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  Several topics that are germane to the intramolecular dynamics of polyatomic molecules 
are examined in the regime of bound states, i.e., below the lowest dissociation threshold. 
Most of the processes we will  consider in this chapter also take place, or have counterparts, 
at energies where dissociation channels are open. As one might imagine, when dissociation 
and intramolecular dynamics mingle, the situation can be complicated. Dissociation will 
be dealt with in due course, but not yet. It is not feasible to cover an area as broad as 
intramolecular dynamics in one chapter, and probably not even in an entire text. Here, we 
will  focus on highly vibrationally excited polyatomic molecules, especially the energy re-
gime near D0. This relates to Chapters 2 Ð 5 of this Part II module. 

 To begin, nuclei are assumed to move on a single adiabat, namely, the ground potential 
energy surface (PES). It is also assumed that spin-orbit interaction is too weak to couple 
states of different multiplicity. The use of a single PES avoids complications due to the 
simultaneous participation of multiple surfaces. For closed shell molecules, the ground PES 
is nearly always a singlet, S0. In addition, rotation is neglected. Its effects will be introduced 
later; here the focus is on vibrations. Effects due to rotation can be subtle. 

 The strategy is to start at modest energies and work our way up to D0. When considering 
only vibrations, there can be no coupling between states belonging to different vibrational 
symmetry species, so each is treated separately. Off-diagonal anharmonic couplings lessen 
the goodness of vibrational (typically normal mode) quantum numbers with increasing 
energy. An example is given in which near resonant normal mode vibrations of the same 
symmetry couple to give polyads. The polyads can remain robust (i.e., preserve polyad 
quantum numbers) to impressively higher energies. Of course, at sufficiently high energy 
the polyad picture also breaks down. 

 As the energy approaches D0 from below, the vibrational dynamics become unruly. This 
is not surprising given that potentials are far from harmonic at such high energies. This is 
the regime of quantum chaos. Expressions will be derived in Section 3 for the limiting 
cases of regular and chaotic dynamics as well as the regime that lies intermediate between 
these limits. 
 In Section 2, the flow of vibrational excitation is introduced. This is referred to as intra-
molecular vibrational redistribution (IVR). Classically, excitation of the vibrational de-
grees of freedom is defined at a particular time, say t = 0, by assigning values to all the 
nuclear momenta and coordinates, pi and qi, where 1 !  i !  3NÐ6, with N being the number 
of atoms in the molecule. In general, not all (pi, qi) pairs have conserved actions, the clas-
sical counterparts of good quantum numbers. Consequently, excitation flows between 
vibrational degrees of freedom. For example, if the system starts at t = 0 with a significant 
amount of excitation localized in a particular normal mode, after a while this initial 
selective excitation might have "dissolved" into a great many other states.  
 Starting from such a t = 0 localized state, when excitation finds its way into several or 
more modes of a polyatomic species, it will, for all practical purposes, never reappear in 
the original state. You might find discussions of commensurate frequencies, recursion 
times, etc. in texts and journal articles. This is usually just math. In a polyatomic species 
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(say "  6 atoms), dissipation of highly localized vibrational excitation is effectively irrever-
sible. The molecule provides its own bath states into which the localized excitation decays. 

 The above facts notwithstanding, below D0 the states are bound and diagonalization of 
the Hamiltonian gives the answer. So why fuss with vibrational dynamics when the eigen-
states are in hand? The reason will hopefully be made clear by the end of the chapter 
through a discussion of the Wigner distribution of nearest neighbor spacings that charac-
terize the regime of quantum chaos. 
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 Let's start with the time-honored two-level system whose generic Hamiltonian is H0 + V. 
States | 1 ! and | 2 ! are solutions of the time-independent eigenvalue equation: H0 | !  ! = 
E | !  !. The eigenvalues of | 1 ! and | 2 ! (E1 and E2) are taken to be nearly equal, so that 
other interactions can be safely neglected. It is assumed that V is due to terms in the 
potential that were put aside in the construction of H0, and that it has no nonzero diagonal 
matrix elements. It serves strictly to couple zero-order states. With | 1 ! and | 2 ! serving as 
the 2D basis, the energies and eigenstates are 
 

   (1.1) 
 

   =   =  (1.2) 
 

where tan 2"  = , and we take E2 > E1. 

 The zero-order states are said to "repel" one another under the influence of the coupling. 
This use of the term "repel" is accepted widely, despite the fact that it is potentially mis-
leading. Levels | 1 ! and | 2 ! do not repel one another. They combine to form eigenstates 
whose energy difference E+ Ð EÐ is larger than E2 Ð E1. Nonetheless, I will adhere to common 
usage and refer to levels being repelled. 

 For a given magnitude of V12, the amount of repulsion depends on | E2 Ð E1 |. The larger 
| E2 Ð E1 | is for a given value of | V12 |, the smaller is the repulsive shift, i.e., E+ Ð E2 (which 
is equal to E1 Ð EÐ). For conservative systems, the Hamiltonian is Hermitian, so interacting 
levels always repel one another. I wish to emphasize that feature.   

 In the presence of interactions that couple the H0 levels, there can be no accidental de-
generacy. True degeneracy results from symmetry. It is robust because there can be no 
nonzero matrix elements of the Hamiltonian between levels belonging to different sym-
metry species. 

 The non-degenerate three-level system indicated in Fig. 1(a) retains the qualitative char-
acter of the above two-level system. Again, repulsion guarantees that levels of the same 
symmetry do not have the same energy (no accidental degeneracy). We could write one 
down, but it would be a zero-order description. Nature simply does not provide vibrations 
of the same symmetry that have no couplings among them. The couplings might be small, 
but they are not zero.  
!  

E± = 1
2 E1 + E2( ) ± 1

4 E2 ! E1( )2 + |V12 |2

+ cos! 1 +sin! 2 ! ! sin! 1 + cos! 2

! 2 |V12 | /(E2 ! E1)
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 Figure 1 illustrates this by showing how eigenvalues vary with coupling strength. When 
V23 is increased with V12 and V13 fixed, two of the eigenvalues at first approach one another 
and then move apart. This non-crossing is present for all nonzero values of the Vij . Of 
course, if two of the three Vij  are set equal to zero there can be degeneracy because we have 
factored the 3 # 3 Hamiltonian matrix into 2 # 2 and 1 # 1 blocks. In this case, however, we 
have inadvertently introduced asymmetry. 
!
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 We will now work through an example of the three-level system for the special case 
when | 1 ! and | 2 ! have the same energy (E1 = E2 = E0) and the matrix elements of V are 
V12 = 0, V13 # 0, and V23 # 0. This condition for the off-diagonal elements is general in the 
sense that any 3 # 3 matrix whose off-diagonal matrix elements are all nonzero can be con-
verted to a form in which one of the Vij  (plus its complex conjugate) is equal to zero through 
rotation of the basis. Make sure that you understand how this works. 
 Because | 1 ! and | 3 ! have the same symmetry, and | 2 ! and | 3 ! have the same symmetry, 
| 1 ! and | 2 ! also have the same symmetry, despite the fact that the matrix element between 
them is zero. Thus, the H matrix cannot be manipulated into 2 # 2 and 1 # 1 blocks. In other 
words, it is not possible to rotate the basis in a way that eliminates two independent Vij  's. 
For the present case, the matrix is 
 

  . (1.3) 

 

Generality is maintained with this form of 3 # 3 matrix representation. The eigenvalues 
follow from 
 

   = 0. (1.4) 

 

A little algebra yields the three distinct eigenvalues 
 

E0 0 V13

0 E0 V23

V13* V23* E3
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E0 ! E( )2 E3 ! E( )! |V13 |2 E0 ! E( )! |V23 |2 E0 ! E( )

Figure 1. (a) interactions of zero order levels | 1 ", | 2 ", and | 3 ". (b) As matrix elements 
are varied, levels can at first approach one another, but the curves do not cross. 
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 Again, it is not possible to have accidental degeneracy. To appreciate this further, note 
that if an accidental degeneracy did occur, it would indicate that one of the levels had no 
interaction with the other two. In this case, the matrix could be written as 2 # 2 and 1 # 1 
blocks. No unitary transformation could alter this form. This is obviously not the case. 
 The above exercise used a 3 # 3 matrix, whereas the principle is robust for higher dimen-
sions. When all off-diagonal matrix elements are nonzero, none of the eigenvalues can be 
degenerate. This is presented here without formal proof. You are welcome to test this hypo-
thesis with numerical experiments. 
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 Let's now focus on molecular vibrations. With no more than a couple of quanta in any 
given mode, molecules generally display reasonably good vibrational quantum numbers. 
The most common mathematical description of molecular vibrations is normal modes. In 
some cases, local modes are more appropriate. For example, coupling of the symmetric 
and asymmetric stretch normal modes of H2O results in local mode OH-stretch levels. The 
normal mode basis is the descriptor of choice for medium sized polyatomic species. 

 Molecular potentials are never harmonic. Harmonic potentials are approximations, so 
goodness of vibrational quantum numbers is subjective. Couplings are inevitable even with 
a basis that is nearly diagonal. 

 When two or more zero-order vibra-
tional states of the same symmetry have 
energies whose values are close to one an-
other, coupling is enhanced by this near-
resonance. In such cases, off-diagonal 
matrix elements can efficiently couple the 
zero-order levels.  
 Figure 2 shows a hypothetical system 
having three vibrational degrees of free-
dom.!  The state having two $2 quanta, 
| 020 !, is degenerate with the state having 
one $1 quantum. Assume that | 100 ! and 
| 020   belong to the same (ground state) 
symmetry species, so they interact via the potential V, which was omitted in the construc-
tion of the zero-order description.  

 
 

1  Nonlinear triatomic molecules (NO2, H2O, SO2, etc.) have three normal modes. Linear triatomic 
molecules (CO2, N2O, HCN, etc.) have four normal modes, two of which are degenerate and 
consequently have angular momentum. 

 

E0 and 1
2 E3 + E0( ) ± 1

4 E3 ! E0( )2 + |V13 |2 + |V23 |2

Figure 2. The numbers in the kets | n1 n2 n3 ! 
are the numbers of quanta of the #1, #2, and #3 
modes, respectively. 
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7&-.8%"9%#&-*%'*%#/"%:$0$.$2'#$%"2#&"0".',%;$.:-.0%3":$*%<%=>?%"1#%"9%+&'*$@%2$*1,#-.0%-.%
'.01,'2%3"3$.#13%4"3+".$.#*%',".0%#&$%()"%'A-*B%7&$%9"23$2%;$,".0*%#"%#&$%*'3$ sym-
metry species as | 100 !@%-B$B@%! $! !%-.%/&-4&%4'*$%| 06#0 ! and | 100 !%4'.%-.#$2'4#B"
 Referring to Fig. 2, | 100 ! and | 020 ! are taken to be degenerate, belonging to the same 
symmetry species, having convenient energy values, and diagonal anharmonicity is neglec-
ted. This toy model is used to illustrate a principle. No real molecule has these attributes, 
though some bear resemblance. 

 The degeneracy of | 100 ! and | 020 ! leads to complete mixing for any nonzero coupling 
matrix element. The resulting energies are: 1000 ± | V12 |, where V12 is the coupling matrix 
element. Couplings that involve other levels are neglected. In general, there will be nonzero 
matrix elements between all levels of the same symmetry. However, because | 100 ! and 
| 020 ! are degenerate, only these are considered here. 

 These levels interact via potential energy 
terms that enter through a Taylor series expan-
sion of the potential. The lowest order one is 

, where  is a constant and qi is 
the coordinate of the i th mode. This is an 
example of what is called a Fermi resonance, 
after the great Italian physicist Enrico Fermi 
(picture on right). As mentioned above, the 
CO2 molecule, with its 4 nuclear degrees of 
freedom, displays this effect: its | 100 ! and 
| >6#> ! levels are strongly coupled via Fermi 
resonance. Our friends George and Jeanie 
Flynn lived in the house that was occupied by 
Fermi and his family when he was at Columbia 
University. Forced to leave Italy, Fermi and 
his Jewish wife, Laura, emigrated to the U.S. 
in 1938. Note that | 010 !%4'.%;$%"9%:-99$2$.#%
*C33$#2C%#&'.%| 100 !@%/&$2$'*%| >6#> !%&'*%#&$%
*'3$%*C33$#2C%'*%| 100 !B%

 Coupling terms such as  and 
 are usually less important because the coefficients in the Taylor series expan-

sion (in this case  and ) are smaller. As mentioned earlier, q1 q22 also has 
nonzero matrix elements between non-resonant levels (e.g., | 000 ! and | 120 !), but we 
consider here only the resonant couplings because they are strongest. It is a good idea at 
this point for you to review the use of raising and lowering operators in a harmonic oscil-
lator basis. 

