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This beautiful example of a surface plasmon polariton is 
from the website of the Photonic Materials Group, FOM-
Institute AMOLF, Amsterdam, The Netherlands. 
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5.1. Introduction 

 
 Nowadays no treatment of plasmas in metals is complete without a discussion of their 
behavior in the nanoscale regime. This includes the fundamentals, to be sure, but in addi-
tion a sampling of the myriad applications that have been proposed and in many cases 
realized. The nanoscale plasma regime accommodates different particle shapes, sizes, and 
arrangements, using a host of materials for both the active media and the surrounding and 
supporting dielectrics. In all cases, the motions of conduction band electrons are coupled 
inextricably to electromagnetic fields.  
 Plasmonics, broadly defined, is the study of interactions between optical frequency 
(including near-infrared and ultraviolet) electromagnetic fields and the plasma electrons 
of metals. The word plasmonics itself conjures images of plasma, plasmon, electronics, 
optics, and perhaps other terms. It is an area of intense research activity, rife with oppor-
tunities that range from high-speed electronics to information technology to cancer detec-
tion and therapy. 
 In this chapter we shall examine a few simple models of nanoscale plasmas in metals. 
These are highly idealized cases that, for the most part, can be solved analytically, and 
whose contents and phenomena are easily understood. They do not represent real sys-
tems, as a number of important issues are avoided to keep matters simple. For example, it 
is assumed that samples contain no impurities, particle shapes are perfect (sphere, wire, 
disk, ellipse, cube, and more), boundaries are sharp, with bulk dielectric properties used 
on each side of the boundary, the ligands that cap particles to prevent them from coales-
cing in solution are ignored, retardation is ignored, interband transitions are treated casu-
ally, and scalar, rather than tensor, dielectric properties are assumed.  
 Such caveats notwithstanding, the simple models are prerequisite to more thorough 
counterparts. The latter involve computer simulations in which careful interpretation is 
required. In other words, the simple models are a training ground. If you have trouble 
understanding these, seek advice, but stick with it. There is no sense advancing to large-
scale computer simulations with inadequate preparation. 
 This is an interdisciplinary area that benefits from skills and knowledge brought to the 
table from a broad range of disciplines: chemistry, applied physics, electrical engineering, 
and material science, to say nothing of applications in medicine, biological science, and 
so on. Chemists have been brilliant insofar as growing different shapes and sizes, attach-
ing protective ligands, and charging and functionalizing the particles. Physicists and 
engineers arrive on the scene well versed in electrodynamics, 
the rich history of applications involving interactions of radi-
ation and matter, and solid-state physics. There is no new sci-
ence in the application of the equations of classical electrody-
namics to small objects, but there is certainly an abundance 
of new phenomena and applications. Moreover, these are 
unique to the optical part of the spectrum (including near-
infrared and ultraviolet). Though Maxwell's equations are 
scale invariant, material properties are not. Consequently, 
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many applications have no counterparts in other parts of the spectrum, for example, in the 
microwave regime with its correspondingly larger samples. 
 As mentioned above, the approach used in the present chapter 
is to introduce a few simple models, work out the math, and dis-
cuss the results and implications in largely descriptive terms. 
Though the math is straightforward, if you are unfamiliar with it, 
be sure to give yourself ample time. In light of the nature of the 
material, plunging into a more thorough mathematical description 
would likely prove vexing while adding little enlightenment. 
Several interesting phenomena will be assigned as individual pro-
jects, including half-hour presentations. 
 Much of the fundamental understanding is derivative of work 
that was carried out over a century ago by Gustav Mie. His semi-
nal paper on the subject was published in 1908 [53]. He worked 
out, using pen and paper, the interaction of small metallic spheres 
with incident plane waves, specifically, how the spheres scatter and absorb the radiation. 
This enabled him to explain the colors found in brightly colored glasses. He had suspec-
ted, and was able to demonstrate through his derivation, that the colors resulted from ab-
sorption and scattering by small metal spheres embedded homogeneously in the glasses.  

 The original suggestion that this was the 
case came from Michael Faraday half a cen-
tury earlier. Faraday came from a poor fami-
ly. He was self-educated and brilliant, though 
abysmal at mathematics. Moreover, Max-
well's equations had not yet been put forth. 
Faraday's insight proved to be prescient. 
Nowadays, the equations of classical electro-
dynamics can be solved using efficient com-
puter codes for electromagnetic radiation in-
teracting with particles of virtually any shape, 

size, and composition. Still, the main understanding was acquired through Gustav Mie's 
pen-and-paper calculations. 
 

Examples from Contemporary Plasmonics 
 
 Toward the end of the previous chapter, it was seen that free electrons in small spheri-
cal particles behave differently than their bulk counterparts. For example, couplings to el-
ectromagnetic fields differ qualitatively. It was pointed out that effects due to retardation 
can be safely neglected as long as the particle's characteristic dimension (diameter in the 
case of the sphere) is much smaller than the inverse of the electromagnetic field's wave 
vector: k d << 1. This defines the quasistatic regime of optical near fields, which simpli-
fies the math, making it ideal for an introductory pedagogical treatment. This quasistatic 
approximation has been (and continues to be) used in the field of Plasmonics. Indeed, it 
has been applied at one time or another to the majority of the cases examined in this 
chapter, even though k d << 1 is often not achieved.  

Gustav Mie 

Michael Faraday 
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 Gold nanospheres are popular. They are commercially available in diameters ranging 
from 0.9 nm to hundreds of nm, and they can be capped to prevent their coagulation in 
solution using an impressive array of ligands. The plasmon resonance peak position de-
pends on environment, and in general it shifts toward longer wavelength with increasing 
diameter, as indicated in Fig. 1.  
 One of the most popular gold 
nanosphere diameters is 20 nm. 
Its resonance peaks near 530 nm, 
at which wavelength k d ≈ 0.24 for 
a surrounding medium whose in-
dex of refraction is close to unity. 
Invoking the quasistatic approxi-
mation for a case like this is ac-
ceptable for qualitative understan-
ding, though one would hardly 
say that k d << 1 is satisfied. Lar-
ger diameters, say up to 100 nm, 
have resonances that shift pro-
gressively toward the infrared, 
and this spectral shift is attributa-
ble to retardation. For a sphere 
diameter of 100 nm, the reso-
nance peak is at 570 nm, and k d ≈ 
1.1, so the quasistatic approxima-
tion is not applicable. Rather, one must obtain the full solution of the electrodynamics 
equations. In this chapter, we shall work out two examples using the quasistatic approxi-
mation: a small metal sphere, and a long, straight wire of small cross section. We shall 
then discuss small metal cubes and how they are modeled using numerical integration of 
the electrodynamics equations. 
 A number of applications involve smaller spheres than those indicated in Fig. 1, and 
even charged ones. The charges are delivered to the sphere surface using anions and cat-
ions, themselves followed by protective ligands. These applications are important in med-
ical fields. Figure 2 shows a few brightly colored solutions that contain charged nano-
spheres. These spheres are sufficiently small to justify the quasistatic approximation, 
though the smallest ones fail in another important respect insofar as application of a 
simple model. Namely, the use of a bulk dielectric function is unacceptable, as the major-
ity of the atoms are at the sphere's surface. 
 
 
 
 
 
 
 

Figure 1. Data for gold nanospheres (from the nano-
Composix website) indicate the dependence of the 
resonance peak wavelength on sphere diameter. 

Figure 2. Charged gold nano-
spheres display a wide range 
of colors: left to right, with 
sphere diameter in nm: 0.9, 
1.2, 1.8, 3, and 5. (taken from 
the NanopartzTM website) 
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 Particle shape has also proven influential. I find it nothing short of brilliant that so 
many different shapes can be grown with excellent control over size, which is monodis-
perse to a high degree (Fig. 3). Dipolar character emerged for the small sphere, and we 
saw that small spheres behave in many ways like small antennae. The extent to which the 
resonant frequency for charge density oscillation changes 
from one geometrical configuration to the next is striking. 
For example, we saw that for γ = 0 it is ! p  for the bulk, 
! p / 21/2  for a flat surface, and ! p / 31/2  for a small 
sphere. It was also seen that the resonance frequency of a rectangular metal slab, small or 
otherwise, is ! p . Of course, it is necessary that the slab is thin to ensure that edge effects 
play a minor role. The dramatic difference between the resonance frequencies of the 
small slab versus the small sphere underscores the fact that shape plays a major role inso-
far as a nanoparticle's natural charge oscillation frequency. As mentioned above, a rule-
of-thumb was introduced for defining a particle as being small. Namely, its characteristic 
length must be much smaller than the inverse wave vector of the electromagnetic field to 
which it couples. Further pursuit was not carried out in Chapter 4, but delayed until now. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 Metallic systems are highly polarizable because there is no band gap to inhibit electron 
flow. It was found that the polarization field of the conduction band electrons of the nan-
oscale plasma could undergo coherent oscillation at a frequency that depends on the rela-
tionship between the electric field and the polarization within the sample. The approach 
that was taken was to use classical mechanics and classical electromagnetism, with quan-
tization of the plasma field added at the end. Most understanding can be gleaned from 
classical physics. This is inevitable in a system that has subsumed the quantum effects 
into the dielectric function, as the non-quantized version of Maxwell's equations are 
known to do an excellent job without the need to resort to the photon's quantum nature. 

