
shows up in the naralization of

|k). For exanple, corsider a | k) = 2/d)12sin(kmx/d)
particle in a box of lengtd (Fig. p = dnldE
2), with eigewectors k). This = E12Qm)\2 d/h

"particle” represents the relative
motion of the fragmest Coup
ling of the |k) to |s) occurs at| O x= d

one end of the box, say near | Figure 2. Particle in a box: density of states isgun
0. Therefore, the magude of | tional tod; eigedunctions are proportional tg®/2.
Vsk = 96| V|k!, depends on th
shape of thex) wavefundion nearx = 0. Nomalized| ) wavefunctions are proportional
to d-12, soVsis praportional to d-12 . Thus, because the daty of states is pmortional
to d, the quantity| V. |2 /§ is indegperdent of ".

Returning to the general case of the queasitinuum, eqn (12) can be gedl iterdively
usingcommercial softwareor evenwith a piece of graph paper and a hand calculator,
yielding theE;. Let us ow rewrite the expression fgk|y;) given by eqn (9), using the
result given by eqn (11). Specifically, diffeteting eqn (11) with respect g yields
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Zk“(Eiilﬁ)Z: (n/6

)2(1 +cot2(1tE,~/5)). (14)

which enables eqn (9) to be written

(slyi)

Vak (15)
IV 12+ WV 14 (/8) (14 cot? (nE; 1 6))
Vik - (16)
\/|vsk|2 +(h12)2(2r /W) Vg 12 (1/8))” (1+cot?(RE; 16))
With the help of eqns (12) and (1B)syields
Y (17)

(slyi)

Equation (17) shows hoyy) is

C JEA (D122 41V 12

distributed among the eiggtates. It has been talned

by solving a simple model with no appnmations albeit with a significant amount of

algebra When|Vsk| << “, | ) is

present in high perentage only in the two eigenstates

neaestEs = 0, those that arise from the zéneorder degenerate pgif) and|x =0). In
this case|(s|/ ;) |?is almost0.5 for each eigestate.

I G4,'&*. #?2'4>516-"1Vs\]]! 7, |

s) #)10#R8%, '01.) 14" #$IIQUHCIB'T) #01,318" 10#)34A

?2'014#*,31,-"143% #00%2!.*0!10888%0!,-&3%$3%,!. *I¥'& $>1& *$'131M 1 1 1+*'&'0L,! $!
NIU9IC,!1-)190#&!.1=3&"*, J# *14#*'])- '] ,-&3%$-1#,)!+3%A#*$!, 3! ,-'| k) 14'2'4)9

To obtain the probability den
sity coregponding to|(s|/ ;) |?,
consider an iterval dE such that
"<<dE<< I/ . It is asumed
that the quastortinuum is suf
ficiently fine-grained that the
discreeness of its level struae
is not observable in an ex
periment whose resolution ¢&
The number of/ ;) in the inter
val dE is equal todE/ ". In this
regime |Vsk| is negligiblerela
tiveto i/ . Therefore th¢Vsk|2
term can be dropped from th¢

square root in eqn (17). This terr..

Lorentzian width

/l.,i"

[#s]!i"|?

(heavy lines)

Figure 3. The heavy black lines indicate the amount
| s! chamacter in the eigrstates. Their lengths areasx
gerated. The blue erelope has a L@ntzian shape.

arises because of the disteness of the quasontinuum. It varshes as”# 0. The pre
bability of finding |s) in the intervadEis then given by
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Py(E)dE = |(s|! ;)|2dEI! . (18)

Combining eqgns (@) and (B), with the |V |2 term inthe denominator ieqn (17) set
equal to zero, yields

_ 1 11 /2

We have derived theorentzian lineshape, with full width at half maximum (FWHM) of
I/ using a model in which a single privileged state is coupled to a bath of states.

Equation (19) shows that mixinggperFig. 1) betweens) and the|k) statedeads to
a Lorentzian disibution of |s) chamcter cetered atEs = 0 with a FWHM of! [". The
zerdh-order statgs) has been dissolved into the quesntinuum. If an expement is
carried out with @aunableenergy resolutionvidth that is much smaller thah! (i.e., an
experimentn which the sigal is proportional to the percentage|©f character), it will
yield the Loentzian shape. This experiment, carried out in the energy domain, tells about
the lifetime of|s) without measuring this lifetime. It is inferred from an energy domain
measuremat.

To observe the dynamics gfy in the time domain, one might prepare the systensat
0 in|s) and watch the elution of the percentage ¢§) character in the total wavefunc
tion. Thus, & = 0 wavepacket is prepared in whi¢h (t = 0)) =|s). Because each eigen
state contains only a small percentagg pfcharacter, the phase dwtion of the esenble
of eigenstates removes the 0 selectivity. In other wordg}s|/ (t)! |2 decays. If the sys
tem is prepared on a time scale that is short relative to that of the fastest intramolecular
dynamical process, the zetteorder description isn appropriate one for the pregtéon
step. Let us nowwurn tothe time behavior.

4-#8)56"%7(-")

Suppose the system is prepared=a inthe zerothorder states), and we wish to know
the sulseguent timeevolution of thepercentagef | sy character ins (t)) . This is olbained
by first finding (s|/ (t)) andthensquaring it. To proceed, expafid(t =0)) = |s) in the
|7 ;) basisdepictedn Fig. 3:
$

PEL P (=0)INYs)INT |7 ) i ]s) 9 OUK

K'@ 8V (1)) 1#)!38,#011&32)! (t =0)) !18>1.00#"$!-"1 #21'734% #3"1 1.+ Iion | 3]
S #2AFOT0, 18.)#)T) Iy )M
$
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lw(®) =Y, (wi)e-i@it ) (yils).

1

The amplitude(s|y(r)) follows by operatingrom the leftwith (s |,

(sly@®) = Y [(sly@)y]? e .

(21)

(22)

Because’ << dE<< il the sum is converted to an integral uspge) from egn (19):

$

l 112 e! iEt]!