 In extending the present example to higher energies, we shall neglect hereafter the  
mode and focus on  interactions. Furthermore, the value of V12 is set equal to the 
convenient round number 10, and the other nonzero matrix elements are obtained using 
the following easily derived (and assigned as an exercise) scaling law:  
 

k122q1q22 k122

k11122q13q22

k12222q1q24

k11122 k12222

! 3

! 1 /! 2

Enrico Fermi and Niels Bohr. 
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"+$2'#"2*%;$-.0%-.4"33$.*12'#$B%
 The 2 # 2, 3 # 3, etc. blocks are referred to as diads, triads, etc. The resonances have given 
rise to what are called polyads, in which certain sets of normal mode levels are strongly 
coupled within each set. This coupling scheme is interesting in the sense that levels such 
as | 30 ! and | 06 ! are strongly coupled within their polyad block, even though their quantum 
numbers differ greatly. If you diagonalize the 4 # 4 block in the above matrix you will find 
eigenfunctions with significant simultaneous contributions from both | 30 ! and | 06 !. 

 Even though the assumptions invoked in constructing the above matrix are drastic, the 
basic idea that underlies polyads has been illustrated. Near-resonant levels are efficiently 
coupled because of their energy proximities. The coupling term, in the present case 

 need not be large because the resonance guarantees efficient coupling. Thus, 
the blocks are the dominant features. That is the basic idea. When the intra-polyad normal 
mode levels are not exactly resonant, there are nonzero spacings between diagonal ele-
ments within each block. However, the coupling matrix elements also increase according 
to the scaling relation given by eqn (2.1). The net effect is that the polyads continue to 
provide reasonably robust quantum numbers.  
%  

n1,n2 k122q1q22 n1 ! 1,n2 + 2 1
2

n1(n2 +1)(n2 + 2)( )1/2V12

k122q1q22,
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-*%9'2%3"2$%.1'.4$:%'.:%-.#$2$*#-.0@%;1#%/$%/-,,%,$'H$%#&'#%',".$%9"2%#&$%#-3$%;$-.0B%7&$%
+2$*$.#%:-*41**-".%"9%-.#2'3", $41,'2%H-;2' #-".',%2$:-*#2-;1#-".%EJNIG%-*%,-3-#$:%#"%91.:' F
3$.#',%'*+$4#*%'.:%'%4"1+,$%"9%&-0&,C%-:$',-O$:%3":$,*%#&'#%*$2H$%#"%-,,1*#2'#$%+"-.#*B%%%

 The above case of Fermi resonance between | 10 ! and | 02 ! can be used to demonstrate 
IVR at a primitive level. Suppose excitation of | 02 ! is favored strongly over | 10 !, for 
example through photoexcitation. I am not sure about how best to achieve this experimen-
tally, but that is not important for the present gedanken experiment. Furthermore, assume 
that excitation occurs on a sufficiently short time scale (and therefore with a sufficiently 
large bandwidth) to simultaneously excite the eigenstates   =  and  = 

, where c = 2Ð1/2. This essentially instantaneous excitation at t = 0 yields 
 

   = . 
 

   =   (2.2) 

 

The constants c1 and c2 are such that  is equal to | 02 !, i.e., c1 = Ð c2 = 2Ð1/2. 
 The t = 0 photoexcitation step creates a coherent superposition of the eigenstates, with 
the superposition given by eqn (2.2) being | 02 !. Think of it this way: The zero-order state 
| 02 ! is prepared before coupling between | 02 ! and | 10 ! has had a chance to take effect. 
On a short time scale, energy cannot be known with sufficient precision to distinguish the 
eigenstates, and excitation is therefore crude. In other words, | 02 ! is solely responsible for 
the photoexcitation amplitude, so this is the "state" that is excited. It is not an eigenstate, 
but it readily absorbs the radiation because the bandwidth of the radiation exceeds the 
energy difference . 

 With sufficient energy resolution (much longer pulse duration), it would be possible to 
excite the eigenstates separately. In this case, the | 02 ! "bright state" would provide the 
means of exciting the eigenstates, each of which contains | 02 ! character. The percentage 
of | 02 ! character in an eigenstate would be proportional to the excitation efficiency for the 
eigenstate. 

 Following t = 0 excitation,  evolves in time: 
 

  =  (2.3) 

 

   =  Ð  (2.4) 

+ c 10 + c 02 !
c 10 ! c 02

! (0) 02 = c1 + + c2 !

2! 1/2 c1 10 + 02( ) ! c2 10 + 02( )( )

! (0)

E+ ! E!

! (t)

! (t) 1
2

+ e! i! +t ! ! e! i! ! t( )

1
2 10 + 02( )e! i! +t 1

2 10 ! 02( )e! i! ! t
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  =  + . (2.5) 

 

Further manipulation yields 
 

  = , (2.6) 

 

where .  
 The time evolution is such that  oscillates between | 02 ! and | 10 ! , e.g.,  = 
| 02 ! and  = . Figure 3 shows  versus t.  

 Clearly, IVR can be viewed from complementary time dependent and time independent 
perspectives. Though the eigenstates are the answer to the stationary state eigenvalue prob-
lem, experiments can reveal the underlying physics in different ways.  
 State-resolved spectra recorded at high 
resolution yield the energy eigenvalues, 
because the system is observed for a 
much longer time than that required to 
exchange excitation between the zero-
order states | 10 ! and | 02 !. Alternatively, 
time resolved studies with short pulses 
reveal the eigen-energies via dynamical 
processes. For example, at short times 
the system looks like | 02 !, but as time 
proceeds the system oscillates between 
| 10 ! and | 02 !, as indicated in Fig. 3. It 
doesn't get simpler than this. 
 As energy increases, the vibrational density of states of a polyatomic molecule increas-
es, in fact dramatically, and the number of strongly coupled levels that need to be consid-
ered grows accordingly. For example, in the polyad example given by the large matrix, 
there are two triads. Each involves three strongly coupled normal mode levels (basis func-
tions). For the triad centered at 2000, the coupled levels are | 04 !, | 12 !, and | 20 !. The 
eigenstates are mixtures of the basis functions and, as with the two level system, time evo-
lution can be described straightforwardly for coherent superpositions. The time evolution 
of this three-level system is not as neat as when there are just two levels, but the 
mathematical approach is the same. Thus, a general expression is written for the time de-
pendence of a state that comprises the three members of the triad, 
 

   = , (2.7) 
 

where a, b, and c are constants and the eigenstates , , and  can be expressed in 
the normal mode basis with coefficients that are obtained through diagonalization of the 
3 # 3 triad block: 
 

1
2 10 e! i! +t ! e! i! ! t( ) 1

2 02 e! i! +t + e! i! ! t( )

! (t ) ! i 10 sin 1
2! t + 02 cos1

2! t( ) e! i (! ++! ! ) t /2

! = ! + ! ! !

! (t ) ! (0)
! (! / " ) ! i 10 e! i (! ++! ! ) " /2! | 02 ! (t) |2

! (t) a a e! i! at +b b e! i! bt + c c e! i! ct

a b c

Figure 3. The probability of finding the system 
in | 02 " oscillates with radian frequency $ . 



!
!

"#$%!&&'!()#*%+$!,'!(-.*/0123! 45-12! 6-.17! 8%#%+3!!!9:;:9<!,=9>!"? !

 ,, !

   =  (2.8) 
 

   =  (2.9) 
 

   = . (2.10) 
 

 If one of the zero-order levels: | 04 !, | 12 !, and | 20 !, has a unique character that makes 
it sensitive to particular experimental excitation and probe methods (typically a so-called 
bright state), it can provide useful signatures. For example, suppose that in this case | 20 ! 
is special (instead of the | 02 ! level that was chosen in the two-level case). It alone provides 
all the oscillator strength in an experiment.2 Then it is reasonable to ask about the resem-
blance between  and | 20 ! as a function of time. In other words, how does the bright 
character of  vary with time? After all, it is often the case that the signal recorded in 
an experiment is proportional to the square of the amplitude for the bright character. As 
before, the amplitude for this can be obtained via the inner product (see eqn 2.7): 
 

   = . (2.11) 
 

Taking the absolute square yields 
 

  = + (2.12) 
 

 . 

 

where % ba = % b Ð % a, etc. As in the two-level case, there are interferences and beat fre-
quencies. For 3 levels there are 3 frequencies, for 4 levels there are 6 frequencies, and for 
N levels there are N(NÐ1)/2 frequencies. This can get messy. 
 Now consider the situation at sufficiently high energies that the level structure is com-
plex, with the recurrences one might encounter at lower energies giving way to messy dy-
namics. Referring to eqn (2.7), we see that the frequencies % cb, % ba, and % ac are in general 
different, so even in low dimensional examples such as Fermi triads, tetrads, etc., it is 
meaningless to talk about a single characteristic time for excitation transfer.  
 It has been known for a long time (from experiments carried out in collisional environ-
ments) that IVR involves a range of time scales. It would be strange if, for a given system, 
nature arranged couplings such that there was a single rate for all vibrational exchange 

 
 

2  The so-called oscillator strength of a transition is a figure of merit that is often applied to 
photoexcitation. In the present example, starting from a given level, photons transport the system 
to | 20 ! but not to | 12 ! or | 04 !. Thus, photoexcitation efficiencies for the eigenstates given by eqns 
(2.8) Ð (2.10) are proportional to the percentage of | 20 ! character. As before, short pulsed excita-
tion prepares | 20 !, which is a coherent superposition of the eigenstates | a !, | b !, and | c !. 

a c04
a 04 + c12

a 12 + c20
a 20

b c04
b 04 + c12

b 12 + c20
b 20

c c04
c 04 + c12

c 12 + c20
c 20

! (t)
! (t)

20 ! (t) a c20
a e! i! at +b c20

b e! i! bt + c c20
c e! i! ct

| 20 ! (t) |2 | ac20
a |2 + |bc20

b |2 + | cc20
c |2

2Re cc20
c( ) bc20

b( )*
e! i! cbt + bc20

b( ) ac20
a( )*

e! i! bat + ac20
a( ) cc20

c( )*
e! i! act"

#$
%
&'
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processes. In complex schemes that involve a number of steps, a single rate-limiting step 
often emerges. This is different than having the same rate for the different steps. 
 It is reasonable to discuss IVR with reference to a zero-order description of the vibra-
tional degrees of freedom (e.g., the normal modes). The zero-order description is accurate 
at low energies if  energy spacings between levels of the same symmetry are large. How-
ever, at high energies this description breaks down, with eigenfunctions expressed as 
combinations of normal mode basis functions. Said differently, a given zero-order vibra-
tional level (bright state) is distributed among the eigenstates. It is spread through a region 
of the frequency domain. The eigenstates do not undergo dynamics but the bright state 
does. It is prepared at t = 0 and it subsequently evolves in time. If it is coupled to many 
other zero-order states with matrix elements that are similar, it will appear to decay. If it is 
coupled to only one other state it will oscillate (two level system). If it is coupled to a small 
number of states dynamics will likely be messy. In all cases, the t = 0 preparation of the 
bright state results in dynamics that are referred to as IVR.   
 