Figure 3. (above) Nanorods absorb near 
infrared radiation that passes through 
human skin, opening the door to an ab-
undance of medical applications.  (right) 
The Mirkin group at Northwestern Uni-
versity has mastered the growth of num-
erous shapes [54]. 
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 As long as we stick to classical physics, there should be no conceptual difficulty with 
different shapes such as cubes, flat triangles, pyramids, ellipses, and rods. Carrying out 
the math is not easy, but it is conceptually straightforward and accessible computation-
ally. In other words, patience and stamina are required, but as long as the use of a bulk 
dielectric function is justified, the electrodynamics equations can be solved using the 
brute force approach afforded by large computers. 
 

Dielectric Response: Bound versus Free Electrons  
 
  Let us start by reviewing 
a few relevant facts about the 
conduction band electrons in 
metals versus the bound elec-
trons in electrically insula-
ting dielectrics. Referring to 
Fig. 4, consider a dielectric 
medium whose electrons are 
bound securely to sites, as in-
dicated schematically in (a). 
Such a medium shall be re-
ferred to hereafter as a nor-
mal dielectric. An applied el-
ectric field  

!
E , whose fre-

quency is much smaller than 
that of the material's lowest 
electronically excited state,1 
displaces electron density 
from its equilibrium distribu-
tion. In other words, it polar-
izes the system, as indicated in (b).  
 In this case, the force on an electron:  

!
F = –e

!
E , is in the direction opposite that of the 

field  
!
E . This external force is opposed by a restoring force, !" x , that acts to return the 

electron density to its equilibrium distribution. The resonant frequency of the restoring 
force is much larger than the frequency of the applied field, so the electron density simply 
follows the driving force. That is, the electron density is in phase with  

!
F  and therefore 

180° out of phase with  
!
E . 

 Compare this situation to that of a free electron exposed to an electric field, as indica-
ted in (c). Assume electron motion experiences negligible resistance. Such an electron 
obeys the equation:  m!!x = !" 2x = –e

"
E . In other words, its displacement is 180° out of 

phase with the driving force  
!
F , meaning that it is in phase with  

!
E . Thus, we see that the 

normal dielectric responds quite differently to the applied field than does the plasma, with 

                                                        
 
1 For systems composed of light atoms, this criterion applies to states having the same multiplici-

ty. For heavy atoms such as gold, this rule of thumb breaks down. 

Figure 4. (a) Hypothetical bound 
electron density (blue) is spherical-
ly symmetric with no applied field. 
(b) The field  

!
E  distorts the densi-

ty, pushing it toward the right. (c) 
For a free electron, the phases of 
 !x  and x differ from that of the dri-
ving force by π / 2 and π, respec-
tively. Thus, displacement, x, is in 
phase with  

!
E . 

 
!
F

x

 !x

 
!
E

(a) (b)

 
!
F = –e

!
E

(c)

x
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its free-electron behavior. In the case of the former, polarization of the dielectric screens 
the field, whereas in the case of the plasma, the field is enhanced. 
 This qualitative difference manifests as the plasma dielectric function !(" )  being 
negative at frequencies below the characteristic frequency for plasma oscillation ! p , 
rendering propagation impossible. When ! >! p , the plasma's dielectric function is real 
but less than one. These features stand in marked contrast to the normal dielectric, which 
has ε > 1.2 All of this stuff fits. Recall that in Chapter 4 we found that the propagation of 
an electromagnetic wave is allowed in lossless bulk plasma when ! >! p , where ! p2  = 
4!ne2 / " lat me , whereas there is no propagation when ! <! p . For metals, this highly 
idealized case rarely suffices, as interband transitions are nearly always encountered, for 
example, as noted in Fig. 5 of Chapter 4. 
 The situation with metal nanoparticles is much more favorable. Their resonances are at 
significantly longer wavelengths than those of bulk counterparts. This lessens the partici-
pation of interband transitions. At optical frequencies, the skin depth exceeds (or at least 
is comparable to) particle dimensions. Thus, non-propagating fields can exist within the 
particles. Moreover, !(" )  < 0 is not only acceptable, but it is desirable; particle shape 
dictates to a large extent resonant frequency; and particles can be arranged into configu-
rations suitable for specific applications. Figure 3 shows a number of shapes that can be 
prepared with good control of geometric parameters. 
 

Strategy 
 
 An important aspect of the analyses presented below is field enhancement. It lies at the 
heart of Richard Van Duyne's discovery of Surface Enhanced Raman Scattering (SERS), 
which is arguably the progenitor of the field of Plasmonics. We shall start with a small 
sphere and its user-friendly coordinates. This yields a criterion referred to as the Fröhlich 
condition for resonant field enhancement. Next, a long thin wire will be examined using 
cylindrical coordinates – a nice complement to the small sphere. The case of a small 
ellipsoid can be solved analytically. This will be skipped, but assigned as a project, inclu-
ding a presentation. The last of the small metal objects to be examined is the cube. With 
its sharp corners and edges, it is not as benign as the sphere or thin wire. Anyone who has 
ever dealt with high voltage knows that electric fields at sharp points and edges can be in-
tense. This is why high voltage transformers and capacitors are immersed in oil or placed 
in an atmosphere of SF6, which is an efficient electron scavenger. The intense fields are 
why you smell ozone near high voltage transformers exposed to a humid atmosphere. The 
fields induce so-called corona discharge that occurs at sharp points that experience a high 
potential. We will finish with general comments about shapes and arrangements of metal 
nanoparticles, and how field enhancement provides high sensitivity for detecting material 
adjacent to the metal particles. 

                                                        
 
2 Much of the mathematical development in this chapter also applies to ionic crystals, which have 

energy gaps where propagation is forbidden (reststrahlen). In these gaps, the dielectric function 
is negative and resonances arise for nanoparticles of the material. R. Fuchs worked out, in 1975, 
the case of nanocubes of ionic materials such as NaCl, and noted that his model also applies to 
metals [56]. Such ionic nanocubes have resonances in the far infrared. 
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5.2. Localized Surface Plasmons 

 
 The electronic properties of nanoscale metallic objects differ from those of their bulk 
counterparts in ways that are qualitative and of technological consequence. Virtually all 
of the current and envisioned applications of plasmons in nanoscale metallic objects in-
volve localized surface excitations. It is not as if only those electrons in close proximity 
to the surfaces participate. The entire ensemble of conduction band electrons moves, in 
fact, coherently. It is just that net charge imbalance occurs only at the surfaces. This is 
akin to the situation with the jellium model of the oscillating electron slab mentioned in 
the last chapter. The electrons, taken together and with a positively charged substrate that 
assures overall electrical neutrality, constitute a field. Plasma oscillation is a coherent 
oscillation of the polarization. It is not to be confused with an excited state of the kind en-
countered in molecules or interband transitions in a solid. 
 Localized surface excitations do not, by themselves, propagate. Arrangements of 
nanoscale objects, as well as shapes such as 1D strips, can support propagation, but in 
general the individual nanoscale objects do not support propagation in the sense of a 
wave with reasonably well-defined wave vector. They are far too small. On the other 
hand, their smallness endows them with properties that are not present in bulk plasma or 
its surface. In the present chapter, we shall focus on metals, with the understanding that 
much of what is discussed also applies to doped semiconductors. 
 
 
 
 
 
 
 
 
 

 An object comprised of a few tens of metal atoms can be thought of, and treated math-
ematically, as a medium-sized molecule. Metallic behavior – perhaps incipient in such a 
small object – only manifests when the number of atoms is increased significantly. As in 
the case of a polyatomic molecule, the small object absorbs radiation at frequencies that 
are characteristic of its electronic transitions. There are no collective plasma oscillations 
of the type described in the previous chapter, or at least only incipient ones.  
 Let us compare this small assembly of metal atoms with a spherical object comprised 
of the same kind of metal atoms, but with a radius of 20 nm. This object has a factor of ~ 
3 × 104 more atoms than a 1 nm3 object made of the same atoms and, most importantly, it 
displays plasmonic character in the form of collective oscillation of the conduction band 
electrons. At the same time, the linear dimension of this object is smaller than the 530 nm 
wavelength of radiation whose frequency matches that of the plasma oscillation. There-
fore, we can treat the 20 nm diameter sphere as being an entity that absorbs and scatters 

Figure 5. Surfaces play a large role in nanoscale plasmas because a significant percen-
tage of a particle's atoms lie on the surface. 

Fe
fraction of 
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surface :10!7
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fraction of 
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radiation, but with a cross section that is enormous compared to those of polyatomic 
molecules. After all, a large distance separates the charges oscillating on opposite sides of 
the sphere, ensuring a huge transition dipole moment.  
 On the other hand, do not be misled about the efficacy with which a small object like a 
nanosphere absorbs and emits radiation. I will not go over this in detail, but were we to 
calculate the cross section for a 20 nm diameter Au sphere annihilating a photon at the 
plasmon resonance, and then divide this number by the number of Au atoms in the sphere, 
the cross section would come down to the atomic and molecular level. 
 As discussed in Section 1, the fact that the object is much smaller than the wavelength 
of the radiation means its behavior can be discussed from the perspective of electrosta-
tics. The situation is said to be quasistatic: electrostatics can be used to calculate spatial 
properties, with the time behavior of the oscillating fields and charges added later. Retar-
dation is ignored; there is no propagation. The curved surface presents a restoring force, 
and the collective electron excitations are referred to as localized surface plasmons. 
 