(@) N BE 22

$

(23)

B-#)!1#)1#* '$&.,'01),&.#$-, 13&6.&04>1 %)#*$! -1 2' -30! 311 &)HDHAI)HHS' 1;+3%* 'R
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converge the exponential.

| G,I8NIUS!-Y-))IB1L-1 |7 ) L O(<L&!)%+-1.)1, 318/ %04, HHIQG06#? 4 &1 & 5+
31k 1.2/4#,%0'.*01+3%), &%+ #2'1#*,'&1'&™+'1B3W1.2/ 4#960'9IG)! #2'1#5+&..))5!/-.)'!
' 23493+ 311 ,-'1+3%) #,%'%,16.2')| &')%4,)1 #410'), &P #+&1'&*+'1 31| 5) | .2 [44%0'5!
6-'&') |k)!.2/4#,%0'1$&36)91B-'1)>), 21#)I0#))#. #2'11&32!,-1/'Q/'+ #7?'31]s)5!6%#,1

-'1O#))#]. #3*1'2'&$#*$17#.1,-'1/.8.2''& &
$ $



!
!
"#P% &QH %+, I(-*/+.+0%1  '111234325!,2657!"8!

8'(&1$1&(9(-")-) 4&1#)") | "#$%&.)5'&1<=!
$
| CL-14#2#, "# Uls|! (t)! [21%*0'&$3")0H))#/. #3*9IC, I0'+.>) HR&IHBA>IICH!,-#)1+.) 5!
S 8$>131-1083,- BRO'&! HMFO*0% ), ||s)5IH#O'GHEH *18'l [ #&'016#,-1
HOSH* &>11.&2" &I il 1 [21,-. 14 &+ '&HI) - O#))H . #3*91B-3%$-] | 1-.)1%*#,)131!
w&GSEIH,1#)1%3,318'1+3%),896'01. ) F&SSIHH 1) 21)*) 1)1 $,01€),.0514,18'14'+,)! -1
'@3** #.410'+.>1&.,18 *01+3&.)/3* 0#*$1=3&* J#.*16#0,-91B-%)5! - 1" 8&$>13 1) 1+.*!
8'1,&".,'0L)L1 +32/4'@!72.84B4'5I6H,-1,-#)H* '&J&' . #3131 14,142 $#*.&>11&,9
| B&YO'I™&SH)IAH'13%, 18" 4. @#)9!_36'2'&516-"416'1+3*)#0'&,-'1'11'+,13%, -/ &#21BI0!
49415y 13114 ) H&B*2* | #9'0BUIK) 1),.,) 12#], Vi 12, &H@!'4'2* <5 ,-1'&$>131!
|s) 18'+32)1+32/4' @516#,-1,-'1&". 41/ &, H0™ #1#01.)1&'$%4. &1+ &$>1 *01, - 1#2 $#*.&>1/.&, !
#O™ #1#0L)L12'. )%&13114'2'410+.>10%'], 31H&&'? &)HBA 1#B(3).18. -H32/4' @& A
$>1#)1)) 3+, '016#, -1 1+3% & + #341311 -12'+ 381)/.+1183213%1 - 1#£49%0')1.441 489! 3!
31—, IP%), #*+490")],-'13*) 311 & B -1&)* I'@.2/4" |5yl
| L4414 PA)L&N +3NHO'&Q @A+, 4S5 2HA 34 MK '&2H H# *01'BE5!6-"*!
POb)4) #)1+3*H#@05! %01, 11%.)# A-3*#06%621#)!,.71, 31, - 14#2#, # IU5!,-I'11'+,1311,-'
2 #B A 34 )| +%1 81 /.82 &#I09! K.2'4>5] #,1 #)] &/4.+0! 8>] * '11'+#7'l
_2HA, 3.5 P& 13/'€.)I3*4>13%1 |5y OIB-11.+,1 - 1 M) KIHA & 2H # X H) 24|
8+.9%)'! (s Hets) INBI 1 il 1 /291a" 124401 -1 ' PR3, LIS*06H1_ 2 #B*# MU,
3/'&.,)13*4>13%! | 5) 189, #*+4%0")], 111"+ 1311 iy 14'2'4)9
| b'1'&&#*$!,31"H#SOIR51%/3*1#* &300%+#*$1.1)2.441.23%*,131143))5!"*&$>123?' K341 -
@#)1#* 31 -14324'@!/4.X9ICH$* & BH,1.4)31%6*0'&$3)| I &$>1: &' 41/ &, <I)-#1,] - 1#)!
883%S$-,1.83%,18>!,-'1+3%/44#*$)16#,-1,-'18.,-1),.,') QICHI3%&1)#2/4'1230'41, -#)0#03, LI/ .&!
8'+.96)'16'1.))%2 0L &$> H+0'/+0™, 10™)#,>1311), ., )L*0H-3%), * 12, &#@''4' 2% )5!
" »QIC*13,-'&1638B14'? 418 [%4)#3*18',6"*1 5) L*01,-'1 [K)14'2'4)/%)-)! $,1,36.80!-#$-'&!

F01436'&!"™'&$#)!'1%.44>51)31, -1 11+, 1#)1 - 1#,103")1*3,1+- *$'9 |
$



!
|
"HS0ol&GH o +B!, I (- 4/ + +0%1

'111234325!,2657!"8!

The above considerations do not enable us to estakhskiyewhereE lies in the
complex plane when it is not on the real axis. This is a subtle point. Bgeary

part ofE must have a negge sign for time behavior to be ponential decay. How

ever, two or more (Riemann) sheets maydmiired to esure single valuedhar

acterof some funtion of E.

In the present example, this arisesdese the momentum is proportional to tk

square root of the tralagional erergy. This momentum is that of the contiim.For
motion in the +x direction the translational wave &+x. Were compleX locaed

just below the positive real axis on a single complex plane its angle would be a

less than 2. The corresponding momentu
would have an agle that is a lile less than
I'. In this case, the inginary part ofk is
positive. This means that the translation
wavedecaysn the +x direction. However,
this is not right. The translational wave mu
increaseexponertially in the +x direction!
This can be understood by considering a |
wavepaclet that excites a resonance at.
Decay of the resonance is most intenge=at
0, but when observing the outgoing flu
later, this contribution is fuhest from the
scatering center.