!"#$%$&'"#( )
 

 Hierarchies exist in which certain couplings stand out. For example, referring to Fig. 4, 
assume  is strongly coupled to the  levels, and in turn the  levels are coupled to 
the levels . A hierarchy exists if the coupling of  to  is much stronger than the 
couplings:  to , and  to . If the densities of states in the  and  man-
ifolds are sufficiently high, we can treat  as coupling to a large number of levels in each 
manifold. In this case, Fermi's golden rule gives the decay rates for  decaying directly 
to the  and  manifolds:  
 

  (2.13) 

 

  , (2.14) 

 

where  and  are state densities for the  and  manifolds, respectively.  
!  

s ki ki

l j s ki

s l j ki l j { k} { l }
s

s
{ k} { l }

ksk =
2!
!

|Vsk |2 ! k

ksl =
2!
!

|Vsl |2 ! l

! k ! l { k} { l }
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 The criteria for hierarchical coupling: 

 &   followed by  &   are 
 and . In the exam-

ple of hierarchical coupling indicated in 
Fig. 4, coupling of  to  has been 
turned off completely. A common occur-
rence arises in electronic spectroscopy, 
where a so-called promoting mode in the 
vibrational manifold of the lower 
electronic surface (  in the figure) 
stands out from the other vibrations. The 
situation depicted in Fig. 4 is used to get 
a point across. It is extreme (  
and ), but the basic idea has 
been observed experimentally. 
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 We see from the material presented above that in the regime of strong intramolecular 
couplings among zero-order vibrational levels there are no good quantum numbers, and 
distributions of energy eigenvalues are irregular. Level repulsion brought about by inter-
mode couplings (off-diagonal matrix elements) ensures complex dynamics and no degen-
eracy. It seems that the states know enough to stay out of each other's way. Likewise, the 
eigenvectors are also complicated. Each consists of many basis vectors, and there appears 
to be no order. The expansion coefficients change markedly and with no obvious regularity 
from one level to the next. In other words, the situation is a mess.   

 These complications notwithstanding, information about the intramolecular dynamics 
can be obtained from analyses of level properties. The strategy for achieving this is 
premised on strong couplings characterizing the highly excited bound levels. 

 In this section, level spacing distributions will be derived for cases in which: (i) the 
stacks of quanta (vibrational states) for the different normal modes are not correlated with 
one another; and (ii) all level positions are highly correlated, as occurs with strong 
intramolecular couplings. Case (i) corresponds to regular vibrational dynamics, like normal 
modes with good quantum numbers. Case (ii) corresponds to the other extreme: quantum 
chaos. Distributions will be derived for the corresponding nearest neighbor spacing. 
Though somewhat tedious, it is straightforward to extend the derivations to higher order 
correlations, e.g., next-nearest-neighbor correlations. Comparisons to experimental data 
are nearly always made for nearest-neighbor distributions. Experimental data are rarely of 
sufficient quality to justify next-nearest-neighbor analyses. I question the value of such 
higher order correlations. We will focus on nearest neighbors.  
 

s { k} ki { l }
ksk >> ksl ksk >> kkl

s { l }

ki

ksk >> ksl

ksk >> kkl Figure 4. A bright state is coupled to interme-
diate states that in turn are coupled to a dense 
manifold of bath states. Equal spacings have 
been used for convenience. 
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 Consider the case in which there is al-
ready a state at energy E (Fig. 5). We 
then seek the probability that the state 
nearest the one at E lies within a small 
interval dS located at E + S. In this case, 
S is a nearest neighbor spacing, and 
P(S) dS is the corresponding probability.  

 We obtain P(S) dS by multiplying the 
probability that there is no level between 
E and E + S times the probability that 
there is a level in dS. It is now assumed 
that the presence of a level at E does not 
affect the locations of the other levels. In 
other words, the levels are not correlated. 
In this case, the probability that there is a level in dS is given by dS divided by the mean 
level separation. With ' (E) being the density of states, the mean level separation is, by 
definition, ' (E)Ð1. 

 Thus, the probability that there is a level in dS is given by ' (E + S)dS, where ' (E + S) is 
the density of states at energy E + S. Note that ' (E + S) can also be written ' (E) because 
we are assuming that the density of states is approximately constant over the modest energy 
interval between E and E + S.   
 Obtaining the probability that there is no level between E and E + S is facilitated by 
dividing this interval into m small units, each of width S / m, as shown in Fig. 5. 

 The assumption that the levels are not correlated has far-reaching implications. It would 
not be applicable to the intramolecular coupling examined in the last section. However, it 
would be applicable to cases in which the normal modes have good quantum numbers, in 
which case there are no matrix elements coupling the different normal modes. In other 
words, the above assumption is appropriate for cases where the vibrational degrees of 
freedom can be treated as independent. Note that such independence can also be applied to 
groups. For example, levels within a group might be strongly coupled to one another, 
whereas different groups are not coupled to one another. This would be represented by a 
Hamil tonian that is block-diagonal, with couplings within blocks, but not between blocks. 
Recall the polyad matrix of the last section. 
 The above assumption enables us to write the probability that no level is found in an 
interval, S / m, as one minus the probability that a level is found in this interval, i.e., 

. The probability of there being no level between E and E + S is given by 
the product of all the individual probabilities. Each of these individual probabilities is given 
by  for the intervals indicated in Fig. 5. Because these intervals are inde-
pendent, this yields 
 

  , (3.1) 

1! ! (E) S/ m( )

1! ! (E) S/ m( )

1! ! (E) S/ m( )( )m

Figure 5. Given that a level is present at E, 
consider the possibility that another level is 
found near E + S in the element dS. To obtain 
the nearest neighbor probability, take the pro-
duct of the probabilities: (i) that a level is 
present in dS; and (ii) that no level is present 
in the interval between E and E + S. The in-
terval E to E + S is divided into m pieces. 
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which becomes  as m &  ( . Thus, we have derived the Poisson distribution for the 
case of smooth, continuous variation of ' !(E) 

 

  P(S) dS  = . (3.2) 
 

This can also be written in terms of the dimensionless variable s = ' !(E) S 
 

 . (3.3) 
 

 This distribution differs markedly from the one anticipated for the case of strong coup-
ling. The above Poisson distribution peaks at s = 0, whereas there can be no accidental 
degeneracy in the strong coupling regime. 
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  Equations (3.2) and (3.3) are for continuous distributions. However, continuous distri-
butions can prove inapplicable in many cases of interest to us. Instead, we desire plots 
showing how probability varies with the number of detection events and with the average 
number of detection events. This was worked out for the case of photon statistics in the 
class notes I used in fall 2024. The topic there was quantum optics. That section is repro-
duced verbatim below. 
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 Our foray into of the statistical properties of photons will benefit from as clear an under-
standing as time permits of the measurements and mental pictures that underlie interpreta-
tions. Consequently, we will begin with important yet subtle considerations regarding tem-
poral durations and corresponding physical shapes and sizes (related by the speed of light) 
of photons. 

 A photon is defined by its energy, spin, and polarization. Its physical space attributes are 
due to the boundary conditions it must satisfy. These can range from confinement in a very 
small resonator whose length is, say, hundreds of nm to spanning large distances, the so-
called free field regime. In perusing the literature you are almost certain to encounter state-
ments that state or imply that a measurement can locate a photon. The measurement can be 
carried out either in the space or time domain. In general, this is not correct. Said measure-
ment locates when or where the photon was detected. For example, referring to Fig. 3.3, 
the photon is accessible to detection somewhere within the wave packet's temporal profile, 
or equivalently, somewhere within the wave packet's spatial profile. It can generate a signal 
in a small temporal region that lies somewhere within the broad range presented by the 
Gaussian. 
%  

e! ! (E)S

e! ! (E)S! (E)dS

p(s)ds= e! sds
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 The measurement of a photon's presence nearly always results in its annihilation, often 
within a temporal window that is much narrower than the FWHM of the photon wave 
packet. Consequently, we will  frame our discussion in terms of when the photon creates an 
excitation (detection event) in the measurement device. Figure 3.4 depicts some of the 
relevant features. 
 

 
 
 
 
 
 
 
 
 
 

 Let's now introduce a few realistic numbers. Suppose a laser beam has a power of 1 nW 
and photon energy of 2.5 eV, corresponding to !  500 nm. The photon flux )  is given by 
 

     (3.13) 

 

where I is intensity in Watts"cmÐ2 = J " sÐ1"cmÐ2 (where J is energy in joules), A is the beam 
cross-sectional area, P is power in J " sÐ1, and " % is the photon energy in J. Thus, )  is in 
photons per second. Putting numbers into eqn (3.13), we obtain 
 

     . (3.14) 

 

! =
I "A
! !

=
P

! !

! =
I "A
! !

=
P

! !
=

10#9 J"s#1

2.5$1.6$10#19 J
=2.5$109 photons s#1

Figure 3.3. Consider a one-photon 
wavepacket whose temporal shape 
is Gaussian with a FWHM of 1 µs. 
This corresponds to 300 meters Ñ  

an interesting photon. There are 
good reasons to believe that many 
"very large" photons are out there. In 
any event, this example underscores 
the fact that a single photon can be 
very spatially diffuse. A detector 
with good time resolution can detect 
the photon somewhere within the 
temporal range of the wave packet. 

Figure 3.4. 
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 This is an impressively large number, perhaps an "eye opener." Even what might seem 
to be an exceedingly low power like 1 nW corresponds to far too large a photon flux to be 
useful insofar as assessing photon statistics. That photon flux can be used, but obviously 
not "right out of the box." Instead, the light beam must be attenuated until the photon flux 
has been reduced by many orders of magnitude. Note the presence of an attenuator in Fig. 
3.4. At the same time, one can assign detection events to narrow temporal bins whose 
widths are very much smaller than the observation region. This can be used to place the 
system in the regime in which most bins are empty, which is essential for determining 
photon statistics. 

 As a practical matter, measurements aimed at elucidating photon statistics are carried out 
in the time domain (Fig. 3.4). A photon travels 30 km in 1 µs. One can make nice sketches 
of detection events at different locations in a stream of photons, but this has nothing to do 
with what can be carried out in a laboratory. The good news is that the time domain mea-
surements are easily implemented nowadays using off-the-shelf technology. 
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 The math that describes the regime of interest arises from statistical considerations. Spe-
cifically, these considerations can be related to a mathematical entity that is referred to as 
the binomial expansion. Reasonably straightforward manipulations will yield the Poisson 
probability distribution for recording n independent (random) detection events:3 
 

    (3.15) 

 

where *n! is the average number of detection events.  

 Let's now carry out the math. Suppose N independent measurements are each able to 
annihilate a photon with ~ 100% quantum efficiency. To get N independent measurements 
we resolve a convenient experimental time window T0 into N much smaller time windows 
that we will call slots. Each slot constitutes an independent measurement. The number of 
cases in which two detection events fall within the same slot is vanishingly small, as the 
photon stream is extremely dilute. Moreover, the slot width exceeds greatly (orders of 
magnitude) the temporal width of a detection event. The number of slots is at our discretion. 
This tells you right away that it will not appear in the final answer, as we seek a fundamen-
tal property of photons, which cannot have anything to do with the measurements.  

 Figure 3.5 indicates detection events (red) when a dilute photon stream impinges on the 
detector. Assignment to slots (blue) is dictated by the detection method. Common detectors 
are photomultiplier tubes (PMT's) and avalanche photodiodes (APD's). 
%  

 
3  The manipulations will be straightforward after you master them, not before. 

P(n)=
!n"n

n!
e#!n"
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 Signals are sent to the record and analyze apparatus indicated in Fig. 3.4. By using a 
sufficiently large time window T0, one obtains the probability that a detection event is re-
corded in a randomly chosen slot: 
 

   = . (3.16) 

 

 Note that the magnitude of the ratio *n! / N is at our disposal in the sense that we get to 
choose the number of slots N. The parameter N simply dictates the resolution of the 
measurements. In the end we will simplify the math by letting N approach infinity to ensure 
the independent (random) nature of the detection events. After all, if we want an expression 
that describes the fundamental statistical properties of photon detection events, this cannot 
depend on how the measurements are carried out. Specifically, we seek the answer to the 
question: What is the probability distribution of n events being recorded? Let's call this 
probability P(n). It can be expressed using the binomial expansion, which in turn can be 
expressed as the product of two contributions.  
 