5.3. Dielectric Sphere in a Static Electric Field 
 
 Let us now examine the case of a metal sphere that is present in a static electric field 
whose value far from the sphere is  

!
E0  = E0 ẑ , as indicated in Fig. 6. Though we shall 

focus here on a metal sphere, the model is general in the sense that it applies to any solid 
sphere whose material property is described by a bulk dielectric function !(" ) . When the 
quasistatic limit: k d << 1, is applicable, there is little phase variation of the electromag-
netic field over the sphere. Thus, the field's spatial distribution can be obtained using 
electrostatics. Following this, the field's harmonic oscillation e!i" t  is added. This exam-
ple goes a long way toward providing insight into what is going on when a small metal 
sphere interacts with electromagnetic radiation.  
 

 
 
 
 
 
 
 
 
 
 

 
 As mentioned above, the model indicated in Fig. 6 is general in the sense that it ap-
plies to any dielectric sphere embedded in any dielectric medium. We shall focus here on 
a metal sphere embedded in a dielectric medium characterized by a dielectric function 
!m (" ) . In general it is necessary to deal with the resonances of !m (" ) . However, it is 

Figure 6. A constant electric field  
!
E0  points in the z-direction at large distances from the 

metal sphere of radius a. The system is azimuthally symmetric about the z-axis. 

!m  characterizes the dielectric 
medium outside the sphere.

P(r,!) is the point
of observation.

!(" ) is the complex dielectric 
function of the metal sphere.

!

 
!
E0 = E0 ẑ

(far from sphere)

z

metal sphere

origin
Charges are induced on
the surface of the sphere.

a
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assumed that the frequencies of the !m (" )  resonances lie well outside the spectral range 
of interest. In other words, !m (" )  is taken to be constant and denoted !m . The bulk diel-
ectric function of the metal sphere, !(" ) , hereafter denoted ε for convenience, has been 
derived earlier. It is simply imported into the model, as discussed below. 
 Referring to Fig. 6, there are no free charges except those that are far from the sphere, 
namely, the charges that serve as the source for the steady field  

!
E0 . These can be neglec-

ted. Thus,  !"
!
D  = 0 is applied separately in the regions inside and outside the sphere: r < 

a, and r > a, respectively. This means that either  !"
!
E  = 0 or ε = 0 in each of these re-

gions. Recall that ε = 0 cannot be achieved with static fields. Consequently,  !"
!
E = 0 ap-

plies, and the use of  
!
E  = !"V  with  !"

!
E  = 0 yields Laplace's equation: !2V  = 0. It is 

solved separately inside and outside the sphere.  
 Laplace's equation does not apply on the sphere's surface because of the presence of 
induced charges. However, the inside and outside solutions are brought into registry with 
one another through the boundary conditions that apply at the surface of the sphere: con-
servation of the tangential component of  

!
E  and the normal component of  

!
D .  

 It is a straightforward mathematical exercise to obtain general expressions for the sta-
tic potential V (r,!)  associated with Fig. 6. This is a common example in electrostatics. 
The solutions are given below without proof. There is no variation with respect to φ due 
to symmetry, so the spherical harmonics: Ylm (!,") , become Legendre polynomials.3 You 
are encouraged to look up the derivation and work through it until you are comfortable 
with what is going on. It is carried out in several of the books in our course library. 
 

   Vin  = Al r lPl (cos!)
l=0

"

#  (5.1) 

 

and 
 

   Vout  = Bl r l +
Cl

r l+1
!
"#

$
%& Pl (cos')l=0

(

) , (5.2) 

 

where Pl (cos!)  is the Legendre polynomial.  
 We shall take Fig. 6 and eqns (5.1) and (5.2) as our starting point. The subscripts in 
and out refer to the regions inside and outside the sphere. Only the r l  term is present in 

                                                        
 
3 Laplace's equation for the potential applies inside and outside the sphere, but not on its surface 

because of induced charges there. In spherical coordinates it is 
 

  !2V = 0 =
1
r 2

"

" r
r 2

"V

" r
#
$%

&
'(
+

1
r 2 sin)

"

")
sin)

"V

")
#
$%

&
'(
+

1
r 2 sin2 )

" 2 V
"* 2

. 

 

 Symmetry eliminates the φ dependence, and separation of variables yields 
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Vin  because r!(l+1)  goes to infinity at the origin for all l ≥ 0. In other words, there is no 
charge at the origin, so there can be no r!1  variation of the potential within the sphere, 
and the other l in r!(l+1)  are even more egregious. As mentioned above, the boundary 
conditions that need to be satisfied at the surface of the sphere are that the tangential 
component of the electric field is preserved, and the normal component of the electric 
displacement field  

!
D  is preserved, namely, 

 

    !"Vin = !"Vout    (5.3) 
 

and   
 

    !" rVin = !m" rVout . (5.4) 
 

Each of these equations is to be evaluated at r = a. 
 Referring to eqn (5.2), at values of r sufficiently far from the sphere, only the Bl r l  
term survives, because r!(l+1)  approaches zero. In this region, minus the gradient of 
Bl r l  must be equal to  

!
E0 . Consequently, Bl  = 0 for l > 1, and B1  = !E0 . The l = 0 

contributions in eqns (5.1) and (5.2) amount to Vin  acquiring a constant term, A0 , and 
Vout  also acquiring a constant term, B0 , plus a term that varies as r!1 . This latter term is 
unphysical because r!1  indicates a Coulomb potential, whereas there is no net charge at 
the origin. Finally, the constant terms ( A0  and B0 ) can be neglected. Thus, all l = 0 
terms are neglected.  
 Following a bit of algebra, the constants A l  and Cl  are seen to vanish for l > 1, and 
expressions for A 1  and C1  are obtained.4 These maneuvers yield 
 

   Vin  = ! 3"m
" + 2"m

E0 r cos#   (5.5) 

 

                                                        
 
4 The r = a boundary conditions in eqns (5.3) and (5.4): !"Vin = !"Vout  and !" rVin = !m " rVout  are 

applied to eqns (5.1) and (5.2). Notice that there is no r !(l+1)  term in eqn (5.1) because it would 
diverge as the origin is approached. This is unphysical, as there is no point charge at the origin. 
In addition, l values other than 1 fail to reconcile the field far from the sphere, or give constants 
( !0  and B0 ) that can be set equal to zero. Using B1 = !E0  and a bit of math yields !1  and C1 : 

 

   !"Vin = !"Vout # A1 = !E0 +
C1
a 3

  
  

   !" rVin = !m " rVout # !A1 = "!m E0 +
2C1
a 3

#
$%

&
'(  

 

 Thus, 

   ! "E0 +
C1
a 3

#
$%

&
'( = "!m E0 +

2C1
a 3

#
$%

&
'( )  C1 = E0 a3 ! " !m

! + 2!m
 and A1 = !E0

3"m
" + 2"m

 
 

 Putting these constants into eqns (5.1) and (5.2) and using P1(cos!) = cos!  yields eqns (5.5) 
and (5.7). 
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    = ! 3"m
" + 2"m

E0 z  (5.6) 

 

   Vout  = !E0 r cos"+
# ! #m
# + 2#m

E0
a3
r 2
cos"   (5.7) 

 

    = !E0 z +
" ! "m
" + 2"m

a3
r 3
E0 z . (5.8) 

 

 The potential outside the sphere, Vout , is given by the external field term !E0 z  plus a 
term that arises from the polarization of the metal sphere. The latter contribution is equiv-
alent to the potential associated with a dipole  

!p  that is located at the origin and aligned 
with the distant field  

!
E0 = E0 ẑ .5 This dipole (also referred to as dipole moment) is ex-

pressed in terms of the field  
!
E0 :  

 

    
!p = !m"

!
E0 ,   (5.9) 

 

where α is referred to as the polarizability. In general, polarizability is a tensor, but here 
it is taken to be a scalar. The presence of !m  in this expression is due to the fact that the 
field generated by the dipole is diminished by the factor !m"1  in the dielectric medium 
where  

!
E0  exists (Fig. 6). Thus, referring to eqn (5.7), the dipole  

!p  is given by 
 

    
!p  = 

 

! " !m
! + 2!m

a3!m
!
E0 , (5.10) 

 

and the polarizability α is given by 

                                                        
 

5 For a dipole pointing in the z-direction in free space, the potential is given by (Purcell [34], 
pages 356-358): 

 

  p
cos!
r 2

. 
 

 where p is the magnitude of the dipole. The second term on the right hand side of eqn (5.7) can 
be written 

 

  a 3
! " !m
! + 2!m

#
$%

&
'(
E0
cos)
r 2

. 
 