Two sleets are needed tosemethat the

1"I4$%8 (1$) %

momentum isingle valued (figure)Complex energy lies on the second sh€etn-

plex manertum then has a negative imaginary part, whereas it would havéiagos

imaginary part ifE were on the first sheet. Further dissios isin Chapter 3.

ne

little
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A closed form expression is derived for

!
kf !kl @

This is a straightforward application @dmplex variable theory.

Consider a functionf (z), wherez= rei’ is a complex variable. The fumman f(z) is
asumed to have simple poleszat a,, but no poles at= 0 orzy and no other sgularities.
The complex variableis used in place d. It can be said to be the analytic tooation
of Ej into the complex plane.

To proceed, the functiofi(z) (the exact form of which has yet to beespfied) is cheen
such that its poles at, are evenly spaced on the real axis. The residue theorem is then used
to obtain an expression for the sum via the Mittaffler expansion theorem. To proceed,
consider a closed contour in the liki# +' ,i.e.,the poles extend to infity. A circular
(counterclockwise) contour is straifimward. For # ' we write

- f(z _
i #dzz(zt‘)zo) -0 @

It is understood that (z) will be chosen such that it satisfies this condition. At lardlee
denominator is proportional t@, so in this limit eqnZ) becomes

rI'irp ! irel! _f@_ lim ! % =0. (3

rel! rei! 1"

The magnitude of the integral obeys the indigua

" 2HM [t (4)

L @
el

for [ f (z)|[< M on the cotour. This is assure
by taking the cicular coriours such that they
pass bewveen the poles. Thus, the integr
vanistes asr # ' . Applying the resiue

theorem to eqn?j yields: poles of f(2)

1O, f@) o5
o Ta +)n ﬁan(anDZO)&zl(IrQn((ZDa”)f(Z)) ©

11
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The limit term on the right gives the residue fofz) at its pole,a,. The term in large
parertheses can be written

e = (6)
an (an DZO) ZO ZO Dan an &
which enables eqrb) to be written:
(20)= F(0)+( h—e—+ —g lim ((zPan) 1(2) @)
2o Dan an% an
The desired sum has emerged. Now consider tlewiiolg choice of f (z) :
1_zcoszbsinz ®)

f(z) = cotz—= -
(2 Z z9Nnz

Note that f (z) does not have a poleat 0 because in the limit# 0 eqn 8) becomes

1-122. ) (z-1z3..
fim 22270 =Emg27) (9)
7—0 Wz—-123.)

Thus, £(0) = 0. The residues of(z) (i.e, atz=n(, wheren==* 1, + 2, etc.) are

. T nm(-1)" _
A @@= I ((Z IR r ) T ) - ()

forn=1+ 1, + 2, etc. Therefore, eqd) becomes

1 1 1
= E + — 11
cotzo 20 ( n j ( )

n 20 —nn

In egn (11)ntakes on all integer values except zero. Sigeearbitrary it is relaced with
z The I/ n( term sums to zero and tlg! term can be included in the sum. Thus:

+oo
cotz= 2 z—lnﬂ (12

The sum is over all integers including zero. This is egn (11) in Complement A.
$

12
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Here, we examine the situation shown in Fig. 1, in which there are twiepad states,
one of which is coupled to a dense manifold. In Complement A, a singlg statas
coupled to a dense manifold of bath states. An additional|statés now intraluced. It
has a matrix elaert v,.; connecting it tqys), which is assumed to be locatedat 0. In
gereral, it also has nteix elementsy;, to the quastontinuum, whose levels apg). The
present example, hawer, is limited to cases in whigk ) has no norero mérix element
to the|k) levels. Thus|s') is only couped to the quastortinuumvia |s).

The situatiorindicaed
in Fig. 1 arises in a num
ber of moécules, e.g.,
formaldehydés phao-
chenistry has been stu; g — L.
died exersively. An en |s! S

HEHHH

[k!

——
H‘ | ——

ergy level digram for 0 Ve
formaldenyde is given in s > -
Fig. 2, with coupling - Vsk

pathways indicated by

arows. This molecule _ ) L
displays the three cqu Figure 1. | s> is couped to |s > which is coupled to thgk >

ling cases prered at states, whose ergies are sgated by”. All Vg are assigned

the beginning of Com the same value.
plement A.

It is straightforward to examine the model in Fig. 1 byyiag out matrix diagnaliza-
tion, obtaining fomthe eigestates their respective percentagesof and|s) chaader,
etc. Before doing this, let usaxine the limit in whichv,. is small, as this assurtign
emables anaftical expressions to be derived. In this cagg, is coupled much more
strongly to the quasiortinuum than it is tgs'). Thus, it can be assumed to a highree
of accuracy thafs) has been dissolved into the quesntinuum, ands') is coupled to
the resuing new quastortinuum via thejs) character that it has quired. Ahierarchy
of couping strengths is being invoked in a manner such that the results qfl€oemt A
can be used as a starting point.

Referring to Fig. 1 and eqn (13) in Complement A, the rate with whighdecays is
given by Fermis golden rule:

HEHHH

Fyi= %" Vi |2 571 1)

where ["; is the rate with whichs')y makes a transition to thg,,; ) (conbinations of|s)
and|)) obtained in Complement AThough thg; ;) are eigenstates in Calement A,

1 Equation (1) is Fermi's golden rule. It can be written without referring to Complement A.

13
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here they are not because of the presenge nfNote that the use of a single value for all
of the matrix elementgs; is a good assumption. They are given by

Figure 2. Low lying el —
edronic states of LCO; ke 2243
numbers €.g., 28188)

are in cnil. Zero order

S levels are coupled tc

S and T, manifolds. S
There are baiers to B _—
+CO and H+ HCO on 27720+ 28 28188
the S and Ty surfaces,

respectivey. H, + CO

25194

Vei = {(s'|V]y:)- (2)

Inserting closure betweanand|y, ):

Vyi <S'IV(IS><SI+|S'><S'|+ZIk><kI JI%) ®3)
k

yields
‘/s'i = Vs's<s|l//i> (4)

becausev,, and v,, are identically zero according to the model. Thpresion for
{s|w;) is given by eqn (Z) in Complement A, yielding

Vs'i — Vs's Vsk ) (5)

JEs? +(y 12)?