C"17>"%.)&7#=="&"#14)
 

 Consider the apportionment of detection events (hereafter referred to as events) among 
the N measurement slots (hereafter referred to as slots), as depicted in Fig. 3.5. The best 
way to understand this is examples. Let's now derive the mathematical expression for this. 
 Referring to Fig. 3.6, suppose we have 8 slots, and we wish to know how many ways 3 
events can appear in these slots. As mentioned above, it is assumed that the events are 
independent (random). We now trace the possibilities for the 8 slots and 3 events. The first 
event can appear in any slot with equal likelihood, i.e., there are 8 equally weighted possi-
bilities. Let's say the first event shows up in slot #5. The second event can appear in any of 
the 7 remaining slots with equal likelihood. Let's say it appears in slot #1. The third event 
has 6 possibilities, and let's say it appears in slot #6. The total number of possibilities for 3 
events is 8"7"6 = 336, and we have ended with events in slots #5, #1, and #6, in that order. 
 There is nothing special about the slots #5, #1, and #6. The events are random, so any 3 
slots would suffice. The fact that the above slots appeared in a particular order needs to be 

average number of detection events in time window T0

total number of measurement slots
! T0

N
=

"n#

N

Figure 3.5. An ultraweak incident cw light beam impinges on a detector with 
good temporal resolution, as indicated in Fig. 3.3. Detection events (red lines) 
appear in the time slots. They are a great deal narrower than the slots. Had the 
sketch been to scale, they would have been narrower by orders of magnitude. 
Their widths are magnified here for viewing convenience. 
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fixed. The first was #5, but it could have been #1 or #6. Had it been #1, the next could have 
been #5 or #6. Had it been #6, the next could have been #1 or #5. In other words, there are 
3! permutations for each of the 8"7"6 possibilities.  
 
 
 
 

 

Figure 3.6.  

 
 

 There is no relevance to the sequence: #5, #1, #6. There are 3! equivalent ways to arrange 
occupancy of these slots (#1, #5, #6, etc.). Consequently, we must divide 8"7"6 by 3!. The 
result is referred to as the binomial coefficient. It is assigned the moniker "N-choose-n" and 
labeled with one of the three commonly used symbols that appear in the literature:  

   C (N, n), N C n, and . 

I will use the first, in which case, 
 

  C (N, n) = .  (3.17) 

 

 The other contribution also relies on the measurements being independent. (How could 
it be otherwise!) For each event, the probability that a random measurement will occupy a 
given slot is  *n! / N, and for n events we have [*n! / N ]n. This must be combined with the 
probability that for n events nothing is found, i.e., . The overall probability 
is given by the product of the above contributions: 
 

  . (3.18) 

 

The Poisson distribution is obtained by taking the limit N &  $ . Start by rearranging eqn 
(3.18) with the limit N &  $  in mind: 
 

  . (3.19) 

 

In the limit N &  $ , the large fraction becomes 1. The last term:  is subtler 
but with some effort one finds that it is . If you wish to carry this out yourself, I 
suggest that you use the binomial expansion and be careful to carry out the summation 
from the most expeditious direction. In any event, combining these contributions yields the 
Poisson distribution that was introduced at the start of this subsection: 
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  . (3.15) 

 

 Figure 3.7 gives examples of the Poisson distribution (+ =  *n! ). The envelopes indeed 
look Gaussian. However, the horizontal axis is restricted to discrete entries, whereas a 
Gaussian varies continuously with its variable. Moreover, upon examining the Poisson dis-
tribution, you will find that there are other significant differences as well. In other words, 
watch out (Assignment #3). 
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P(n) =
!n"n

n!
e#!n"

(a+b)2 = a2 +2ab+b2

(a+b)3 = a3+3a2b+3ab2 +b3

(a+b)4 = a4 +4a3b+6a2b2 +4ab3+b4

Binomial expansion: (a+b)N =
N!

k!(N ! k)!k=0

N

" akbN! k

Evaluate terms

4!
0!4!

a0b4 +
4!

1!3!
a1b3+

4!
2!2!

a2b2 +
4!

3!1!
a3b1+

4!
4!0!

a4b0

     b4          4ab3         6a2b2        4a3b          a4

Figure 3.7. From AlmaBetter: Binomial and Poisson distribution, via Google Images. 
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 Eigenstates do not correlate with one another. Each is impervious to dynamics. Consider 
for example the case of a molecule with a number of normal modes. If there is no intermode 
coupling, we are back to the Poisson distribution. When there is intermode coupling, and 
at high energies it is generally strong, a normal mode containing some number of quanta 
is very likely to be strongly correlated with other normal modes. 

 When the states are correlated, as in the examples in Section 2, the presence of a state 
at E can have a profound effect on the probability that another level is found nearby. The 
probability that a level is found in the interval dS near E + S is no longer given simply by 
dS divided by the average energy spacing, ' !(E) dS, as it was in the situation that resulted 
in the Poisson distribution described by eqns (3.2) and (3.3). Note that the density of states 
does not depend on whether the levels are correlated. It is a property that is averaged over 
many levels, and therefore it is unaffected by interstate couplings. This is easily demon-
strated in the matrix diagonalization exercises at the end of the chapter, specifically, by 
invoking trace invariance. 

 For this more general case we start by stating that the probability that a state is found in 
the interval dS located at E + S is given by , (S) dS. The functional form of , (S) is not yet 
specified. It is equal to ' (E + S) only when the states are uncorrelated. However, when the 
states are strongly correlated, , (S) is different. For example, there can be no accidental 
degeneracy, so , (S) is always equal to zero at S = 0. Functional forms of , (S) are discussed 
below. 
 Referring to Fig. 5, the probability that a level in dS is a nearest neighbor is given by 
 

 P(S) dS = . (3.4) 

 

This can be arranged into a more user-friendly form. The product is converted to a sum by 
using the fact that  and the ln operation converts the product to a sum. This might 
be new to you, but it is a common trick. 
 

 P(S) dS =  (3.5) 
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Use has been made of the fact that only the first term in the large-m expansion of the log-
arithm is retained in the limit m &  ( . Equation (3.7) then becomes 
 

 P(S) dS = . (3.8) 

 

 Let us now discuss possible functional forms of , (S). Wigner surmised that for highly 
correlated levels the probability of finding a level in dS is proportional to S, i.e., , (S) = aS. 
This is a good assumption for small values of S, because a Taylor series expansion of , (S) 
about S = 0 in general yields a term that is linear in S. Moreover, there is no reason (such 
as symmetry) for this linear term to vanish. Thus, Wigner's surmise is good for small S but 
is not, at this point, justified for larger S. Putting , (S) = aS into eqn (3.8) yields 
 

  P(S) dS  = . (3.9) 
 

The constant a is obtained by using the condition that the average nearest-neighbor spacing 
is simply the inverse of the density of states. 
 

  (3.10) 

 

 Thus, a is equal to . From eqn (3.9) we see that the resulting nearest neigh-
bor distribution function in terms of the dimensionless variable s = ' (E) S is 
 

  . (3.11) 

 

 This equation gives results that are close to those obtained by using the more mathema-
tically rigorous Gaussian Orthogonal Ensemble (GOE) of random matrices. The latter is a 
nice exercise in math, but it adds little physical insight. If you are interested in that stuff, I 
have several books you can borrow. 

 Equations (3.9) and (3.11) work well in describing level spacings obtained in real and 
computer experiments. Some people have said that Wigner was lucky, in the sense that the 
linear approximation , (S) = aS works so well even though it is just the first term of the 
series expansion of , (S). I think that is short sighted. Wigner had extraordinary physical 
insight. Retaining just the first term in the series is equivalent to using a tridiagonal Ham-
il tonian matrix. This point is subtle, so it will be discussed in class. We have seen in cases 
of polyads and some of the exercises at the end of the chapter that this is sufficient to bring 
about the strong coupling regime that characterizes quantum chaos. Once coupling is 
sufficient to bring about chaos, more coupling (of the same nature) does not change this. 
The system remains chaotic. I suspect that Wigner knew this but did not bother to elaborate. 

 Though the focus here is on molecular energy levels, the principles involved in the der-
ivation of the Wigner distribution are quite general. Consequently, the results can be ap-
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plied to a broad range of phenomena. Figure 7 shows experimental results obtained for 
laser modes that oscillate in competition with one another, as well as results obtained in a 
molecular system. There are many other examples in the literature. Keep in mind that 
Wigner's original intent was to rationalize the (at the time strange) level spacing distri-
butions that had been observed in resonances of highly excited nuclei. For example, such 
resonances can be probed using an energy resolved neutron beam. Nuclear forces are short 
range, so only l = 0 partial waves need to be considered, simplifying analyses. 
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 It is instructive to consider other forms of , (S) that satisfy the requirement that , (S) = 
0 at S = 0 and behave sensibly at large S. For example, consider  = . 
This is equal to zero at S = 0 and ' (E) at S = ( . Thus, it corresponds to the Poisson and 

! (S) ! (E)(1! e! " S)

Figure 7. (left) Cavity 
modes in a laser having a 
"chaotic cavity structure" 
compete with one another 
for population inversion. 
This couples them in a way 
that is not organized (the 
opposite of mode-locking). 
This situation results in a 
Wigner distribution of 
mode spacing (Zaitsev, 
Phys. Rev. A 76, 043842, 
2007). (below). This nearest 
neighbor spacing distribu-
tion was obtained in calcu-
lations of a quantum spin 
chain (Mej’a-Monasterio et 
al. 2005 Europhys. Lett. 72 
520). 
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Wigner cases in the limits S &  (  and S &  0, respectively. The parameter "  must be chosen 
such that eqn (3.8) is satisfied. Inserting this form of , (S) into eqn (3.8) yields 
 

 P(S) dS =  (3.12) 

 

   =  (3.13) 

 

   =  (3.14) 

 

Expanding eÐ" S about S = 0 and retaining the lowest order terms yields 
 

P(S) dS = . (3.15) 

 

The parameter "  is determined by using eqn (xx). Retaining the lowest order terms in eqn 
(xx) yields the Wigner distribution (a = ' (E)"  ). Importantly, we see that the Wigner dis-
tribution is a good approximation for small S. ...To be continued. 
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 Figure 1 depicts a toy model that has proven invaluable since its introduction. It facili-
tates qualitative understanding of a class of phenomena that arises in polyatomic molecules. 
Mordechai Bixon and Joshua Jortner introduced it in the 1960's to further the photochem-
istry community's understanding of (mainly photoinitiated) radiationless transitions in pol-
yatomic molecules. Their model has survived the test of time, with modest upgrades. Here, 
we will work through pretty much the original version, with a few improvements added by 
Alberto Beswick and comments by me. Assigned exercises ensure retention on your part. 

 
 

 

 
 

 

 
 

 

 
 

 

 Referring to Fig. 1, a zeroth-order bound state | s ! is coupled to a dense manifold of 
evenly spaced zeroth-order bound states | k !. The latter can represent either a quasi-con-
tinuum or, for sufficiently small energy spacing " , in effect a true continuum. The contin-
uum result is obtained from the quasi-continuum model by taking the limit "  #  0, while 
ensuring that observables do not depend on "  . It is nice to see how the math for the discrete 
case evolves to that of a true continuum. The use of evenly spaced states | k ! is for con-
venience. They could have been chosen to conform, say, to a Wigner nearest neighbor 
spacing distribution (which applies when | s ! is coupled to a dense manifold of vibrational 
states in the regime of quantum chaos), or to something else. However, nothing significant 
would have been gained, so the use of evenly spaced states is a reasonable simplifying 
assumption. 

 State!| s ! is assigned a privileged status, whereas the | k ! states constitute a manifold of 
bath states. For example, | s !!could be a zeroth-order bright state accessed via photoexci-
tation from the ground electronic state. Its decay to the {  k }  manifold (which often consists 
of highly excited vibrational states, often on the ground PES) is the main point of this 
complement. The intra-manifold dynamics of {  k }  are of secondary importance. We are 
interested in how {  k }  influences | s !, but not in its intra-manifold dynamics per se. The 
state  undergoes dynamics because it is an eigenfunction of a zeroth-order Hamiltonian 
H0 rather than H0 + V. We will see that when | s ! is coupled to a high density of discrete 
levels, as in Fig. 1, or to a true continuum, its presence in the eigenstates follows a Lorentzi-

s

Figure 1. The privil eg-
ed zeroth-order state 
| s ! is coupled to states 
| k !, whose energies are 
separated from one an-
other by the spacing " . 
The matrix elements 
V!"  are assumed to each 
have the same value. 

| s !

| k !