 Thus, we identify p as being equal to 
 

  !m a 3
! " !m
! + 2!m

#
$%

&
'(
E0 , 

 

 where !m  has been added to account for screening. 
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    ! = a3 " # "m
" + 2"m

. (5.11) 

 
 The polarizability becomes infinite when ! + 2!m  vanishes. However, in considera-
tion of ε having an imaginary part, it is better to say that the polarizability becomes large 
as Re(! + 2!m )  approaches zero. The imaginary part reflects loss that arises from the 
charge oscillation's radiative decay, creation of electron-hole pairs, coupling to lattice 
phonons, dephasing of the coherent oscillation by the spherical surface, and so on. Thus, 
the resonance has a homogeneous width that turns out to be substantial: typically a few 
tenths of an eV. In any event, the resonance condition for the small sphere is 
 

   Re! = "2!m . (5.12) 
 

Equation (5.12) is referred to as the Fröhlich condition. It differs from the condition for 
bulk plasma oscillation, for example, it accounts for the particle's spherical shape.  
 Recall the expression for the dielectric function of lossless plasma: ! lat (1"# p2 /# 2 ) , 
where ! p  is the screened plasma frequency. Using Re! = 1"# p2 /# 2  ( ! lat  = 1) and 
!m = 1  with eqn (5.12) yields the dipole surface plasmon frequency of the sphere in vac-
uum: ! sph =! p / 3 . Again, this reflects the role of the curved surface. It is crude, how-
ever, as it neglects interband transitions, retardation, the dielectric strength of the sur-
rounding medium ( !m " 1), the positively charged lattice ( ! lat  ≠ 1), and more. 
 The electric fields inside and outside the sphere are obtained in the electrostatic limit 
by taking minus the gradients of the potentials, yielding 
 

    
!
Ein  = 

 

3!m
! + 2!m

!
E0  (5.13) 

 

and   
 

    
!
Eout  = 

 

!
E0 +

3n̂ (n̂ ! !p)" !p
#mr 3

  

 

    = 
 

!
E0 + E0

a3
r 3

! " !m
! + 2!m

3n̂ (n̂ # p̂)" p̂( ) , (5.14) 

 

where n̂  is the surface normal unit vector. The expression that accompanies  
!
E0  in eqn 

(5.14) requires work [33]. It is the field due to a dipole 
!p  located at the origin. It seems 

amazing that a single dipole accounts for the field outside the sphere. On second thought, 
however, the spherical symmetry ensures that only a dipole moment is involved, and not 
higher multipole moments. 
 The manipulations carried out in this section can be found in many textbooks. It is a 
nice pedagogical exercise. For us, the crucial point is that we have set the stage for exam-
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ining the remarkable degree of field enhancement that is achieved when the Fröhlich con-
dition is met, as discussed in the next section. 
 

Resonant Field Enhancement 
 
 The most important result of the present section is resonant enhancement of the fields 
and dipole associated with Fig. 6. Enhancement is largest when the Fröhlich condition: 
Re ! = "2!m , is met. This enhancement underlies many phenomena and has spawned 
many applications. To see how it works, let us look further into a few of the relationships 
derived in the previous section. The one between  

!
Ein  and the field far from the sphere, 

 
!
E0 , applies to any dielectric sphere, not just a metal one. Of course, it must be possible to 
realize a sufficiently negative value of the dielectric function if the Fröhlich condition is 
to be satisfied, and this is where the metal sphere comes in.  
 When the dielectric medium outside the sphere is air or vacuum,  

!
Ein  and  

!p  become 
 

    
!
Ein  = 

 

3
! + 2

!
E0  (5.15) 

 

    
!p  = 

 

! "1
! + 2

a3
!
E0 . (5.16) 

 

For a normal dielectric, the field inside the sphere is diminished. It is screened by the 
dielectric of the material that makes up the sphere. In this case the dipole  

!p  points in the 
direction of  

!
E0 . Note that the direction of the dipole is defined such that it points from 

negative charge to positive charge, whereas a static electric field points from positive 
charge to negative charge. 
 A metal sphere is more interesting. To see why, consider eqn (5.15) with ε given by 
1!" p2 /" 2  = 1! 3" sph2 /" 2 . Here we assume that γ = 0 and that ! lat  = 1 – not that 
these assumptions are ever realistic, but to make a point. Equation (5.15) now becomes 
 

    
!
Ein  = 

 

! 2

! 2 "! sph2

!
E0 . (5.17) 

 

 When ω is small, the field inside the sphere is out of phase with the external field, and 
its magnitude is diminished dramatically. Equation (5.17) is consistent with the fact that a 
steady electric field cannot penetrate a perfect conductor. As ω increases to the point 
where it is close to ! sph , but still smaller than ! sph ,  

!
Ein  remains out of phase with  

!
E0  

and there is a large resonance enhancement. In other words, the field  
!
Ein  is much larger 

than the field  
!
E0 . When ω exceeds ! sph  by just a little, the field inside the sphere oscil-

lates in phase with  
!
E0 , and there remains a large resonance enhancement. At very large 

ω the electrons are not able to follow the rapid oscillation of the field, and consequently 
 
!
Ein  approaches  

!
E0 . The switch from out-of-phase to in-phase at ω = ! sph  sounds dra-

matic. Indeed, the right hand side of eqn (5.17) diverges. However, there is inevitably 
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loss (γ ≠ 0), and the width of the resulting resonance eliminates singular-type behavior as 
ω passes through ! sph . 
 The dipole moment  

!p  displays analogous resonance enhancement: 
 

    
!p  = 

 
! " sph2

" 2 !" sph2
a3
!
E0 . (5.18) 

 

When ω is much smaller than ! sph ,  
!p  oscillates in phase with the external field, and it 

has the approximate value  a3
!
E0 . As ω increases and eventually approaches ! sph , large 

resonance enhancement takes place. This enhancement goes through a maximum as ω 
passes to the high-energy side of ! sph . For frequencies larger than ! sph  the dipole 
moment's oscillation is out of phase with the external field. 
 

Surrounding Medium 
 
 Returning to the dielectric medium outside the sphere, we see that the Fröhlich reso-
nance condition: Re! = "2!m , provides a means of measuring !m . As mentioned above, 
as ω is scanned through the resonance, the field at the surface of the sphere goes through 
a maximum. There are experimental methods to detect this enhancement. In fact, this can 
be traced back to Richard VanDuyne's discovery of Surface Enhanced Raman Spectro-
scopy. The center frequency of the resonance can be determined accurately, particularly 
if a process that depends on the fourth or higher power of the electric field is the basis for 
the measured signal.  
 One should characterize the metal spheres carefully: remove protective ligands, estab-
lish the metal's loss parameter γ experimentally, measure the value of ! sph  in vacuum, 
and so on. When these measurements have been carried out to satisfaction, the Fröhlich 
condition can be used to establish !m . Specifically, Re!(" 0 )  is determined from a mea-
surement carried out in air. This fixes ! lat . Then a measurement is carried out in the diel-
ectric medium characterized by !m . This yields a different resonance frequency, !m . In 
turn this yields the desired value: !m  = – ½Re!("m ) . 
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5.4. Thin Straight Wire in a Static Electric Field 

 
 The natural coordinates for a long straight wire of circular cross section are cylindri-
cal. Figure 7 is adapted from Fig. 6 of the previous section. It is, of course, expressed in 
terms of cylindrical rather than spherical coordinates. We shall take the length of the wire 
to be infinite, which enables 3D cylindrical coordinates to be replaced with 2D polar co-
ordinates, as nothing of interest depends on z. The assumption of an infinitely long wire 
distinguishes the present case from that of a nanorod, whose aspect ratio is important. 
Note that  

!
E0  is now taken as parallel to the x-axis, rather than to the z-axis, as was the 

case with spherical coordinates. Note also that the angle being used is azimuthal φ rather 
than the polar angle θ of spherical coordinates, and the polar coordinate ρ is analogous to 
the spherical coordinate r.6 
 
 
 
 
 
 
 
 
 
 
 
 

 Laplace's equation in cylindrical coordinates  
 

   1
!

"
"!

! "V
"!

#
$%

&
'(
+ 1
!2

" 2V
") 2

#
$%

&
'(
+ " 2V

"z2
 = 0, (5.19) 

 

is applicable inside and outside the wire, but not on its surface because of the presence of 
induced charges. As mentioned above, there is no variation with respect to z, so the last 
term is dropped. At the surface, boundary conditions for  

!
E  and  

!
D  are used to match the 

inside and outside solutions. Specifically, the tangential component of the electric field is 
conserved in passing through the boundary, as is the normal component of the electric 
displacement  

!
D . Equation (5.19) (with ! 2V / !z2  = 0) is easily solved using the usual 

separation of variables, starting with V = R(!)"(#) . This is straightforward but requires 
attention to detail. Let us go through it step by step. 

                                                        
 
6 The polar angle θ of spherical coordinates is the angle between the radial coordinate r and the z-

axis. Polar coordinates are two-dimensional and involve a radial coordinate ρ and an angular co-
ordinate φ. It is potentially confusing that the word polar has two meanings here. 

Figure 7. A constant electric field  
!
E0  points in the x-direction at large distances from a thin 

metal wire of radius a. The z-axis is out of the page. Everything in the figure lies in a plane. 

!m  characterizes the dielectric 
medium outside the wire.

P(!,") is the point
of observation.

!(" ) is the complex dielectric 
function of the metal wire.

!