Note thatEg is used because only eigenvalues ri&gparticipate. This is due to the fact
that|s') is weakly coupled tgs), and therefore it is weakly coupled to tfyg ). Using
egn (1), y; is

2_“ IVs's |2 IVsk |2
h Ey2+(hlg /2)°

(6)

S| =

Fs'iz

This can be expressed in termsjoj, , the decay rate gg) to the{ £k} manifold:

14



!
!
"#P% &QH %+, I(-*/+.+0%1  '111234325!,2657!"8!

/ o= IVs’s |2 5 / s (7)
Eg2+(1 Ty /2)

For sufficiently large values afsk (equivalently, for sufficiently small values &%),
|s') and|s) are in near resonance and eqgn (7) reduces to

. |VS's | 2
sil2t (8)
Atresonance thgs') decay rate
is inversely prportional to the s)
# |k) decay rate. This is expectec [(slwi)|?

on the basis dheassunption that
|s) is more strongly coupled tg
the quai-cortinuum than it is to
|s'). In this caseys) is dissolved | Ej g

in thequasi-cortinuum and spread |s") Vi /
througlout its energy range as pe
the Loentzian line shape of width
I/ . Thus, the awunt of |s)

chamcter preent in a small er-
gy region cettered aEg is invers-
ely pragoortional to ! / 4 . Figure 3
illustrates this.

Figure 3. The ) scharacter is distributed in the aira
cortinuum according toa Lorentian lineshape.
Whenthe decay rate#x is large, the amount of s
charactein a given energy terval nearkg is small.

A(L"<) | "7$%-'<)") s 9'3) sl)

One can just as easily examine the limit in whigh and|s) are coupled strongly to
one another relative to the strength of the éiagpf |s) to the quascontinuum. For ex
ample, if|Vgs| >> |Eg |, itis logical to start with levels thate approximately

L 1s)21s)] ®)

and couple each of these to the quagitinuum. Because! « is smaler than|Vys |, the
result is two levels whose separation (vgs | ) is large comared to their linewidths,
each of which is approximately’ 4 /2. It is also instructive to examine the intediate
cougding regime. This is left as an exercise.

|

15
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Solutions can also be obtained by using the representation in which energy is treated as
a complex variable. In this case the vector space is 2D, and the Hamiltonian is non
Hermitian. Its matrix is

! Es‘ Vs's $
- 10
Fvee Bit7 g2 & (10)
and theeigenvalues are
. . 2
Ei:%Eng%uii\/(%Es.ﬂ%!/*) +|Ves|?. (11)

In the limit in which coupling betwee') and|s) is weak, ands) is dissolved into
the quasicontinuum, expansion of the squaretrgields

1E. pil 1. +il 1 |VS'S|2 '
Ei!iElez!!skir(2E5+|4!!5k)§1+2lEl+.l” S (12)
> ks |4§( &

The E, solution, following a fair amount of algebra, is

|Vs's |2 = " |Vs's |2 (M «/2)

E.l Eg+ :
T B2 4(1 w2 E2+(1! «/2)

(13)

The decay ofE, is the same as the decay given by eqn (7). In the weak coupling limit,
the E. and E, levels correspond roughly 1@') and|s), respectively. Indeed, thg,
that follows from eqn (12) is approximately! / g4 /2. Though theg, level is similar to
|s'), there is a qualitative difference. Namehg E. level decays, whereas') does not.

16
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This complement isreextension of Complements A and B8 few cases are axined
inwhich|s') has nonzero matrix efeents tgs) andto the quasicortinuum(Fig. 1). The
value ofEs is set equal to zer@f consigerncy with the energy scales in Compients A
and B. From the perspective '), there are two paths to the quasntiruum: one
directly from|s') and one vigs). Thus there is iterfference.

k!

Vsk
Es —

Figure 1. The|s') statehas nonzero matrix elements to bpgh) and the|k; ) states The latter
matrix elements & all assignethe same vale, Vg . The|s) statehas nomero matrix elements
to the|k; ) statesThese matrix elemenédsoare all assignethe same value, in this cagg, . Two
routes to a givenk; } stateresult in interference.

This arses n photaexcitation. Matrix elementsvgs andVgy are those ot y"E , where
His the eletric dipole moment oprator andE is the applied electric field. The fiel is
classical and without g@peciable spatial ¢endence insofar as thmearix element is
concerned, lmuse moleular dimesions are much smaller than the wavelength of the
radigion. In manycases|s') is the ground state. In the present case, theredes k; )
levelswill be used tanimic a continuum.

Referring to Fig. 1the exciteestates part is diagonalized. The clig of |s) to the
|ki ) yields thej/ ;) that were encountered in Cpfaments A andB. Phot@xcitation with
a narrow linewidth lasecan resolve thexcitedstates|/ ;). The energygap Es PEsg, is
much larger than theorentzianwidth 1 7 ¢ of theplot of percentages) charactein the
eigerstateg/ ;). We saw that coherent excitation of the systsing a short pulse duration
lasercould creat the zeroth order stafte) att = 0. In any event|s') I"#$%&'($)*"!! u"E !
+"$,lexcited state$/ ;) in proportion to thepercentage ofs) character off ;).

Now considethe electric dipole matrix element betwgeh) and the|/ ;),i.e., Vgi =
(s'|V|! i) . It cortains the two paths and thésee the interference. Closure makeplepit
the paths:

! %
Vsi = <S'|V§S><S|+|S'><S'I+! [k) (k| -&I-’ i) - (1)

k
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BecauseVys = 0 (by definition), this becomes

Vsi = Vss(sl/ i)+ Vsi(Kl/ i) (2)
k

The two paths shown in Fig. 1 are evident in egn (2). The squatg o prgoortional
to the excitéion probability, so it reflects the lirghape. It is assumed thég, is the same
for all |k), enabling it to be taken outside the sum. This is a good appab&n, beause
continuum levels differ little from one to another within the relatively modest energy range
dictated by the linshape. Evemuasicontinuum levelse.g., highly excited vibraional
levels in the regime of quantum chaos, are suitable for this d@p@tian. Theycan appear
todiffer markedly from one anther, but the differences amage out when many such levels
participate simuianeously.