Vsk

"

Es = 0

¥
¥

¥
¥

¥
¥

¥
¥

E
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an line shape centered at E! whose full width at half maximum (FWHM) is . If the non-
stationary state  is prepared at t = 0, its percentage in the temporally evolving state of 
the system , i.e.,  decays exponentially with rate $. 
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 Let's now return to the model in Fig. 1 and derive its mathematical solution. Recall that 
 and  are eigenkets of H0. The latter are assumed to be equally spaced and coupled 

to  via matrix elements Vsk that all have the same value. These simplifying assumptions 
enable analytical solutions to be derived. From the perspective of , these assumptions 
introduce no significant inaccuracies as long as  is coupled to a sufficiently large num-
ber of  states. In this case, the dynamical behavior of  is determined primarily by the 
average value of the energy spacings and the average value of the magnitudes of the 
coupling matrix elements, or their rms value. Care may be required to avoid spurious ef-
fects because the spacings are all taken to be the same. 

 The following assumptions are made concerning matrix elements: 
!  
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s

! (t) | ! s|! (t) ! |2
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k s
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  % s | H0 | s ! = Es.  For convenience, Es is set equal to zero.  
 

  % s | V | s ! = 0. 
 

  % k | H0 | k ! = Ek = k" , where k is an integer: 0, ± 1, ± 2, etc. (1) 
 

  % k | V | k' ! = 0 for all | k ! and | k' !. 
 

  % s | V | k ! = Vsk This is taken to be the same for all | k !. 
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 This expression for $ is recognized as the rate given by Fermi's golden rule. It is often 
expressed in terms of the density of states, &, which is, by definition, equal to "  Ð1 in the 
present case. If the problem at hand involves a true continuum, our use of a quasi-contin-
uum model is a mere mathematical convenience. In this case, no physical quantity can 
depend on the choice of " , which is taken to be smaller than any physically significant 
energy interval. Mathematically, keeping "  finite eliminates singularities, such as would 
occur in eqn (7) with Ek = k"  varying continuously near Ei. There is nothing wrong with 
such singularities and we will deal with them later. The math, though more sophisticated 
than what we have used so far, is easy to use once mastered. 

 The present model is valid for a quasi-continuum as well as extension to a true contin-
uum. It is not limited to small values of " , though care must be exercised when using it in 
the regime where a small number of  levels are coupled to . As mentioned above, if 
only a few  levels are involved, individual level energies and matrix elements figure 
prominently in the solutions. Therefore, the assumptions of even spacing and a single Vsk 
value are unrealistic, even though these assumptions give accurate results when many  
levels are involved because of averaging. 

 Now consider the consequence of the fact that $ (which is a measurable parameter) 
cannot depend on the choice of " . The continuum limit is a good example.  Referring to 
eqn (13), we see that | Vsk | must be proportional to "  1/2. It is interesting that the coupling 
matrix element depends on " , in which case it is not possible to vary "  and Vsk indepen-
dently. They are inextricably linked. 

 To make "  smaller (i.e., the density of states larger), the physical space associated with 
the quasi-continuum must be made larger. Of course, this additional space has nothing to 
do with the region where  and  couple. This coupling is intramolecular, whereas the 
space associated with the continuum lies well outside the region where the molecule is 
intact. It is the space of the separated fragments. 

 The coupling region remains as 
it was, while the additional space 
shows up in the normalization of 

. For example, consider a 
particle in a box of length d (Fig. 
2), with eigenvectors . This 
"particle" represents the relative 
motion of the fragments. Coup-
ling of the  to  occurs at 
one end of the box, say near x = 
0. Therefore, the magnitude of 
Vsk = % s | V | k !, depends on the 
shape of the  wavefunction near x = 0. Normalized  wavefunctions are proportional 
to , so Vsk is proportional to . Thus, because the density of states is proportional 
to d, the quantity  is independent of " . 

 Returning to the general case of the quasi-continuum, eqn (12) can be solved iteratively 
using commercial software, or even with a piece of graph paper and a hand calculator, 
yielding the Ei. Let us now rewrite the expression for  given by eqn (9), using the 
result given by eqn (11). Specifically, differentiating eqn (11) with respect to Ei yields 

k s
k

k

s k

k

k

k s

k k
d −1/2 d −1/2

|Vsk | 2 /δ

s ψ i

Figure 2. Particle in a box: density of states is propor-
tional to d; eigenfunctions are proportional to d Ð1/2. 

0 d x →

sin (k π x / d )| k 〉  =  (2  /  d )–1/2

ρ   =  dn /  dE  
    =  E–1/2  (2 m)1/2  d  /  h
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  = . (14) 

 

which enables eqn (9) to be written 
 

  =   (15) 

 

  =  . (16) 

 

With the help of eqns (12) and (13) this yields 
 

 =   (17) 

 

 Equation (17) shows how  is distributed among the eigenstates. It has been obtained 
by solving a simple model with no approximations, albeit with a significant amount of 
algebra. When | Vsk | << " ,  is present in high percentage only in the two eigenstates 
nearest Es = 0, those that arise from the zeroth-order degenerate pair  and . In 
this case, | | 

2 is almost 0.5 for each eigenstate.   

! G4,'&*.,#?'4>5!6-'*!\ Vsk \!]]! " , !#)!0#),&#8%,'0!.)!#*!"#$9!Q9!C,!+.*!8'!).#0!,3!8' !0#))34A
?'0!#*,3!,-'!+3* ,#*%%2!.*0!0#),&#8%,'0!,-&3%$-3%,!.*!'*'& $>!&.*$'!31!̂ ! !+'*,'&'0!.,! $!
N!U9!C,!-.)!.+I%#&'0!.!=3&'*,J#.*!4#*'!)-./'!,-&3%$-!#,)!+3%/4#*$!,3!,-'! !4'?'4)9!

 To obtain the probability den-
sity corresponding to | | 

2, 
consider an interval dE such that 
"  << dE << . It is assumed 
that the quasi-continuum is suf-
ficiently fine-grained that the 
discreteness of its level structure 
is not observable in an ex-
periment whose resolution is dE. 
The number of  in the inter-
val dE is equal to dE / " . In this 
regime | Vsk | is negligible rela-
tive to . Therefore the | Vsk | 

2 
term can be dropped from the 
square root in eqn (17). This term 
arises because of the discreteness of the quasi-continuum. It vanishes as "  #  0. The pro-
bability of finding  in the interval dE is then given by 

1
Ei – kδ

⎛
⎝⎜

⎞
⎠⎟
2

k
∑ π /δ( )2 1 + cot2 πEi /δ( )( )

s ψ i
Vsk

|Vsk | 2 + |Vsk | 4 (π /δ ) 2 1+cot2(πEi /δ )( )
Vsk

|Vsk | 2 + (! / 2)2 (2π / !) |Vsk | 2 (1 /δ )( )2 1+cot2(πEi /δ )( )

s ψ i
Vsk

Ei2 + (!Γ / 2)2+ |Vsk | 2

s

s
s k = 0

s ! i

s
! !

k

s ! i

! !

! i

!!

s

Lorentzian width
| ! i "

| # s | ! i " | 2

(heavy  lines)

...

Figure 3. The heavy black lines indicate the amount of 
| s ! character in the eigenstates. Their lengths are exag-
gerated. The blue envelope has a Lorentzian shape. 
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  . (18) 
 

Combining eqns (17) and (18), with the  term in the denominator in eqn (17) set 
equal to zero, yields 
 

   =  . (19) 

 

We have derived the Lorentzian line shape, with full width at half maximum (FWHM) of 
 using a model in which a single privileged state is coupled to a bath of states. 

 Equation (19) shows that mixing (as per Fig. 1) between  and the  states leads to 
a Lorentzian distribution of  character centered at Es = 0 with a FWHM of . The 
zeroth-order state  has been dissolved into the quasi-continuum. If an experiment is 
carried out with a tunable energy resolution width that is much smaller than (i.e., an 
experiment in which the signal is proportional to the percentage of  character), it will 
yield the Lorentzian shape. This experiment, carried out in the energy domain, tells about 
the lifetime of  without measuring this lifetime. It is inferred from an energy domain 
measurement. 

 To observe the dynamics of  in the time domain, one might prepare the system at t = 
0 in  and watch the evolution of the percentage of  character in the total wavefunc-
tion. Thus, a t = 0 wave packet is prepared in which  = . Because each eigen-
state contains only a small percentage of  character, the phase evolution of the ensemble 
of eigenstates removes the t = 0 selectivity. In other words, decays. If the sys-
tem is prepared on a time scale that is short relative to that of the fastest intramolecular 
dynamical process, the zeroth-order description is an appropriate one for the preparation 
step. Let us now turn to the time behavior. 
 

4-#&) 56"%7(-"' )
 

 Suppose the system is prepared at t = 0 in the zeroth-order state , and we wish to know 
the subsequent time evolution of the percentage of  character in . This is obtained 
by first finding  and then squaring it. To proceed, expand  =  in the 

 basis depicted in Fig. 3: 
$

! ! ! !N! !N! 9! ;OU<!

!

K'@,5! !#)!38,.#*'0!1&32! !8>!.00#*$!,-'! ,#2'!'?34%,#3*!1.+,3&)! !,3!
,-'! ,#2' A#*0'/'*0'*, !8.)#)!7',) ! M!

$

Ps (E)dE = | s ! i |2 dE / !

|Vsk | 2

Ps(E)dE
1
!

! ! / 2
E2 + (!! / 2)2 dE

! !
s k

s ! Γ
s

! !
s

s

s
s s

! (t = 0) s
s

| ! s|! (t) ! |2

s
s ! (t)

s ! (t) ! (t = 0) s
! i

! (t = 0) s ! i ! i s
i

!

! (t) ! (t = 0) e−iω it

ψ i
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   = . (21) 

 

The amplitude  follows by operating from the left with , 
 

   =  . (22) 

 

Because "  << dE << , the sum is converted to an integral using  from eqn (19): 
$

    N  (23) 

$

B-#)!#)!#*,'$&.,'0!),&.#$-,13&6.&04>!%)#*$! ,-'!2',-30!31!&')#0%')9!H43)#*$!,-' !;+3%*,'&A
+43+76#)'<!+3*,3%&!#*!,-'!436'&!-.41!/4.*'!;"#$9!R<5!>#'40)!
$

! ! !!N! !

!

! ! ! N! 9! ;OR<!
!

B-%)5!6'!-.?'!38,.#*'0 !
$

! ! !N! 9! ! ;OS< 

$

B-'!/'&+'*,.$'!31! !+-.&.+,'&!0'+.>)!'@/3*'*,#.44>!6#,-!,-'!&.,'!$. 
 
 
 

 

 

 

 
! G,!&!N!U5!,-'!/-.)')!31!,-'! !#*!'I*!;O(<!.&'!)%+-!.)!,3!&')%4,!#*!0'),&%+,#?'!#*,'&1'&'*+'!
31! !.2/4#,%0'!.*0!+3*),&%+,#?'!#*,'&1'&'*+'!31!!.2/ 4#,%0'9!G)!,#2'!#*+&'.)')5!/-.)'!
' ?34%,#3*!31! ,-'! +3*),#,%'*,! 6.?')!&')%4,)! #*! 0'),&%+,#?'! #*,'&1'&'*+'! 31! ! .2 /4#,%0'5!
6-'&'.)! !.2/4#,%0'!$&36)9!B-'!)>),'2!#)!0#))#/.,#?'!1&32!,-'!/'&)/'+ ,#?'!31! 5!6#,-!
,-'!0#))#/.,#3*!'2'&$#*$!?#.!,-'!/.&.2','&  $.  
$ $

ψ (t) ψ i e−iω it( ) ψ i s
i
∑

s ψ (t) s |

s ψ (t) | 〈 s |ψ (t)〉 |2 e−iω it

i
∑

!Γ Ps (E)

s ψ (t) dE 1
!