 
!
E0 = E0 x̂

(far from wire)

xCharges are induced on
the surface of the wire.

a

y
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#
#"
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'
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R
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$
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!

# 2!
#* 2

$
%&

'
()

= 0 +   

 

       !
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"!

#
$%

&
'(
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*

" 2*
"+ 2

#
$%

&
'(

= n2 . (5.20) 

 

The general solutions to these equations are 
 

  !(")  = C1n cosn! +C2n sinn!  (5.21) 
 

  R(!)  = C3n !n +C4n !"n  (for n # 0)  (5.22) 
 

   = C0 ln! +C  (for n = 0) . (5.23) 
 

where n is an integer. When n is nonzero, it can be either positive or negative. We shall 
take n to be positive, and also retain n = 0 for the time being.  
 Again, these general expressions apply both inside and outside the wire, but not on its 
surface, where there are induced charges. A number of the constants are eliminated, and 
one of them is evaluated, upon consideration of the layout in Fig. 7:  
 

• Both inside and outside the wire, C2n  = 0 for all n, because the potential must be even 
about φ = 0.  

• Both inside and outside the wire, C0  = 0, because ln!  diverges at the origin, and it is 
not compatible with the ansatz of  

!
E0 = E0 x̂  at large ρ. It also diverges as !" # . 

• Inside the wire, C4n  = 0 for all n ≥ 1 because !"n  diverges at the origin.  
• Outside the wire, for n =1, C1,n=1C3, n=1 = !E0  to satisfy  

!
E0 = E0 x̂  at large ρ.  

• Outside the wire, for n > 1, C3n  = 0, because the field would fail to satisfy  
!
E0  = E0 x̂  

at large ρ. It would diverge as !" # .  
• The constant n = 0 terms can be set to zero. 
 

Thus, we have arrived at a neat solution: 
 

  Vin  = ! n"n cosn#
n=1

$

%  (5.24) 

 

  Vout  = !E0" cos# + $n"!n cosn#
n=1

%

& . (5.25) 

 

to be evaluated
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All that remains is to take gradients of the potentials to get expressions for the static elec-
tric fields, and then use the boundary conditions that apply at the surface of the wire to 
evaluate the constants. The boundary conditions are 
 

    !"Vin = !"Vout    (5.26) 
 

    !"#Vin = !m"#Vout . (5.27) 
 

Each of these expressions is evaluated at ρ = a. When retaining only the n = 1 terms, the 
resulting equations are, respectively, 
 

    !1 = a2 "1 + E0( )    (5.28) 
 

    !"1 = #!m
$1
a2

+ E0
%
&'

(
)*  . (5.29) 

 

Solving for !1  and !1  yields 
 

    !1 = "E0
2#m
# + #m

 and !1 = E0a2
" # "m
" + "m

. (5.30) 

 

For n > 1, all terms in the expansion of the potential, both inside and outside the wire 
vanish, in which case 
 

  Vin  = !E0" cos#
2$m
$ + $m

%
&'

(
)*

 (5.31) 

 

  Vout  = ! E0 " cos# 1! a
2

"2
$ ! $m
$ + $m

%
&'

(
)*

 (5.32) 

 

Exercise: Explain why all terms with n > 1 in the expansion of the potential must vanish. 
Verify eqns (5.31) and (5.32).  
 

 The electric fields are obtained by taking minus the gradient while using ! cos"  = x: 
 

   
!
Ein  = E0

2!m
! + !m

x̂  (5.33) 

 

   
!
Eout  = E0 x̂ ! a2

" ! "m
" + "m

# cos$
%

&
'(

)
*+

 (5.34) 
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   = E0 x̂ + a
2

!2
" # "m
" + "m

!̂ cos$ + $̂ sin$( )  (5.35) 

 

 It is interesting that the field inside the cylinder has a constant value and points in the 
same direction as the field far away, E0 x̂ . The field outside the cylinder is not terribly 
exciting or intriguing. At least it has the decency to behave sensibly, in the sense that it 
falls off as !"2 . As with the sphere, strong field enhancement occurs when ! + !m  is 
near its minimum, which never reaches zero because of loss, though it can get close. 
 

5.5. Metal Cube 
 
 The sphere and long straight wire with 
circular cross section each have smooth sur-
faces. The fields that arise at their dielectric 
discontinuities are enhanced greatly when a 
resonance condition is satisfied. It requires 
that the active material have a frequency de-
pendent dielectric function that can take on 
a specific negative value to satisfy the reso-
nance condition.  
 A metal cube, on the other hand, has sharp 
corners and edges that concentrate charge 
and give rise to intense electric fields. Re-
call that in the Introduction it was stated: 
"Anyone who has ever dealt with high vol-
tage knows that electric fields at sharp 
points and edges can be intense. This is why 
high voltage transformers and capacitors are 
immersed in oil or placed in an atmosphere 
of SF6, which is an efficient electron scav-
enger. The intense fields are why you smell 
ozone near high voltage transformers expos-
ed to a humid atmosphere. The fields induce so-called corona discharge that occurs at 
sharp points that experience a high potential."  
 There is no reason to believe that anything as simple as the sphere's lone dipole field 
or the wire's field will be forthcoming from the cube. In terms of a multipole expansion 
of the potential, terms through quadrupole and higher are inevitable. Fuchs worked out a 
lot of this in 1975 [56]. I am not inclined to follow this path, however. Such a multipole 
expansion is mathematically tedious, and would bog us down in algebra and vector man-
ipulations. It is best to turn to an approach that is general and easily implemented: 
numerical integration of Maxwell's equations and Fourier analysis. 

This picture was ta-
ken from Google Im-
ages. The data are 
from the lab of You-
nan Xia, when he 
was at the Universi-
ty of Washington 
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 A straightforward way to tackle the modeling of metal 
nanocubes that are present in a surrounding dielectric me-
dium and supported on a dielectric substrate is to use a 
short duration pulse of plane wave radiation to excite and 
scatter from the particle. The temporal width of the short 
duration pulse (sinusoid with Gaussian envelope, note 
sketch) defines its spectral content, which is made to span 
the spectral range of interest, for example, wavelengths of 
300 – 1000 nm.  
 One then propagates the plane wave toward the target, encloses the target region with 
a closed surface, and carries out numerical integration, for example, of the Poynting vec-
tor. This is referred to as the Finite Difference Time Domain (FDTD) approach. Scatter-
ing and absorption features are discerned. Because the fields are fully retarded, cube di-
mensions > 50 nm, which are typical, present no challenge. You might recall that George 
Schatz, our 2015 Stauffer Lecturer, uses this approach with great success. If you are 
interested, I have a book that describes the method, and you are welcome to borrow it. 
Aspects of the metal cube that can be appreciated as intuitive are given below. 
 Ringe et al. published a comprehen-
sive paper in 2010 [57], in which they 
examined Ag and Au nanocubes (edge 
lengths in the range 70-90 nm) both 
experimentally and theoretically, the 
latter using the FDTD approach. The 
systems are indicated schematically in 
Fig. 8. They were able to identify 
quadrupolar and dipolar excitations, 
the former displaying field enhance-
ment at the top corners, and the latter 
displaying field enhancement at the in-
terface with the lower dielectric ( dgap  
= 0). The peak of the quadrupolar res-
onance is at higher energy than that of 
the dipolar resonance. The take home 
message from this study is that the cal-
culations are reliable and have proven 
predictive ability for the major features. 
 

5.6. Fields Produced by an Oscillating Dipole 
 
 Let us now add the oscillatory term e!i" t  to the fields to see how the material system 
responds to (interacts with) an electromagnetic wave. So far we have assumed that the 
field's spatial variation, which is given by  ei

!
k !!r , is such that it can be taken as constant 

over the dimension of the nanoparticle. That is, the quasistatic case has been treated. The 
full spacetime variation for a plane wave is now considered by using  ei(

!
k !!r "# t ) . The di-

pole  
!p  acquires the multiplier e!i" t , and we examine the fields generated by the oscilla-

dgap

!2

!(" ) !m

Figure 8. FDTD calculations were carried out 
using this geometry with ranges of parameter 
values. The dashed line is a boundary for evalu-
ation of energy flow using the Poynting vector. 