Combining eqns1(0) and (17) from Complement A with eqn (2) yields

|Ve |2

. +Vai |
VssVsk Vsk.k Ei DEk

Vgi = 3)

V2
(Ei2+(! ! 412)?+ |V |2)

Further simplification is achieved by: (i) using €@ from Complement A; (ii) using the
fact that|Vg |2 in the radical vanishes in the limft" 0; and (iii) replacing E; with E
because thg; are nearly evenly spaced and we aterg#ed in a continuous distribution.
The squag of egn (3) then becomes

12 = |Vs'sVak +Vsk E |2

Vei :
Ve E2+(1/ 4 /2)?

(4)

Note thatE in egn (4) is relative t&s, which has been set to zero to ntain consitercy
with the energy scales used in Complements A and B. Faptaoal transition that origin
ates from|s'), it is convenient to expre&sin terms of the photon enerdy’ . TheEin
eqn (4) is then replacel:" 1/ + Es. Referring to Fig. 1, keep in mind tHa$ is negr
tive. ThusE is equal to zeravhen! I =1 Eg . Furthermore, if we leEs be nozero, the
Ein eqgn (4) is replaced by! B(EsDPEsg), and eqn (4) takes the form

_ | VeVac+ Ve (17 B(Es DES)) |

| Vsi |2 5 o
(17 B(EsBEs)) +(1/ «/2)

()

It is common practice to express eqns (4) and (5) more compactly by defining parameters
in terms of the quantities in these equations. The lineshape is then written
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(q/  /2+E! E/)?
(112 +(E! E)*

(6)

Equations (4P (6) show that the s .
interference line shape is, in ger P HE%&(OH%* &
eral, asymetric. The above figure,
which uses a noerclature that is
similar to that of eqn (6), illustrate:
this asynmetry. In the limit Vg " 3t
0, there is no irerference beause =
one of the paths has been elin ©
inated,andthe line shape is sym
metric. In this case}Vs; |2 is pro
portional to |Vgy |2: N

2t

SE(E-Ere

2
¥, Ee
Ve 2 1 Ver I (17 B(EsDEs))

(17 B(EsPEs))’ +(1/ «/2)°

(7)

The right side is zero dt/ = EsDEg becausgs) is dissolved into the quasiortinuum.

The presence gg) in the new cotinuum creates a hole in the abs@p spetrum.

Alternatively, from eqn (§)when phooexcitation from|s')
to the cotinuum does not occuhg, " 0), the lineshape is
symmetic and|Vy; |? peaks at / = EsDEg, where thdrac-
tion of |s) chamlder is largestasexamned in Conplement A.

Figure 2 gives examples of liseapes. Note that theyedys
go to zero. Such shapes have been observed many tim
photoionzation spetra. Ugo Fano (photo) studied these lir
shapes in detail, so they are sometimes referredRarasline
shapes or profiles. A coupld examples for cases other thg
photdonization are given in Fig. Exanples of these inter
ference lineshapes can eundon the web.

34405'#&( )

Figure 2. Line shapes according to egn (4). In Y&)s= 0. Absorptia is to a continuum
that consists ofs! being dissolved into the original continuum. There is no interfere
The Lorentzian hole is due to the presendsbfin (b),Vgk= 0. There is no intégrence
and the shape is Lorerdn. In (c), interérence results in an asymmetric shape.
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@ Q n
08 Figure 3. Fano profiles have been observ
079 Gy gatig TE in a broad range of systems: photoiotiaa,
06 / photodissociation, optelectronics, dad
sl state physics, plasmas, nanoscaleiaiss,

gw_ = roTayer — | and more. Examples here are: (left) go

= nanostrips; (below) a single cold ion.
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As mentionedabove interference linshapes have been observed in photodiston.
A zero-order bound level decays to thentinuum and phoexcitation accesssdirectly
both the bound level and the continuum. An exarmole the Reisler group is shown in
Fig. 4 for the case of FNO. The experimental trace is fgtete well using eqn (4).

Figure 4. The ultraviolet <0
phaodissociation of FNO | ‘
yields F + NO. This spec £ 15-
trum was otained by ma- = i 1
itoring NOW=2) via a | < f‘l i
Q2(29.5) transition. The | § 10 - il !
feaure on the left (matad E / i
to the sdld line) is a Fano | ¢ | { [
profile. 4 5 gf ' P,
I M ooy
31600 32000 32400 32800 33200 33600
Excitation Energy (cm™)
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A novel collisional energy transfer process icdssed! devised it in 1995 while on
salbatical at MIT.To the best of my knowledge, it thaot been considered previously,
either eyperimentally or theoreticallynor since then by others.

Figure 1 depicts a binary collision -be

tween gas phase specidsand Ay. We Q
will discuss a case in which a sjed kind

of coherence is brought about through A, NA»_/'
interaction that is present during a co @) SIS,

lision betweerA; andA,. This coheence ‘ A

is made pasible by the preparation of on
of the speies, sayd\;, in a nonstationary
state in advance of the @slon. It will be
shown that the efficacy and syiecity of
the energy trarier that takes plackecause othe encounter can be affected markedly by
the preparation step.

It is assumed thanalectronically egitedsingletstate, say,*, is coupled to a manifold
of dark levels blenging toa lower singlet electronic state, eftne S ground electronic
state For the sake of concreteness,wit assume heedter thatA;* is S, the lower elec
tronic state iS5, andnormadiabatic interaction coupl& and$.