! ! / 2
E 2 + (! ! / 2)2 e

! iEt /!

! "

+"

#

s ! (t)
! !
2!

" 2! i( ) exp " i(" i! ! / 2)t / !( )
" i! !

e! ! t /2

| ! s|! (t) ! |2 e! ! t

s

! i

k s
s

k s

Figure 4. The integral in eqn (23) 
has two poles. For t > 0, the contour 
is closed in the lower half plane to 
converge the exponential. 
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$

8'(&1$1&(9(-"')-') 4&1#:)";) ! "#$%&.) 5 '&1<= !
$

! C*!,-'!4#2#, "  #  U5! !%*0'&$3')!0#))#/.,#3*9!C,!0'+.>)!#&&'?'&)#84>9!C*!,-#)!+.)'5!
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 The above considerations do not enable us to establish exactly where E lies in the 
complex plane when it is not on the real axis. This is a subtle point. The imaginary 
part of E must have a negative sign for time behavior to be exponential decay. How-
ever, two or more (Riemann) sheets may be required to ensure single valued char-
acter of some function of E.  
 In the present example, this arises because the momentum is proportional to the 
square root of the translational energy. This momentum is that of the continuum. For 
motion in the + x direction the translational wave is . Were complex E located 
just below the positive real axis on a single complex plane its angle would be a little 
less than 2! . The corresponding momentum 
would have an angle that is a little less than 
! . In this case, the imaginary part of k is 
positive. This means that the translational 
wave decays in the + x direction. However, 
this is not right. The translational wave must 
increase exponentially in the + x direction! 
This can be understood by considering a 1D 
wave packet that excites a resonance at t = 0. 
Decay of the resonance is most intense at t = 
0, but when observing the outgoing flux 
later, this contribution is furthest from the 
scattering center. 

 Two sheets are needed to ensure that the 
momentum is single valued (figure). Complex energy lies on the second sheet. Com-
plex momentum then has a negative imaginary part, whereas it would have a positive 
imaginary part if E were on the first sheet. Further discussion is in Chapter 3. 

 
!  

eikx

!""!#$%&'(!$) %
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*$$&'3-.)>+>+)!%":&3);"1#)&.$1&::-"');"1),-."' /0"1('&1)#"3&%)
 

 A closed form expression is derived for 
 

   . (1) 

 

This is a straightforward application of complex variable theory. 

 Consider a function , where z =  is a complex variable. The function  is 
assumed to have simple poles at z = an but no poles at z = 0 or z0 and no other singularities. 
The complex variable z is used in place of Ei. It can be said to be the analytic continuation 
of Ei into the complex plane. 
 To proceed, the function  (the exact form of which has yet to be specified) is chosen 
such that its poles at an are evenly spaced on the real axis. The residue theorem is then used 
to obtain an expression for the sum via the Mittag-Leffler expansion theorem. To proceed, 
consider a closed contour in the limit k #  ± ' , i.e., the poles extend to infinity. A circular 
(counterclockwise) contour is straightforward. For r #  ' we write 
 

      = 0. (2) 

 

It is understood that  will be chosen such that it satisfies this condition. At large r, the 
denominator is proportional to r  2, so in this limit eqn (2) becomes 
 

    =  = 0. (3) 

 

The magnitude of the integral obeys the inequality  
 

     (4) 

 

for | | < M on the contour. This is assured 
by taking the circular contours such that they 
pass between the poles. Thus, the integral 
vanishes as r #  ' . Applying the residue 
theorem to eqn (2) yields: 
 

 0 =  (5) 

 

1
Ei ! k!k=! "
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#
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The limit term on the right gives the residue of  at its pole, an. The term in large 
parentheses can be written 
 

    (6) 

 

which enables eqn (5) to be written: 
 

     (7) 

 

The desired sum has emerged. Now consider the following choice of : 
 

    =   (8) 

 

Note that  does not have a pole at z = 0 because in the limit z #  0 eqn (8) becomes 
 

      = 0. (9) 

 

Thus,  = 0. The residues of  (i.e., at z = n( , where n = ± 1, ± 2, etc.) are 
 

    (10) 

 

 for n = ± 1, ± 2, etc. Therefore, eqn (8) becomes 
 

    (11) 

 

In eqn (11), n takes on all integer values except zero. Since z0 is arbitrary it is replaced with 
z. The 1 / n(  term sums to zero and the z0

Ð1 term can be included in the sum. Thus: 
 

     (12) 

 

The sum is over all integers including zero. This is eqn (11) in Complement A. 
$  

f (z)

1
an(an Ðz0)

= !
1
z0

1
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+
1
an

"
#$

%
&'
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1
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1
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!
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(z – nπ) f (z) = lim
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!"#$%&#&'(),+)!"7$%-'<)(")9) ? 79:- /@"'(-'77#)6-9)9') 8'(&1#&3-9(& )
 

 Here, we examine the situation shown in Fig. 1, in which there are two privileged states, 
one of which is coupled to a dense manifold. In Complement A, a single state  was 
coupled to a dense manifold of bath states. An additional state  is now introduced. It 
has a matrix element  connecting it to , which is assumed to be located at Es = 0. In 
general, it also has matrix elements  to the quasi-continuum, whose levels are . The 
present example, however, is limited to cases in which  has no nonzero matrix element 
to the  levels. Thus,  is only coupled to the quasi-continuum via .   
 The situation indicated 
in Fig. 1 arises in a num-
ber of molecules, e.g., 
formaldehyde's photo-
chemistry has been stu-
died extensively. An en-
ergy level diagram for 
formaldehyde is given in 
Fig. 2, with coupling 
pathways indicated by 
arrows. This molecule 
displays the three coup-
ling cases presented at 
the beginning of Com-
plement A. 
 It is straightforward to examine the model in Fig. 1 by carrying out matrix diagonaliza-
tion, obtaining from the eigenstates their respective percentages of  and  character, 
etc. Before doing this, let us examine the limit in which  is small, as this assumption 
enables analytical expressions to be derived. In this case,  is coupled much more 
strongly to the quasi-continuum than it is to . Thus, it can be assumed to a high degree 
of accuracy that  has been dissolved into the quasi-continuum, and  is coupled to 
the resulting new quasi-continuum via the  character that it has acquired. A hierarchy 
of coupling strengths is being invoked in a manner such that the results of Complement A 
can be used as a starting point. 
 Referring to Fig. 1 and eqn (13) in Complement A, the rate with which  decays is 
given by Fermi's golden rule:  
 

    (1) 

 

where  is the rate with which  makes a transition to the  (combinations of  
and ) obtained in Complement A.1 Though the  are eigenstates in Complement A, 

 
1 Equation (1) is Fermi's golden rule. It can be written without referring to Complement A. 
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Figure 1. | s'> is coupled to | s > which is coupled to the | k > 
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here they are not because of the presence of . Note that the use of a single value for all 
of the matrix elements Vs'i is a good assumption. They are given by 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

 
  = . (2) 
 

Inserting closure between V and : 
 

  =  (3) 

yields 
  =  (4) 
 

because  and   are identically zero according to the model. The expression for 
 is given by eqn (17) in Complement A, yielding 

 

  = . (5) 

 

Note that Es' is used because only eigenvalues near Es' participate. This is due to the fact 
that  is weakly coupled to , and therefore it is weakly coupled to the . Using 
eqn (1),  is 
 

   =  (6) 

 

This can be expressed in terms of , the decay rate of  to the  manifold: 
 

s '

Vs 'i s ' V ψ i

ψ i

Vs 'i s ' V s s + s ' s ' + k k
k
∑

⎛

⎝⎜
⎞

⎠⎟
ψ i

Vs 'i Vs 's s ψ i

Vs 's ' Vs 'k
s ψ i

Vs 'i
Vs 's Vsk

Es '2 + !Γ sk / 2( )2

s ' s ψ i
Γ s 'i

Γ s 'i
2π
!

|Vs 's | 2 |Vsk | 2

Es '2 + !Γ sk / 2( )2
1
δ

Γ sk s { k }

Figure 2. Low lying el-
ectronic states of H2CO; 
numbers (e.g., 28 188) 
are in cmÐ1. Zero order 
S1 levels are coupled to 
S0 and T1 manifolds. 
There are barriers to H2 

+ CO and H + HCO on 
the S0 and T1 surfaces, 
respectively.  
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   =  (7) 

 

 For sufficiently large values of $sk (equivalently, for sufficiently small values of Es'), 
 and  are in near resonance and eqn (7) reduces to 

 

   (8) 

 

 At resonance the  decay rate 
is inversely proportional to the  

#   decay rate. This is expected 
on the basis of the assumption that 

 is more strongly coupled to 
the quasi-continuum than it is to 

. In this case,  is dissolved 
in the quasi-continuum and spread 
throughout its energy range as per 
the Lorentzian line shape of width 

. Thus, the amount of  
character present in a small ener-
gy region centered at Es' is invers-
ely proportional to . Figure 3 
illustrates this.  
 

A(1"'<) ! "7$%-'<)";) |!s!! 9'3) |!s'!! )
 

 One can just as easily examine the limit in which  and  are coupled strongly to 
one another relative to the strength of the coupling of  to the quasi-continuum. For ex-
ample, if  >> , it is logical to start with levels that are approximately 
 

    (9) 

 

and couple each of these to the quasi-continuum. Because  is smaller than , the 
result is two levels whose separation (~ 2  ) is large compared to their linewidths, 
each of which is approximately . It is also instructive to examine the intermediate 
coupling regime. This is left as an exercise. 
!  
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2

s ± s'[ ]

! ! sk |Vs's |
|Vs's |

! ! sk / 2

Figure 3. The ) s character is distributed in the quasi-
continuum according to a Lorentzian lineshape. 
When the decay rate #sk is large, the amount of ) s 
character in a given energy interval near Es' is small. 



!
!

"#$%!&&'!()#*%+$!,'!(-.*/+.+0%1 '!!!234325!,2657!"8!

 16 

 

!"#$%&.)&'&1<= )
 

 Solutions can also be obtained by using the representation in which energy is treated as 
a complex variable. In this case the vector space is 2D, and the Hamiltonian is non-
Hermitian. Its matrix is 
 

    (10) 

 

and the eigenvalues are 
 

 . (11) 

 

 In the limit in which coupling between  and  is weak, and  is dissolved into 
the quasi-continuum, expansion of the square root yields 
 

 . (12) 

 

The  solution, following a fair amount of algebra, is 
 

  . (13) 

 

 The decay of  is the same as the decay given by eqn (7). In the weak coupling limit, 
the  and  levels correspond roughly to  and , respectively. Indeed, the  
that follows from eqn (12) is approximately . Though the  level is similar to 

, there is a qualitative difference. Namely, the  level decays, whereas  does not.  
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 This complement is an extension of Complements A and B. A few cases are examined 
in which   has nonzero matrix elements to  and to the quasi-continuum (Fig. 1). The 
value of Es is set equal to zero for consistency with the energy scales in Complements A 
and B. From the perspective of , there are two paths to the quasi-continuum: one 
directly from  and one via . Thus, there is interference.   
 
 
 
 
 
 
 
 
 
 
 
 
Figure 1. The  state has nonzero matrix elements to both  and the  states. The latter 
matrix elements are all assigned the same value, . The  state has nonzero matrix elements 
to the  states. These matrix elements also are all assigned the same value, in this case . Two 
routes to a given  state result in interference. 
 

 This arises in photoexcitation. Matrix elements  and  are those of , where 
µ is the electric dipole moment operator and E is the applied electric field. The field E is 
classical and without appreciable spatial dependence insofar as the matrix element is 
concerned, because molecular dimensions are much smaller than the wavelength of the 
radiation. In many cases,  is the ground state. In the present case, the discrete  
levels will  be used to mimic a continuum. 

 Referring to Fig. 1, the excited-states part is diagonalized. The coupling of  to the 
 yields the  that were encountered in Complements A and B. Photoexcitation with 

a narrow linewidth laser can resolve the excited states . The energy gap, Es Ð Es', is 
much larger than the Lorentzian width  of the plot of percentage  character in the 
eigenstates . We saw that coherent excitation of the system using a short pulse duration 
laser could create the zeroth order state  at t = 0. In any event, !"#$%&'($)!*"'! !
+"$,!excited states  in proportion to the percentage of  character of .  