Au or Ag 
nanocube

!1
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ting dipole. The resulting electromagnetic fields outside the sphere are taken from Jack-
son [33], converted to Gaussian units, and listed below: 
 

    
!
E  = 

 
k 2 n̂ ! !p( )! n̂( ) + " ikr + 1

r 2
#
$%

&
'( 3 n̂ )

!p( ) n̂ " !p( )#
$%

&
'(
ei(
!
k )!r "* t )

r  (5.36) 

 

    
!
B  = 

 
k 2 n̂ ! !p( ) 1" 1

ikr
#
$%

&
'(
ei(
!
k )!r "* t )

r , (5.37) 

 

where n̂  is a unit vector in the direction of observation, and it is assumed that the fields 
exist in free space ( !m  = 1).  
 The radiated power is calculated in the so-called 
far field, which is defined as comprising only those 
field components that give rise to energy that propa-
gates away from the source. The same amount of en-
ergy passes through all closed spherical surfaces that 
have the dipole as their center. This requires that on-
ly those  

!
E  and  

!
B  parts that vary as r!1  survive into 

the far field. We can use the Poynting vector:  
!
S  = 

½ Re(
!
E !
!
B*)  to calculate the radiated power, retain-

ing the r!1  terms in eqns (5.36) and (5.37), which yields 
 

    
!
S  = 

 

k 4
2r 2 n̂ ! !p( )! n̂( )! n̂ ! !p( )( ) . (5.38) 

 
 
 

 The stuff inside the largest parentheses can be simplified by visualizing it in your 
head, then writing the answer, or by using one of the vector identities in Appendix 1. We 
see that the radiation is azimuthally symmetric about the z-axis. Its pattern is more-or-less 
that of a bagel or donut. 
 In dealing with nanoparticles, we are interested more in the near fields than the far 
fields. These are obtained from eqns (5.36) and (5.37) by retaining the terms in  

!
E  and  

!
B  

that have the highest power of r in the denominators. This focuses on the fields at the 
smallest values of r, for example, dropping !ik / r  while retaining !1 / r 2  in eqn (5.36). 
These assumptions yield 
 

    
!
E  = 

 

3 n̂ ! !p( ) n̂ " !p
#mr 3

ei(
!
k !!r "$ t )  (5.39) 

 

    
!
B  = 

 

ikn̂ ! !p
r 2 ei(

!
k "!r #$ t )  (5.40) 

 

 
n̂ ! !p( ) " n̂ ! !p( )( ) n̂ = !p 2 sin2 # n̂

 
!p

z point of
observation

!

n̂

Figure 9. An oscillating dipole  
!p  

has a sin2 !  radiation pattern. 
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 One sees right away that at small values of r the magnitude of the electric field ex-
ceeds greatly the magnitude of the magnetic field. Of course, the far field is very differ-
ent. The  

!
E  and  

!
B  far fields each fall off as r!1 , which preserves the amount of radiated 

energy that passes through spherical surfaces that enclose the oscillating dipole. In the 
electrostatic limit ( 

!
k! 0 ), the magnetic field vanishes, as it must in light of its relativis-

tic origin. 
 There are many interesting aspects of electrodynamics, both classical and quantum. 
For example, we are used to dealing with photons, which carry energy, forward momen-
tum, and have a spin of 1. These are quantized versions of the far fields discussed above. 
On the other hand what about the near field? Are there photons associated with a quan-
tized near field? If the answer is no, we have a strange situation on our hands: one part of 
the electromagnetic field is quantized while the other is not. If such photons exist, what 
are they like?  
 There are, in fact, photons associated with the quantized near field. To avoid confus-
ing them with regular photons, we should probably refer to them as gauge bosons, a term 
that might sound strange to you unless you have encountered this material previously. 
Call them whatever you like, but these gauge bosons are distinct from the regular photons 
that permeate our existence. You will never hear of them in chemical physics, because 
they almost never arise. They are important, however, in the theory of fundamental parti-
cles and their interactions. For example, they mediate forces at high energies and short 
ranges in a fully quantized theory. I will stop here, but this is discussed at some length in 
Part V.
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6.1. Polarized Ionic Lattice 

 
 Polaritons are interesting and im-
portant elementary excitations that 
manifest in a broad range of mater-
ials and experimental configura-
tions. Their popularity has increa-
sed throughout the last couple of 
decades due largely to potential ap-
plications. A polariton is a combin-
ation of a photon and a quantum of 
a collective material excitation that 
involves an oscillating electric or 
magnetic dipole. The material is 
generally a solid, and often a crys-
talline or polycrystalline one. In the 
present chapter, we shall focus on 
the optical branch transverse lattice 
modes of crystalline material and their oscillating electric dipoles. Not surprisingly, this 
falls under the heading of phonon polariton. 
 The naïve picture of an electromagnetic field propagating in such material and being 
absorbed near one of its vibrational resonances is inadequate. The field and material ex-
citation interact resonantly and strongly. That is, they are inextricably coupled. The fact 
that the collective material excitation is an oscillating dipole means that there is no way 
to decouple the material excitation from an electromagnetic field. In other words, the ma-
terial must support elementary excitations that contain both photon and phonon character. 
These excitations range between two extremes: photon-like and phonon-like. In general 
they are combinations, of course. 
 The present chapter is limited to theoretical underpinnings and fundamental properties 
and aspects of bulk phonon polaritons. If this whets your appetite, you will not be disap-
pointed, as possibilities are legion and the end is not in sight. 
 A polariton dispersion relation reflects an avoided crossing between the straight line of 
propagating electromagnetic radiation and the dispersion curve of the non-interacting ma-
terial, which is close to (for all practical purposes identical to) a straight line in the small 
wave vector region that is required by wave vector conservation. The sketch in Fig. 1 il-
lustrates the general idea.  
 The curves that result from the interaction differ in a number of ways from the ones 
that arise in the crossing of potential energy curves in molecular quantum mechanics. In 
the phonon polariton case, the dielectric properties of the vibrational resonance are cen-
tral to the interaction. For example, the speed of light in the medium is not equal to c, and 
it has different values at frequencies well above versus well below the resonance. Interes-
ting things happen near the resonance. For example, an energy gap appears in which pro-
pagation is forbidden. The sketch given by Fig. 1 nonetheless helps. In addition, surface 
excitations provide yet another dimension and one rife with opportunity. 

A long-range surface-plasmon-polariton propagates on 
a self-supported nano-membrane (Google Images) 
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 The polariton phenomenon is general. All material is polarizable, so some degree of 
interaction is always present. As mentioned above, propagation is affected dramatically 
when there is a resonance (matching of material and photon energies and wave vectors), 
as with the transverse optical (TO) modes that will be examined in this chapter. A 
consequence of the avoided crossing is a well-defined energy interval throughout which 
propagation is forbidden. This energy gap has nothing to do with the electronic band gaps 
encountered in Part A.  
 Many different kinds of polaritons have drawn attention in Chemistry, Materials Sci-
ence, Electrical Engineering, and Solid-State Physics: phonon, plasmon, exciton, and 
others. Ibach and Lüth state that a polariton is a normal mode (eigenmode) of a dielectric. 
This pithy definition may seem opaque to you at the moment, but it will make sense after 
you have gained sufficient knowledge of the properties of polaritons. External stimuli 
must couple to these eigenmodes in order for said stimuli to transfer energy and wave 
momentum to the crystal. Important research has been carried out using electron scatter-
ing. However, most of the interesting stuff nowadays involves photons. 
 

Outline 
 
 Recall the ionic crystal introduced back in Chapter 1. Its acoustic and optical branches 
and phonons were revealed and discussed, but without considering electromagnetic inter-
actions. In the present chapter, interactions of the crystal's optical phonons with electro-
magnetic fields are examined. The polariton dispersion relation will be obtained via two 
complementary approaches, each with plusses and minuses. The first enlists a microsco-
pic perspective that enables electrostatics to be used, specifically, when examining what 
happens in a unit cell. The second begins with the macroscopic field. The field's retard-
ation is central, and wave vector conservation enters at the outset.  
 We shall start with the microscopic model, and calculate the oscillating dipole that ex-
ists in a unit cell in the presence of an oscillating electromagnetic field. A uniform plane 
wave will be used for the field except for a few comments along the way about longitudi-
nal fields. The polarization  

!
P  (also referred to as polarization density or electrical polari-

zation) is obtained by dividing the dipole of the unit cell by the volume of the cell. It is 
used to obtain the dielectric function !(" ) . In deriving !(" ) , retardation is neglected in 
the unit cell analysis, as it is not important on small length scales such as those of unit 

Figure 1. Electromagnetic radiation and TO pho-
non dispersion curves, taken separately, cross at a 
small value of wave vector k. For an ionic crystal, 
interaction centered near the crossing point (red 
circle) is assured. This results in an avoided cros-
sing in k-space. Electronic polarization due to 
non-resonant distortion of electron density by the 
electric field, as well as polarization due to reso-
nance with the transverse optical phonon vibra-
tion, enter the dielectric function ε (ω). 

!

k

! = c
n k

transverse 
optical 
mode

! T
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cells. In this non-retarded case, the Maxwell equation  !"
!
E  =  !"ct

!
B  becomes  !"

!
E = 

0. In other words, we have the electrostatic regime. 
 Next, the phonon-photon coupling that yields polaritons is introduced. It requires re-
tarded fields. We have seen earlier that only small phonon wave vectors are possible if a 
photon and phonon are to interact. Nonetheless, and despite its restriction to the small 
wave vector regime,  

!
k  is central. It defines retardation according to  ei

!
k !!r . This exercise 

yields the phonon polariton model.  
 The second approach places the coupling between the phonon's oscillatory motion and 
the macroscopic (retarded) field at center stage. Introducing this coupling up front pro-
vides insight, notably about the interaction responsible for the avoided crossing. The 
math advances quickly – aided by a few deft maneuvers – to the dielectric function !(" ) . 
Electronic polarization is suppressed in the beginning to simplify the math, but it is 
recovered when !(" )  is obtained. The dispersion curves as well as other relationships 
follow. I do not know which of these approaches you will find more to your liking, but 
working through both of them surely will prove effective. 
 Keep in mind that we are going to obtain an intrinsic property of the material. The el-
ectromagnetic field that is present is not one brought in from afar, such as a laser beam. It 
is the inevitable consequence of vibrational motion that involves an oscillating dipole. 
With the eigenmodes of the dielectric in hand, we can turn to methods of accessing them 
by using laser radiation. 
 