In low energy collisions between molecules in their ground electronic statesliwgmrt
intermedates are often formed when the collision energy is small relative to the pair
binding erergy. The complexesitis formed may survive for only a few vibrationalipds,
but such sticky collisions can facilitateesgy tranger. Attradive forces are always pre
sent, for example, typical van der Waals binding energies are a few hunditgubcmter
adion dte. Sometimes attréion is strongeas inhydrogen bonding.

On the other hand, it is known that the attraction betweemdA; can be sigificantly
stronger if one of them is in an electronically excited state, in the presenif dasis in
Si. This is interesting, &S is not an eigenstate of the Hamiltonian in the modeussed
here.To enlist the efficient participation &, att = O, we corsider the coherent super
position of molecular eigenstates that yiefls

Figure 1. A collision betwee\; andA,.

+)(28): &50"0'5) (2&,&); 34)%52()

SupposeA; begins in a nosstationary state¢ (t), with the percentage & character
given by|!s|/ (t)!|2. In the pasf; was photexcited, thery creating/ (t), by using a
short duration laser pulse whaosgectral bandidth is large enough to excite tsiions
from theA; ground state to a group of molecular eigenstafeas indcated in Fig. 2. In
our caseg is coupled tdy, vibrational states, so th# are mixtures of the electronically
excited stat&, andS vibrational levels. The sysm desribed by! (t) does not undergo
spontaneous emission to anypegeiable extent on the timescale of the experiment, because
the coherently prepared statd atO0 decay®n a timescale that is short relative to that of



!
!
"HS00|&BH Yo +$! I (- H/+.+0%1  '1112343251,6,71"8 |

spontaneous emissipand each of the moleculagenstates contains only a small percen
tage of§ character.

Each eigenstatgj can be written

Iy = Ci531+!_ Cij| So,vj) )

J

The expansion coefficientss and cjj
have their usual meanings, affé,v;$ S,
denotes high vibrational levels &.

The short duration excitation puls S
creates a cberent supgposition of eig S,
erstates. This supposition reseibles
S as much as psbleatt = 0. When the
short pulse duratiorlaser has a suf
ficiently largespectral bandidth, theS; —
level can, to gooddegree of accuracy —
be creted att = 0. With smékr spectral 14S, | W) |2 (heavy lines)
bandvidths the coherent superposition
such that the peentge ofS character
att = 0 is makmized, but there is still Figure 2. S couples to S vibrations; heavy
someS chamder att = 0.In any event, | lines indicate (not to scale) perc&tharacter
thet = 0 coherensuperposition is

<

=

Il
ol

Lorentzian width

ro=1 ali, )

and fort > 0 the norstationary state (t) is

I@)y=" a/ei"i. 3)

| ) 96HS" H9%0I'L/*%21 (0) |(#213/&1'1)433" ("%#$56!5'& 7YABIARS, 218&%)%. 158!
'17//0 10%78%%!/31'((4&.(681-)1$" Y6I"#(8%') %) 210FHIBY/, Y& Yo $5619& %9 gOHDI | 1|
(4)%)"$ISH6*/5+%IH1 7, 1< 1&'S" #'51%; ("$'$" 11" H#1$,%1%5% ($&/#" (17 &/AEVHSHB!+"$,
<%&/FZOYRNI&Y)YoHSBIS/I'). 551%; SYHS!"H#]. 1#61%6" 7%#) S S0 BHASUDH & 51054
$"1#1/31$,%1)6)$%.1")1.%))6I'HO21"#1(/#)"0%&'$" [#1/31/4&) 7/'5) 21#/$! +/8$, ' &AH6S60%0!
$/19%;95/8&%!"$81C433"(%!"$I$/1)'61$,'$!$,%6!)6)$%6.1") "1 & G SUBEBIT,2618%67". %6/ DA #
$4.1(,NBIES!")))4.%0!$,'$19,/ $/%:;("$'$"/#1$'F96)195' (%6!+%55!"#'0* #(%!/31 HIP YS!
21&1%:;'.95%2!$,%10%9,")"#71$".961."7,$11%19" (/)% (/#0) RIS, %! %6& 7%!$". %! 1 %6$+%6%6#!
(55"Y"1#)! "7, $! 1%! ##/)%(/#0)8! B,4)21 ") (/55 /#! (I..%#(%)2! +%6! (‘#! $,"#F! /3! $,%!
Vot (I AHSYO&!) ¥ 1 &' H S5EI9BHDY | (/55 OHTI+"$, I I"#1"$)1 7 &/4H01)$' SBOBY60! "#1 "H02!
S+ %821$, $IH" 1&'$"#'5561%; MSIBYI/HS'."# $%01 1611 1S, 'S, ") 1%%6#10"))/5+%0!"#$/!
$,001%"1&'S"/#'51DAYIH#S$"#44.8!
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Our task is to figure out what hagns. It has been known for many years thatsioital
guenching of eldgconic excitation can lead to interesting product state digtans,
including seéctivity and even papation inversions.

<&."=&> |

Collisionscanintroduce the possibility of interestirgoductchannels, namely, those
asseiated with the quenching of electronic excitation. ldwer, in the present dgm,
such channelsanbe accessed via tisenall amount 0§, chaiacter ofA;. ThisS, character
has all but diagpeared due to internal cagrsion. Interestingly, there is enou§ham:
plitude contained in the wavefunctign(t) to achieve this, but it guires that the system
resurrects, at least to some extent, the origin@) state. This resurrection is the point of
emphasis in this compieent. To illustrate the idea, we now examine a fewkmodels.

?'."9%%0'5 !

Consider the three coupled levels indicated in Fig. 3, wiéres time irdeperdent and
V can be time dependent. Foaex
ple, V may start from a value zerg \/0 vV
go through a maximum, and the —wa SO ~—wb oo ~—wc

return to zero. Think of this time Figure 3. "5 and "y, are coufed by time imeperdent

variati_on as due to a ddion. The Vo, ", and " are coupled by time dependaht
energied,, E,, andE; are set equal

to zero for convenience.