 Now consider the electric dipole matrix element between  and the , i.e.,  = 
. It contains the two paths and therefore the interference. Closure makes explicit 

the paths: 
 

   = . (1) 
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Because  = 0 (by definition), this becomes 
 

    = . (2) 

 

 The two paths shown in Fig. 1 are evident in eqn (2). The square of  is proportional 
to the excitation probability, so it reflects the line shape. It is assumed that  is the same 
for all , enabling it to be taken outside the sum. This is a good approximation, because 
continuum levels differ little from one to another within the relatively modest energy range 
dictated by the line shape. Even quasi-continuum levels, e.g., highly excited vibrational 
levels in the regime of quantum chaos, are suitable for this approximation. They can appear 
to differ markedly from one another, but the differences average out when many such levels 
participate simultaneously. 

 Combining eqns (10) and (17) from Complement A with eqn (2) yields 
 

   = . (3) 

 

Further simplification is achieved by: (i) using eqn (7) from Complement A; (ii) using the 
fact that  in the radical vanishes in the limit !  "  0; and (iii) replacing Ei with E 
because the Ei are nearly evenly spaced and we are interested in a continuous distribution. 
The square of eqn (3) then becomes 
 

     = . (4) 

 

 Note that E in eqn (4) is relative to Es, which has been set to zero to maintain consistency 
with the energy scales used in Complements A and B. For an optical transition that origin-
ates from , it is convenient to express E in terms of the photon energy . The E in 
eqn (4) is then replaced: E "   + Es'. Referring to Fig. 1, keep in mind that Es' is nega-
tive. Thus, E is equal to zero when . Furthermore, if we let Es be nonzero, the 
E in eqn (4) is replaced by  Ð (Es Ð Es'), and eqn (4) takes the form 
 

     = . (5) 

 

It is common practice to express eqns (4) and (5) more compactly by defining parameters 
in terms of the quantities in these equations. The lineshape is then written 
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    . (6) 

 

 Equations (4) Ð (6) show that the 
interference line shape is, in gen-
eral, asymmetric. The above figure, 
which uses a nomenclature that is 
similar to that of eqn (6), illustrates 
this asymmetry. In the limit  "  

0, there is no interference because 
one of the paths has been elim-
inated, and the line shape is sym-
metric. In this case,  is pro-
portional to  :   

 

 

 

 

     (7) 

 

The right side is zero at  = Es Ð Es' because   is dissolved into the quasi-continuum. 
The presence of  in the new continuum creates a hole in the absorption spectrum.  
 Alternatively, from eqn (5), when photoexcitation from  
to the continuum does not occur (  "  0), the line shape is 
symmetric and  peaks at  = Es Ð Es', where the frac-
tion of  character is largest, as examined in Complement A.  

 Figure 2 gives examples of line shapes. Note that they always 
go to zero. Such shapes have been observed many times in 
photoionization spectra. Ugo Fano (photo) studied these line 
shapes in detail, so they are sometimes referred to as Fano line 
shapes or profiles. A couple of examples for cases other than 
photoionization are given in Fig. 3. Examples of these inter-
ference line shapes can be found on the web. 
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Figure 2. Line shapes according to eqn (4). In (a), Vs's = 0. Absorption is to a continuum 
that consists of | s !  being dissolved into the original continuum. There is no interference. 
The Lorentzian hole is due to the presence of | s !. In (b), Vs'k = 0. There is no interference 
and the shape is Lorentzian. In (c), interference results in an asymmetric shape. 
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 As mentioned above, interference line shapes have been observed in photodissociation. 
A zero-order bound level decays to the continuum and photoexcitation accesses directly 
both the bound level and the continuum. An example from the Reisler group is shown in 
Fig. 4 for the case of FNO. The experimental trace is fitted quite well using eqn (4). 

 
 

 
 

 
 

 
 

 

 
 

 
 

Figure 4. The ultraviolet 
photodissociation of FNO 
yields F + NO. This spec-
trum was obtained by mon-
itoring NO(v = 2) via a 
Q22(29.5) transition. The 
feature on the left (matched 
to the solid line) is a Fano 
profile.  

Figure 3. Fano profiles have been observed 
in a broad range of systems: photoionization, 
photodissociation, opto-electronics, solid 
state physics, plasmas, nanoscale devices, 
and more. Examples here are: (left) gold 
nanostrips; (below) a single cold ion. 
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 A novel collisional energy transfer process is discussed. I devised it in 1995 while on 
sabbatical at MIT. To the best of my knowledge, it had not been considered previously, 
either experimentally or theoretically, nor since then by others. 

 Figure 1 depicts a binary collision be-
tween gas phase species A1 and A2. We 
will discuss a case in which a special kind 
of coherence is brought about through an 
interaction that is present during a col-
lision between A1 and A2. This coherence 
is made possible by the preparation of one 
of the species, say A1, in a non-stationary 
state in advance of the collision. It will be 
shown that the efficacy and specificity of 
the energy transfer that takes place because of the encounter can be affected markedly by 
the preparation step.  

 It is assumed that an electronically excited singlet state, say A1*, is coupled to a manifold 
of dark levels belonging to a lower singlet electronic state, e.g., the S0 ground electronic 
state. For the sake of concreteness, we will  assume hereafter that A1* is S1, the lower elec-
tronic state is S0, and nonadiabatic interaction couples S1 and S0. 
 In low energy collisions between molecules in their ground electronic states, short-lived 
intermediates are often formed when the collision energy is small relative to the pair 
binding energy. The complexes thus formed may survive for only a few vibrational periods, 
but such sticky collisions can facilitate energy transfer. Attractive forces are always pre-
sent, for example, typical van der Waals binding energies are a few hundred cmÐ1 per inter-
action site. Sometimes attraction is stronger as in hydrogen bonding. 

 On the other hand, it is known that the attraction between A1 and A2 can be significantly 
stronger if one of them is in an electronically excited state, in the present case, if A1 is in 
S1. This is interesting, as S1 is not an eigenstate of the Hamiltonian in the model discussed 
here. To enlist the efficient participation of S1 at t = 0, we consider the coherent super-
position of molecular eigenstates that yields S1.  
 

+')(2&): &50''0'5) (2&,&); 34)%052()
 

 Suppose A1 begins in a non-stationary state , with the percentage of S1 character 
given by . In the past A1 was photoexcited, thereby creating , by using a 
short duration laser pulse whose spectral bandwidth is large enough to excite transitions 
from the A1 ground state to a group of molecular eigenstates # i, as indicated in Fig. 2. In 
our case, S1 is coupled to S0 vibrational states, so the # i are mixtures of the electronically 
excited state S1 and S0 vibrational levels. The system described by  does not undergo 
spontaneous emission to any appreciable extent on the timescale of the experiment, because 
the coherently prepared state at t = 0 decays on a timescale that is short relative to that of 

! (t)
| ! s|! (t) ! |2 ! (t)

! (t)

Figure 1. A collision between A1 and A2. 
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spontaneous emission, and each of the molecular eigenstates contains only a small percen-
tage of S1 character.   

 Each eigenstate # i can be written 
 

    =  (1) 

 

The expansion coefficients cis and cij  
have their usual meanings, and | S0, vj $ 
denotes high vibrational levels of S0. 

 The short duration excitation pulse 
creates a coherent superposition of eig-
enstates. This superposition resembles 
S1 as much as possible at t = 0. When the 
short pulse duration laser has a suf-
ficiently large spectral bandwidth, the S1 
level can, to a good degree of accuracy, 
be created at t = 0. With smaller spectral 
bandwidths the coherent superposition is 
such that the percentage of S1 character 
at t = 0 is maximized, but there is still 
some S0 character at t = 0. In any event, 
the t = 0 coherent superposition is 
 

    = ,  (2) 

 

and for t > 0 the non-stationary state  is 
 

    = .  (3) 

 

! -)!.%#$"/#%0!'1/*%2! !('#2!3/&!'!)433"("%#$56!5'&7%!5')%&!1'#0+"0$,2!&%)%.15%!! ! !$/!
'! 7//0 !0%7&%%!/3!'((4&'(68!-)!$".%!"#(&%')%)2!0%9,')"#7!/3!(/,%&%#$56!9&%9'&%0!!:! ! ! !
('4)%)!"$!$/!%*/5*%!$/!,"7,!*"1&'$"/#'5!%;("$'$"/#!"#!$,%!%5%($&/#"(!7&/4#0!)$'$%2!'51%"$!+"$,!
<%&/$,=/&0%&!! ! !9&%)%#$!$/!'!).'55!%;$%#$!"#!.'#6!%"7%#)$'$%)!>?"78!@A8!B,%!$%.9/&'5!%*/54=
$"/#!/3!$,%!)6)$%.!")!.%))6!'#02!"#!(/#)"0%&'$"/#!/3!/4&!7/'5)2!#/$!+/&$,!$,%!%33/&$!#%%0%0!
$/!%;95/&%!"$8!C433"(%!"$!$/!)'6!$,'$!$,%!)6)$%.!")!*"1&'$"/#'556!%;("$%0!"#!$,%!&%7".%!/3!D4'#=
$4.!(,'/)8!E$!")!'))4.%0!$,'$!9,/ $/%;("$'$"/#!$'F%)!95'(%!+%55!"#!'0*'#(%!/3!$,%!(/55")"/#8!
?/&!%;'.95%2!$,%!0%9,')"#7!$".%!."7,$!1%!9"(/)%(/#0)2!+,%&%')!$,%!'*%&'7%!$".%!1%$+%%#!
(/55")"/#)! ."7,$! 1%! #'#/)%(/#0)8! B,4)2! ')! (/55")"/#! (/..%#(%)2! +%! ('#! $,"#F! /3! $,%!
%#(/4#$%&!')!*"1&'$"/#'556!%;("$%0!A! !(/55"0"#7!+"$,!A" !"#!"$)!7&/4#0!)$'$%8!G%%9!"#!."#02!
,/+%*%&2!$,'$!H*"1&'$"/#'556!%;("$%0!A! H!")!(/#$'."#'$%0!16!! ! !$,'$!,')!1%%#!0"))/5*%0!"#$/!
$,%!*"1&'$"/#'5!D4')"=(/#$"#44.8!

! i cisS1 + cij S0,v j
j

!

! (0) ai! i
i

!

! (t)

! (t) ai! i e! i" it

i
"

! (0)
! (0)

Figure 2. S1 couples to S0 vibrations; heavy 
lines indicate (not to scale) percent S1 character.  
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 Our task is to figure out what happens. It has been known for many years that collisional 
quenching of electronic excitation can lead to interesting product state distributions, 
including selectivity and even population inversions. 
 

<&."=&,> !
 

 Collisions can introduce the possibility of interesting product channels, namely, those 
associated with the quenching of electronic excitation. However, in the present system, 
such channels can be accessed via the small amount of S1 character of A1. This S1 character 
has all but disappeared due to internal conversion. Interestingly, there is enough S1 am-
plitude contained in the wavefunction  to achieve this, but it requires that the system 
resurrects, at least to some extent, the original  state. This resurrection is the point of 
emphasis in this complement. To illustrate the idea, we now examine a few simple models. 
 

?'."9$%0'5 !
 

 Consider the three coupled levels indicated in Fig. 3, where  is time independent and 
V can be time dependent. For exam-
ple, V may start from a value zero, 
go through a maximum, and then 
return to zero. Think of this time 
variation as due to a collision. The 
energies Ea, Eb, and Ec are set equal 
to zero for convenience.   