Mathematical Model 
 
 The dielectric function !(" )  is derived here starting from interactions that take place 
within a unit cell. Wave vector conservation dictates that we need only consider the ionic 
crystal's optical modes whose wave vectors lie near  

!
k  = 0. This invites an electrostatics 

perspective, because retardation can be safely neglected on the small length scale of a 
unit cell. We shall begin with the local electric field in one of the unit cells,  

!
Eloc . This 

field includes the electric fields produced by all of the dipoles in the sample, evaluated at 
the unit cell of interest. Crystals such as the alkali halides, with their interpenetrating 
face-centered-cubic symmetry, have the property that the local electric field that interacts 
with the dipole of a unit cell assumes a relatively simple form: 
 

    
 

!
Eloc =

!
E + 4!

3
!
P . (6.1) 

 

 Equation (6.1) accounts for the fact that the electric field that is present in each unit 
cell of an ionic crystal,  

!
Eloc , is the sum of the macroscopic (external) electric field and 

the fields that are due to each of the neighboring dipoles. Figure 2 shows how this works. 
Here and hereafter the macroscopic (external) electric field is written without subscript, 
namely,  

!
E  rather than something like  

!
Eext . This field is not to be interpreted as incident 

from outside the crystal. This, of course, is the case when the field does not interact 
resonantly with the crystal. External radiation then passes through the crystal, experien-
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cing only a frequency independent index of refraction. In other words, in this case the 
eigenmode of the dielectric is matched perfectly to the incident radiation field.  
 As used here, the terms "external" and "macroscopic" mean that the field  

!
E  is the one 

used with Maxwell's equations in the retarded regime. It is important to have  
!
Eloc  at our 

disposal when dealing with the unit cell, because it gives the cell's dipole according to  
!p  

=  !
!
Eloc , where α is the polarizability. Macroscopic polarization is then obtained by 

dividing  
!p  by the volume of the unit cell. We shall see that the resonant contribution to 

the polarizability involves  
!
Eloc  coupling to the TO mode. 

 This mathematical exercise: accounting for the field that arises at a given unit cell 
from an infinite number of dipoles, sounds worse than it is. The math can be written such 
that the contribution to the local field at the unit cell of interest can be calculated from a 
surface charge density located far from the dipole of interest. This simplification leads 
immediately to the interesting factor of one-third that appears in the  4!

!
P / 3  term in eqn 

(6.1). The math is given in the box on the next page. 
 The dielectric function ε is introduced through  

!
D  =  !

!
E  =  

!
E  +  4!

!
P , which is written 

 

    
!
P  = 

 

! "1
4#
!
E .  (6.2) 

 

The ε in this expression is taken to be a scalar, though in general it is a second-rank ten-
sor. It is macroscopic in the sense that it describes the entire crystal. Combining eqns 
(6.1) and (6.2) yields 
 

    
 

!
Eloc =

! + 2
3
!
E . (6.3) 

 

As we saw in Chapter 5, an important parameter is the polarizability, α . It is defined here 
through the relationship:  

!p =  !
!
Eloc , where  

!p  is the dipole of the unit cell. The polariza-
tion  

!
P  is obtained by multiplying  

!p  by the number of dipoles per unit volume, n, 
 

    
!
P  =  n!

!
Eloc . (6.4) 

 

 Equations (6.2) – (6.4) can be combined in a way that highlights the relationship be-
tween polarizability and dielectric function. Minor algebra yields what is referred to as 
the Clausius-Mossotti relation: 
 

 

Contributions from Neighboring Dipoles 
 

 The electric field produced by a static dipole is 
 

    
!
Edip  = 

 

3 !p ! r̂( ) r̂ " !p
r 3

, (i) 

 

Figure 2. Each unit cell dipole (blue) 
acts as a source of electric field at the 
unit cell of interest (white box). Ima-
gine red arrows from all of the di-
poles outside the white box termina-
ting inside the white box. 
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where  
!p  is the dipole,  

!r  is the point of observation relative to the dipole, and r̂  is a unit 
vector. It is assumed that observation is far enough from the charges that constitute the dipole 
to justify the multipole expansion that yields eqn (i). With  

!p = pẑ , and summing 
contributions from all neighboring dipoles (which are assumed to be identical), the field at the 
origin of the unit cell of interest becomes 
 

    
!
Euc  = 

 

!p
3zi
!ri ! ri 2 ẑ
ri 5i

" . (ii) 

 

The vectors  
!ri  are measured relative to an origin at the center of the sphere, which is also the 

center of the unit cell of interest. Carrying out the summation results in cancellation of the 
components of  

!r  that lie in the plane perpendicular to ẑ , yielding 
 

    
!
Euc  = 

 

!p
3zi 2 ! ri 2

ri 5i
" ẑ . (iii) 

 

 Now consider a spherical volume that contains many dipoles. Referring to eqn (iii), the 
sum of zi 2 / ri 5  is equal to the sum of xi 2 / ri 5 , as well as to the sum of yi 2 / ri 5 . Each of 
these is equal to one-third the sum of ri –3 . Thus, it appears that the electric field in eqn (iii) is 
equal to zero. However, the assumption of homogeneous polarization is only satisfied when 
the sphere diameter is small compared to the wavelength of the electromagnetic field, i.e., re-
tardation can be neglected. This does not apply to the samples of interest, and we are certainly 
not interested in spherical solids. Fortunately, it turns out that the fix is easy. 
 Suppose a spherical volume is removed from the 
bulk material, and its size is such that its polarization 
can be taken as constant. For example, an IR (trans-
verse optical) wavelength of 50 µm is 103 larger than 
a sphere diameter of 50 nm. Such a sphere contains 
tens of thousands of unit cells, justifying the replace-
ment of its dipoles with a polarization.  
 There is no retardation over the sphere, so we can 
treat the polarization as constant. It yields a surface 
charge density whose value is  ! s = "

!
P # n̂  [33,34]. 

This enables us to calculate the contribution from the 
neighboring dipoles to the local field at the origin of 
the unit cell of interest.  
 The amount of charge in an incremental surface 
element is !P a2 cos" sin" d" d# . Using this as a 
source for the additional electric field at the origin, 
and retaining the z-component (the x and y components cancel) yields 
 

 

A sphere of oriented, aligned di-
poles (homogeneous polarization) 
has a surface charge density. 

z
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!
Euc = 2!

!
P cos2 " sin" d"
0

!

# =
4!
3

!
P . (iv) 

 

Adding this to  
!
E  to obtain  

!
Eloc  yields eqn (1). 

 
 

   Clausius-Mossotti: ! "1
! + 2

= 4#
3
$ n . (6.5) 

 

 This will be used to obtain the dielectric function ε in terms of the polarizability of a 
unit cell. Let us now estimate α by using an exceptionally crude model to obtain the con-
tribution from electronic polarization. We shall then deal with the more interesting con-
tribution due to oscillation of the ion pair. It is then a short step to the dispersion relation. 
 

Distortion of Electron Density 
 
 The idea here is to reveal the essence of electronic polarizability, and in so doing show 
that its resonances occur at much higher energies than those of optical phonons. Conse-
quently, sophistication is unnecessary. The outrageously crude model presented below 
dates all the way back to Drude (1900). It preceded quantum mechanics by a quarter 
century, yet captures the essence and serves our purpose. 
 

 
 
 
 
 
 
 

 
 

 Referring to Fig. 3, a spherical shell of electron density is bound harmonically to the 
core. The model is applied to each ion in the unit cell. The number of electrons in the out-
er shell of ion A is ZA  and the force constant is ! A . The equation of motion is:  ZAme

!""rA  
=  !" A

!rA ! ZAe
!
Eloc , where me  is electron mass, which is written 

 

   
 

!""rA +!A2
!rA = " e

me

!
Eloc , (6.6) 

 

where  
!rA  is the displacement from equilibrium of the shell of outer electron density of 

ion A, and !A 2  = ! A / ZAme . As usual, time behavior is expressed using complex expo-
nentials with the understanding that real parts are taken at the end of a calculation. Thus, 
 
!""rA  is equal to  !"

2 !rA , and eqn (6.6) becomes  

Figure 3. Isotropic oscillator: The restoring force has 
the same magnitude for displacements of the yellow 
outer electron shell in any radial direction. Think of an 
infinite number of springs arranged symmetrically (ra-
dially) within the white sphere. The mass of the yellow 
outer electron shell is ZAme , where me  is electron 
mass. The charge of the outer shell is !eZA . 

ZAme
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!rA = ! e
!
Eloc

me ("A2 !" 2 )
.   (6.7) 

 

Exercise: Figure 4 shows the phase rela-
tionships between displacement, veloci-
ty, and driving force for a free electron. 
This differs qualitatively from the rela-
tionship between displacement and driv-
ing force in the present model. Explain 
the nature of this difference. How does 
this difference manifest in the respective 
dielectric properties: bound charge of an 
electrical insulator versus the effectively 
free charge of a metal. This helps ex-
plain the striking difference between the dielectric property of an electrically insulating 
crystal (bound charges) and the dielectric property of a metal. 
 