The state#,, #b, and#; need clarification. Because we want this model to bsigent
with collisioral energy trarfer, we write#, as a product of wavefunctiomscluding the
intemal excitations of the colliding species, with speéies the excited state, times a
plane wave for the relative motion:

#a=1 1(a)! ,eknr (4)

It is assumed that speci@s (described by#») is in its ground state. Likése, #, corres
ponds to specied; in the excited statk:

#po=1 1(b)! peikr (5)
When the colliding species are faraap\/0 couples! ;(a) and/ 1(b) yielding:

P =4 1@ ! 1(b))! 2k (6)

The collision is represented by the coupling t&nThis coupling term can result in the
de-excitation of specieg; and the concomitant excitation of spedgsThe wavefuntion
for this state is written:

24
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#C:! l-l 2(c) elk!r (7)

where! ; representé\; that has been dexcited and ,(c) denotes?; in excited state.
Recall that ifV is taken to be time independent, the eigenvalues are

E12 = £(|Vap|?+|Vic|?) andEz =0 (8)

In this case, following a little algebra, the wavefunctions are

11 = (Ve / Vae)! a+! b+ (Voo / Vano)! c) ©
P2 = (Vo V)l ol £ o+ (Voo I Vac)! o} (10)
_I 3 = (Vbc /Vabc)l a! (Vab /Vabc)l C- (11)

Matrix elements of/0 andV areVy, andVyc, respectively. It is assumed that thegdizal
matrix elenents of\V0 andV are zero, and tha¥apc = +/ |Vap |2 + | Ve |2 - Equations
(20)D(12) show the limiting casd¥ap|>> | Vbc|and|Vap| << |V

Slowly turnng onV yields an adiabatic switching limAs V increases, its matrix ele
ments can be made to vary from much serdhan those o¥/° to much lager than those
of V0. In the bginning, [Vab| >> |Vuc|, and/ , and’ , are stronty coupled, forming
eigenstateg ; and’/ ,, with / . essertially uncoupled from; ; and/ ,. Altematively,
whenV has increasetb the point whergVap| << | V|, it is now/ , and . that are
strondy coupled, with/ , weakly coupled to this pair.

If the system is prepared &t O (.e.,whenV = 0) such that specig is in the non
staionary state#,, the wave function of speciédg evolves as

I(t) = 2'V2( 1+ 5) =1 5cos"t! il pSn"t (12)

where %= |Vap|. / (t) oscillates between , and/ , before Vis turned on.

WhenV is turned on, but its &fct is modest relative to that &0, &/ (t)|V|/ . $is
given by ! j 2! Y2\, sin/ t. In this rgime, the dynamics of the coupled /  sygem
is not afected siguificantly by thepresence ofA;, becaus&/ has been turned on only a
little. For example, if/ . is lossy, there will be little loss transmitted to the coupled
! 411 , part of the sy'em. Thispoor coufing is a consequence of sm¥llIn adlition to
V being small / ,/! ,, interstate dyanics ako afect coufing by allowing the’ ,
doorway state to be eessibleonly perodicaly. It might be irleresting to extend this to
the case described by eqnsH(B).

Now consider the limit in whiclV is much larger thav0. In this case/ , and’ .
cowle strongly. If/ (0) =/ ,, when/ ,, begins to build up;/ , and/ . coule strondy
and/ , uncouples from the ,// . pair.

2<
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The above problem can be solved for any choice of time dependenbpgonV. For
example,(Ho+VOo+V)/ =i/" /It can be expressed as

0V 0% s 1¢,$

0 Vi He, &=ife, & (13)
& #.°&

0 Va 0 &Cc g # e g

This can be solved, though not trivially, as the matrirelets are time dependeAnd
S0 on.

25
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1. Consider the couimg of everly spa
ced lewels|s;! to a quascontinuum
|kg! via a single intermediate leve |sn) l
|s'!. Assume that: (i) has no non A
zero marix elements among the,!
nor among theky!; (i) Vs, is the
same for alln (i.e., Vgs); and (iii)
Vs, IS the same for ad (i.e.,Vgi )- Vs Vo ™

Start with the parameter valués= |
100, Vgx =1, Vg5 = 100, and#= 1.
There are sevelhs! levels. Eg is :
equal toE, for the middle|s,! level. Desribe the percentage d,! character in the
eigenstates for each of theFirst give a qualitative description and then use matrix
diagonalizaion. Watch out for the dimension of the matrix. Now vggy, in order to
examine the system as the couglof|s'! to the quascortinuum increases.e., / ¢
goes from being smaller thang to beng larger than/ .

_gv-
==

_;F

I

2. Examine further the above system of theeimediate|s'! coupling thels,! levels to
the quasicortinuum |ky!. Assume equal spacingbetween aj@cent|ky! and equal
spacing" beween adjacents,!. Derive amlytical expresions for| $s,| %! |2 and
| $s'| %! | 2, where| %! is an eigestate. § Apply this to the casé = 100, Vs = 10,
#=0.01, andvg, = 1; assumé&g = O (.e., dggenerate with the middle, ! state).(b)
Now make plots for a large enough ren of cases to demonstrate the diffiece
between|s'! being coufed more strongly to thik,! versus more stromgto the|s,!.

3. Consider the situation on the right.sAsne that the
only norzero matrix elements are those thatpgeu
|si! and|s! to the|kq!, and these have the san
value: $s1|V|ky! = $5|V[ky! = Vs Derive
analytical expressions f&¥(s;) = | $s1| %! | 2 and
P(s2) =| $s2| %! | 2. Make plots oP(sy), P(s), and
P(sy) +P(s2) versus energy. Choosegy values
such that the resances range from isolated t
overlapping. Assign appropriate values for ener
separations andy, values. The sepation beéween
adjacentkqy! should be small enough that the plo
appear continuous. Interpret the results.

4. Nearest neighbor level spacing distributions assr@red. Recall the Wigner and Pois
son distributions Py, (S) andPp(S), whereSis the nearesteighbor spacing. Here we
seek disthutions P(S) that use aingle parameter to tarpolate between the Wigner
and Poisson limits. The (mathetically) simplest of such inteolations is
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P(S) = 1 Pw(S)+ (1! /)Pr(S) (1)

where&is a parameter that varies continuously between zero andenthe Poisson
and Wigner limits. Equ#on (1) represents a g that is composed oftwo groups of
levels. Repetdive cortributions from each group areaurted for with the pameter

& This scenario, in which each group is entirely Wigner or Poisson in charadess dif
from the case where themiyrics are intermediate between the Wigner and Poisson
limits.