 The states # a, # b, and # c need clarification. Because we want this model to be consistent 
with collisional energy transfer, we write # a as a product of wavefunctions including the 
internal excitations of the colliding species, with species A1 in the excited state a, times a 
plane wave for the relative motion: 
 

  # a =   (4) 
 

It is assumed that species A2 (described by # 2) is in its ground state. Likewise, # b corres-
ponds to species A1 in the excited state b: 
 

  # b =  (5) 
 

When the colliding species are far apart,  couples  and  yielding: 
 

   =   (6) 

 

 The collision is represented by the coupling term V. This coupling term can result in the 
de-excitation of species A1 and the concomitant excitation of species A2. The wavefunction 
for this state is written: 
 

! (t )
! (0)

V 0

! 1(a)! 2 eik!r

! 1(b)! 2 eik!r

V 0 ! 1(a) ! 1(b)

! ± 1
2

! 1(a) ±! 1(b)( )! 2eik!r

Figure 3. " a and " b are coupled by time independent 
V0; " b and " c are coupled by time dependent V. 
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  # c =   (7) 
 

where  represents A1 that has been de-excited and  denotes A2 in excited state c. 
Recall that if V is taken to be time independent, the eigenvalues are 
 

  E1,2 = ± ( | Vab | 
2 + | Vbc | 

2
 ) and E3 = 0  (8) 

 

In this case, following a little algebra, the wavefunctions are 
 

    =  (9) 
 

    =  (10) 
 

    = . (11) 

 

Matrix elements of  and V are Vab and Vbc, respectively. It is assumed that the diagonal 
matrix elements of  and V are zero, and that Vabc = . Equations 
(10) Ð (12) show the limiting cases | Vab | >> | Vbc | and | Vab | << | Vbc |. 

 Slowly turning on V yields an adiabatic switching limit. As V increases, its matrix ele-
ments can be made to vary from much smaller than those of  to much larger than those 
of . In the beginning, | Vab | >> | Vbc |, and  and  are strongly coupled, forming 
eigenstates  and , with  essentially uncoupled from  and . Alternatively, 
when V has increased to the point where | Vab | << | Vbc |, it is now  and  that are 
strongly coupled, with  weakly coupled to this pair. 
 If the system is prepared at t = 0 (i.e., when V = 0) such that species A1 is in the non-
stationary state # a, the wave function of species A1 evolves as 
 

   =   =  (12) 
 

where % = | Vab | .  oscillates between  and  before V is turned on.  

 When V is turned on, but its effect is modest relative to that of , & | V | $ is 
given by . In this regime, the dynamics of the coupled  /  system 
is not affected significantly by the presence of A2, because V has been turned on only a 
little. For example, if  is lossy, there will be little loss transmitted to the coupled 

 /  part of the system. This poor coupling is a consequence of small V. In addition to 
V being small,  /  interstate dynamics also affect coupling by allowing the  
doorway state to be accessible only periodically. It might be interesting to extend this to 
the case described by eqns (1) Ð (3). 
 Now consider the limit in which V is much larger than . In this case,  and  
couple strongly. If  = , when  begins to build up,  and  couple strongly 
and  uncouples from the /  pair. 
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 The above problem can be solved for any choice of time dependent perturbation V. For 
example,  =  can be expressed as 
 

   . (13) 

 

This can be solved, though not trivially, as the matrix elements are time dependent. And 
so on. 
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1. Consider the coupling of evenly spa-
ced levels | sn ! to a quasi-continuum 
| kq ! via a single intermediate level 
| s' !. Assume that: (i) V has no non-
zero matrix elements among the | sn ! 
nor among the | kq !; (ii)  is the 
same for all n (i.e., ); and (iii) 

 is the same for all q (i.e., ).   

 Start with the parameter values: "  = 
100,  = 1,  = 100, and # = 1. 
There are seven | sn ! levels. Es' is 
equal to En for the middle | sn ! level. Describe the percentage of | sn ! character in the 
eigenstates for each of the n. First give a qualitative description and then use matrix 
diagonalization. Watch out for the dimension of the matrix. Now vary  in order to 
examine the system as the coupling of | s' ! to the quasi-continuum increases, i.e.,  
goes from being smaller than  to being larger than . 

 

2. Examine further the above system of the intermediate | s' ! coupling the | sn ! levels to 
the quasi-continuum | kq !. Assume equal spacing # between adjacent | kq ! and equal 
spacing "  between adjacent | sn !. Derive analytical expressions for | $ sn | %i ! | 2 and 
| $ s' | %i ! | 2, where | %i ! is an eigenstate. (a) Apply this to the case "  = 100,  = 10, 
# = 0.01, and  = 1; assume Es' = 0 (i.e., degenerate with the middle | sn ! state). (b) 
Now make plots for a large enough number of cases to demonstrate the difference 
between | s' ! being coupled more strongly to the | kq ! versus more strongly to the | sn !. 

 

3. Consider the situation on the right. Assume that the 
only nonzero matrix elements are those that couple 
| s1 ! and | s2 ! to the | kq !, and these have the same 
value: $ s1 | V | kq ! = $ s2 | V | kq ! = Vsk. Derive 
analytical expressions for P(s1) = | $ s1 | %i ! | 2 and 
P(s2) = | $ s2 | %i ! | 2. Make plots of P(s1), P(s2), and 
P(s1) + P(s2) versus energy. Choose  values 
such that the resonances range from isolated to 
overlapping. Assign appropriate values for energy 
separations and  values. The separation between 
adjacent | kq ! should be small enough that the plots 
appear continuous. Interpret the results. 

 

4. Nearest neighbor level spacing distributions are examined. Recall the Wigner and Pois-
son distributions,  and , where S is the nearest neighbor spacing. Here we 
seek distributions P(S) that use a single parameter to interpolate between the Wigner 
and Poisson limits. The (mathematically) simplest of such interpolations is 
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   P(S) =  (1) 
 

 where &  is a parameter that varies continuously between zero and one, i.e., the Poisson 
and Wigner limits. Equation (1) represents a system that is composed of two groups of 
levels. Respective contributions from each group are accounted for with the parameter 
&. This scenario, in which each group is entirely Wigner or Poisson in character, differs 
from the case where the dynamics are intermediate between the Wigner and Poisson 
limits. 

 A different strategy is to start with the level spacing probability density ' (S) and derive 
the resulting nearest-neighbor distributions. This is preferred over eqn (1) because it 
deals directly with ' (S), and the corresponding distribution function P(S) is derived. 
Pursuant to this, examine the case 

 

    (2) 
 

 where q is a parameter that varies continuously between zero and one. To obtain the 
corresponding P(S), the constant (  needs to be determined. Derive the expressions for 
(  and P(S), and discuss the content of eqn (2). Namely, what kind of system does it 
represent and how does this system differ from that of eqn (1). 

 

5. A triatom has 3 non-degenerate vibrations (in cmÐ1): ) 1 = 382.2, ) 2 = 1031.7, and ) 3 = 
1318.4. To simplify matters, assume that these vibrations belong to the same symmetry 
species (unrealistic) and that they are harmonic: 

 

   E = ,  
 

 where ni denotes the number of quanta in the ith mode, and E is relative to the zero-
point level. Consider the range: 36,000 !  E !  40,000 cmÐ1. Obtain P(S) versus S and 
display this in a histogram. Now introduce off-diagonal matrix elements Hij . Assume 
a tri-diagonal form and a single value for all the Hij . Examine four cases in which Hij  
assumes the values 0.1, 1.0, 10, and 100 cmÐ1. In each case, use the eigenvalues to 
construct plots of P(S) versus S. Discuss the results. What is ! (E) versus E over this 
4000 cmÐ1 range; choose the resolution such that ! (E) varies smoothly. 

 

6. A particle wave packet is , where the  are eigenfunctions. You 
know that c1 = c2 = 0.5. What is | c3 | ? A measurement that distinguishes  character 
is carried out, and it is found that the particle is in . Immediately following this, a 
second such measurement is carried out. What is the probability that in this second 
measurement the particle is found in ? 

 

7. Consider sequential coupling 
to a continuum for the two- 
level system shown below, in 
which  is real and  is the 
decay rate of | b ! to the con-
tinuum. Describe the resulting 

! PW(S)+ (1! ! )PP(S)

! (S) = " Sq

n1! 1 + n2! 2 + n3! 3

c1! 1 + c2! 2 + c3! 3 ! i

! i

! 1

! 3

Vab ! b
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eigenstates | 1 ! and | 2 ! having energies E1 and E2. How do they vary with parameters, 
"  = Ea Ð Eb, , and ?  Consider two limits: (i) | b ! is coupled to the continuum 
much more strongly than it is coupled to | a !; and (ii)  | a ! and | b ! are much more 
strongly coupled to one another than | b ! is coupled to the continuum. Discuss these 
limits. For example, how do the decay rates of the levels vary with  in (i)?  

 

8. For square matrices A and B (of equal dimension), it is always true that Tr AB = Tr BA, 
where the trace, Tr, is the sum of the diagonal matrix elements. Yet, everyone knows 
that xp Ð px = . Therefore, matrix representations of x and p appear to be incom-
patible with the commutator relation. Explain what is going on. Hint: Use a harmonic 
oscillator basis and a 4 *  4 matrix to illustrate the point, and then extend the argument 
to a matrix of arbitrary size. Is the effect basis dependent, i.e., what if a basis other than 
that of a harmonic oscillator is used? 

 

9. Consider the Bixon-Jortner model for a case in which a modest number of dark states 
| kq ! are coupled to a single bright state, | s !. The bright state has a spontaneous emis-
sion lifetime of 100 ns. Discuss the spontaneous emission lifetimes of the molecular 
eigenstates. Devise an experiment in which molecules initially  emit with a rate of 107 
s 

Ð1. However, this rate quickly decreases and emission then takes place on a time scale 
significantly longer than 100 ns. 

 

10. A molecule has nine normal modes and no degenerate frequencies. Assume that in a 
certain energy regime the density of vibrational states is 100 per cm 

Ð1 and that all an-
harmonic couplings can be neglected. To which nearest-neighbor spacing distribution 
will this system be closest: Wigner, Poisson, or Brody. Explain. 

 

11. In Complement C, an expression for an interference lineshape (Fano profile) was de-
rived. This result indicates that the signal goes to zero as frequency is varied across the 
spectral region over which interference is manifest. Explain why this happens. 

 

12. We have seen that the representation in which the energy is treated as a complex var-
iable can be useful. However, in deriving the interference lineshape, complex energies 
were not used. Explain why. 

 

13. This problem illustrates how randomness that is 
easily interpreted in one basis can change appear-
ance upon transformation to a different basis. A 
privileged level +n is coupled to the +s. The average 
nearest neighbor spacing is unity, the +s levels obey 
a Wigner distribution, and the Vsn matrix elements 
for the different +s are drawn randomly from a 
Gaussian normal distribution with a mean of zero 
and a dispersion of "  2 = 4. Diagonalize this for 500 

Vab ! b

! b

i!



!
!

"#$%!&&'!()#*%+$!,'!(-.*/0123! 45-12! 6-.17! 8%#%+3'!!!9:;:9<!,9=>9!"? !

 >!

levels. Note that the eigenvalues also obey a Wigner distribution. Retain the matrix S 
that diagonalizes H.   

 

 Now let +n decay: En ,  , with - 
the decay rate (see figure). The +s levels do 
not decay directly to the continuum but via 
+n. Make a histogram showing the distribu-
tion of Sni matrix elements versus Sni. Recall 
that these are expansion coefficients for the 
eigenstates in the given basis. How does this 
compare to the Gaussian normal distribution 
used to obtain the Vsn matrix elements? De-
rive an expression for the matrix elements of the width matrix  in the new basis in 
terms of matrix elements of S and the parameter -. Hint: In the original basis, the width 
matrix contains a single nonzero element: , and consequently the  matrix 
element of the transformed matrix is 

 

   . 

 

14. Derive eqn (2.1). The large matrix below eqn (2.1) shows a tetrad (4 *  4 block) that is 
not filled in. Write the 5 *  5 blocks. Use eqn (2.1) to obtain the matrix elements. 

 

15. Figure 1 has part (b) missing. Fill this in. In other words, choose values for the zero 
order energies and two matrix elements and diagonalize the 3 *  3 matrix for different 
values of the third matrix element. Then make the indicated plot. It should illustrate 
"repulsion." 

 

16. Make the plots indicated in Fig. 2 of Complement C. For guidance in choosing 
parameters refer to the shapes in Figs. 3 and 4. 

 
!  

En ! i! ! / 2

! !

! ! " kn! nl ij th

! ! ij = Sik( )! 1 ! ! " kn! nl( ) Slj( )
k, l
"
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