A different straggy is to start with the level spacing probapitiensity’ (S and deive

the resulting nearesteighbor distributions. This is degred over eqn (1) lmause it
deals directly with’ (S), and the caesponding disthution functionP(S) is derived.
Pursuant to this, exame the case

1(9)="s1 (2

whereq is a parameter that varies continuously between zero and one. To obtain the
correspondind?(S), the costant( needs to be detmined. Deive the epresions for

( andP(S), and disuss the content of egn (Hamely, what kind of system does it
represent and how does this system differ from that of eqn (1).

A triatom has 3 nowlegererate vibrations (in cA): ); = 382.2,),=1031.7, ang3 =
1318.4. To simplify maérs, asumethatthesevibrationsbelong to the same symmetry
species(unrealistic)andthattheyareharmonic:

E=n/1+ny/2+n3 3,

wheren; denotes the number of quanta in temode, ancE is relative to the zero
point level. Consider the range: 36,00& ! 40,000 cri. Oltain P(S) versusSand
display this in a histogram. Now introduce-dfagonal matrix elenentsH;;. Assume
a tri-diagonal form and a site vale for allthe Hjj. Examine four cases in whicHj;
assumes the vags 0.1, 1.0, 10, and 100 ®min each case, use te@envalues to
corstruct plots ofP(S) versusS. Discuss the results. What A€E) versusk over this
4000 cnf! range; choose the resolution such t{&) varies smoothly.

A particle wavepacket iscy/ 1+cy! »+c3s 3, Where thel ; are eigefunctions. You

know thatc; = c; = 0.5. What isds|? A measurement that disguistes’ ; chaacter

is carried out, and it is found that the particle ig in Immediatdy following this, a
second such measurement is carried out. What is the probability that in this second
measurment the particle is found in 3 ?

Consider sequential coupling

to a continuum for the two

.| E, |a>
level system shown below, i ——~ Vo
which V,, is real and’ ,, is the . B o
decay rate ofb! to the con Ep oo —— =)
tinuum. Desribe the reuling
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eigerstated 1! and|2! having enggiesE; andE. How do they varyith paraneters,
" =EaPEp Va,and’ ,? Consider two limits:i) |b! is coupled to the caimuum
much more strorlg than it is coupled tga!; and(ii) |a! and|b! are much more
strongly coupld to one aather thanb! is couped to the continuum. Desiss these
limits. For example, how do the decay rates of the levels vary wighn (i)?

For square matricesandB (of equal dimension), it is always trtleat TTAB=TrBA,
where the tracelr, is the sum of the diagonal matrix elements. Yet, everyone knows
thatxpBpx = il . Therefore, matrix rgpsertations of x andp appear to be com
patible with the commutator relation. &in what is going on. Hint: Use a haonic
oscillator basis and a*44 matrix to illustrate the point, and then extend the argument
to a matrix of arbitrary size. Is the effect basis dependentyhat if a basis other than
that of a harmonic oscillator is used?

Consider the BixotJortner model for a case in whiclmadestumber of darlstates
|kq! are coupled to a single brigstiate,|s!. The brightstatehas a spontaneous emis
sion lifetime of 100ns. Discuss the spéaneous emission lifetimes of the molecular
eigenstates. Devise anpeiment in which moleculeipitially emit with a rate of 10
sBL. However, this rate quickly decreases and emission then takes place oscatéme
significantly longer than 100 ns.

. A molecule has nine normal modes and no degenerate frequencies. Assume that in a
certain energy regime the density dbnational states is 100 per ¢fnand that all an
harmonic coujings can be neglected. To which nearesighbor spacing disbition
will this system be closest: Wigner, Poisson, or Brody. Explain.

. In Complement C, an expression for an interference lineshape (Fano profile)-was de
rived. This result idicates that the signal goes to zero aguescy is varied across the
spedral region over which interference is mi@sit. Explain why this happens.

. We have seen that the representation in which the energy is treatechgdex war
iable can be useful. However, in deriving the interference lineshape, complgiesner
were not used. Explain why.

. This problem illustrates how randomness that-is
easily irterpreted in one basis can changpexr Os
ance upon tramgrmation to a dilerent basis. A
privileged level+, is couped to the+. The average
nearest neighbor spacing is unity, théevels obey
a Wigner digibution, and thé/s, matrix elements
for the different+ are drawn ragomly from a
Gausian nomal digribution with a mean of zerg
and a dispersion df2 = 4. Diagonake this for 500
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levels. Note that the eigealues also obey a Wigner disttion. Reain the matrixS
that diagnalizesH.

Now let +, decay:E,, E,!il/ /2, with -
the decay rate (see figure). Thelevels do Ps
not decay diecly to the cominuum but via
+#. Make a higogram showing the digsbu-
tion of S,y matrix elenents versu&,;. Recall
that these are parsion coeffigents for the
eigerstates in the given basis. How does tl|
compare to the Gasisin normal disibution
used to obtain th¥s, marix elements? De
rive an eyresion for the maix elements of the width matrik/ in the rew basis in
terms of méix elements oS and the parameter Hint: In the orginal basis, the width
matrix contains a single nonzero element ! , , and cosejuently theijth matrix
element of therangormed matrix is

= (8 el a)(S)

ki

Derive egn (2.1). The large matrix below eqn (2.1) shows a tetrad @lock) that is
not filled in. Write the 5 5 blocks. Use eqn (2.1) to obtain the matrix elements.

Figure 1 has part (b) missing. Fill this in. In other words, choose values for the zero
order energies and two matrix elements and diagonalize*tt&ratrix for different
values of the third mtrix element. Then make the indicated plot. It should illustrate
"repulsion.”

Make the plots indicated in Fig. 2 of Complement C. For guidance in choosing
parameters refer to the shapes in Figs. 3 and 4.
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