The dipole of ion A is  
!pA = !ZA e

!rA , and therefore !A  (which is equal to pA / Eloc ) is 
given by 
 

   !A  = ZAe
2

me

1
(!A2 "! 2 )

. (6.8) 

 

 This shall be assigned the constant value ZA e2 /me! A2  because it is assumed that 
! <<! A . For example, the energies of the lowest electronically excited states of alkali 
halide crystals differ from the energies of their TO modes by factors of several hundred. 
The induced dipole in a unit cell is due to both distortion of electron density and ion dis-
placement. The polarizability due to the former is !A +!B  = ! el  for a diatomic unit 
cell. We now turn to the latter. 
 

Ion Displacement 
 
 The distortion of electron density described in the previous subsection did not take 
into account ion displacement. It was assumed that the ions remain stationary while the 
outermost electrons respond to the field. Of course, the ions also move in response to the 
field, and this is important near the resonant frequency for vibration of the ion pair. This 
motion was described in Chapter 1, though for a 1D lattice. Part of Fig. 15 in Chapter 1 is 
reproduced here as Fig. 5(a). Keep in mind that Fig. 5(a) shows an LO mode. The TO 
mode is indicated in (b). The combination of the TO mode and its accompanying 
electromagnetic field is, by definition, resonant. It is, after all, the phonon polariton. 

Figure 4. In the absence 
of loss and of any re-
storing force, the phases 
of  
!"r  and  

!r  differ from 
that of the driving force 
 
!
F  by π / 2 and π, re-
spectively. 

 
!
F

 
!r

 
!"r
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 Let us now estimate this resonant contribution. To keep matters simple, it is assumed 
that the distortion of electron clouds (scalar ! el  = !A +!B ) and the field-induced move-
ment of the ions relative to one another can be treated separately. 
 

Vibrational Resonance  
 
 Consider vibrational motion induced in a unit cell by the local electric field,  

!
Eloc . The 

equation of motion is  
 

    µ
!""R +!

!
R = q

!
Eloc ,  (6.9) 

 

where  
!
R  denotes displacement of the ions from their equili-

brium positions in the ion-pair (sketch on the right), µ is the 
reduced mass of the ion pair, κ is the force constant, and q is 
the effective charge. Introduction of the usual e!i"t  time var-
iation into eqn (6.9) yields 
 

   
 
! R2 "! 2( ) !R = q

µ

!
Eloc , (6.10) 

 

where ! R2  = ! / µ . The force constant κ defines the response to  
!
Eloc . Later, in Section 

6.4, we will start with the macroscopic  
!
E  that acts throughout the crystal, in which case a 

different force constant will be needed. 

Figure 5. (a) The optical 
branch of the 1D ionic 
lattice is shown for k ~ 0 
(from Fig. 15 of Chapter 
1). Atoms in a pair vib-
rate about their center of 
mass. Group velocity is 
zero at k = 0. (b) TO 
mode displacements (al-
so for k ~ 0) are perpen-
dicular to the wave vec-
tor. These displacements 
are accompanied by an 
electric field that is per-
pendicular to the field's 
wave vector. 

k ~ 0

 
!
k!

(a)

(b)

 
!
Req
 
!
R
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 It is the local field,  
!
Eloc , that 

drives the oscillator in the unit 
cell, whereas it is the macrosco-
pic field,  

!
E , that couples with 

the optical phonon to yield the 
polariton. Thus, it is useful to re-
write eqn (6.10) in terms of  

!
E  

and the different contributions to 
the polarizability. The box provides several useful expressions. Replacing  

!
Eloc  in eqn 

(6.10) with the expression given by eqn (iii) in the box yields 
 

   
 
! R2"

4# nq2 / 3µ
1" 4# n$ el / 3

%
&'

(
)*
!
R "! 2

!
R = q

!
E / µ

1" 4# n$ el / 3
. (6.11) 

 

 
 The driving field is  

!
E . Note that the term 4!nq2 / 3µ  has the same mathematical 

form as that of the squared oscillation frequency of the metal nanospheres considered in 
Chapter 5. In the present case, however, the squared oscillation frequency is due to the 
movement of bound charge, rather than the conduction band electrons of metals. The 
characteristic frequency at which  

!
R  oscillates is lower than ! R  because the additional 

force (large negative term in the parentheses) acts in opposition to the restoring force of 
field-free ion displacement. For example, the parenthetic term in eqn (6.11) can be 
written 
 

   1
µ

! " 4# nq2 / 3
1" 4# n$ el / 3

%
&'

(
)*

. (6.12) 

 

 The parentheses in eqn (6.11) enclose the square of the transverse frequency ! T . The 
polarization is obtained using eqn (6.1):  

!
P = (3 / 4!)(

!
Eloc "

!
E)  and the expression given 

by eqn (iii) in the box above eqn (6.11). This yields, following minor manipulation, 
 

    
!
P  = 

 

nq
1! 4"n# el / 3

!
R + n# el

1! 4"n# el / 3
!
E . (6.13) 

 

 This expression can be interpreted in an intuitive way as follows. When ω is much lar-
ger than ! T  (but still sufficiently below the electronic resonances to justify using ! el ), 
 
!
R  must approach zero, because the ions cannot follow the field oscillation. This elimin-
ates the first term on the right hand side of eqn (6.13). When  

!
E  is then replaced with the 

expression:  (1! 4"n# el / 3)
!
Eloc  [from eqn (iii) in the box above eqn (6.11)], the correct 

polarization is obtained, namely,  
!
P = n! el

!
Eloc . This is eqn (6.4) with ! =! el , that is, for 

frequencies much larger than ! T . Likewise, when the Clausius-Mossotti relation is ap-
plied everything falls into place. 

! T2

 
!
Eloc =

!
E + (4! / 3)

!
P  
=
!
E + (4! / 3)n q

!
R +" el

!
Eloc( )

 
!
Eloc 1! (4" / 3)n# el( ) = !E + (4" / 3)nq

!
R

 

!
Eloc =

!
E

1! (4" / 3)n# el( ) +
(4" / 3)nq

!
R

1! (4" / 3)n# el( )(iii)

(ii)

(i)
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 Finally, to obtain the contribution to the polarizability from  
!
R , eqn (6.10) is used with 

 
!pR  =  ! R

!
Eloc  =  q

!
R . This yields 

 

   ! R = q R
Eloc

 = q
2

µ
1

! R2 "! 2
. (6.14) 

 
Dielectric Function: ε(ω) 

 
 We now have contributions to the polarizability of the ionic lattice from: (i) distortion 
of the electron densities of the ions, and (ii) displacements of the ions from their equili-
brium positions. Combining these yields 
 

    ! =! el +
q2
µ

1
" R2 #" 2

. (6.15) 

 

 When this is introduced into the Clausius-Mossotti relation, a useful expression for 
!(" )  is obtained, albeit with the help of high and low frequency parameters !"  and !0 . 
This enables experimentally determined material properties associated with the optical 
mode to be used in the dispersion relation. The algebra yielding !(" )  is outlined below. 
 

 
 
 
 
 
 
 
 
 
 
 
 
  
 
 

 
 

 

 

For !  values much less than ! R , "  is taken as being constant with the value "0 . 
The Clausius-Mossotti relation in this frequency regime is given by

!0 "1
!0 + 2

= 4# n
3

$ el +
q2
µ

1
% R2

&
'(

)
*+
.

For !  values much larger than ! R , but still well below any electronic resonances, "  is 
taken as being constant, with the value "# . In this frequency regime, the Clausius-
Mossotti relation is given by

!" #1
!" + 2

= 4$ n
3

% el .

! "1
! + 2

= 4# n
3

$ el +
q2
µ

1
% R2 "% 2

&
'(

)
*+
.The Clausius-Mossotti relation is

Manipulation of the general 
expression yields

! "1
! + 2

= !# "1
!# + 2

+ 1
1"$ 2 /$ R2

!0 "1
!0 + 2

" !# "1
!# + 2

%
&'

(
)*
.

More algebra eventually yields ! = !" + !" # !0
$ 2 /$ T2 #1

where: ! T2 =! R2 "# + 2
"0 + 2

.

 Clausius - Mossotti ! " (# )

Alternatively, ! = !"
# L 2 $# 2

# T2 $# 2
  where # L 2 = !0

!"
# T2.
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The most useful of the above relations are 
 

  !(" )  = !" + ! 0 # !"( ) $ T2

$ T2 #$ 2
 (6.16) 

 

   = !"
# L2 $# 2

# T2 $# 2
, where ! L

! T

"
#$

%
&'
2

= (0
()

. (6.17) 

 

 
6.2. Interactions Between Optical Phonons and Electromagnetic Fields 
 
 Interactions between time varying electromagnetic fields and an ionic crystal's optical 
phonons are now examined. When the field is transverse to the direction of its phase ad-
vancement ( 

!
E  and  

!
B  are perpendicular to  

!
k field ) the field is that of photons. The present 

section is concerned with the coupled system of a photon and an optical phonon that 
yields a phonon polariton. Thus, discussion is focused on phonons having small values of 
 
!
k , because only when the photon and phonon wave vectors match do the photon and 
phonon become resonantly and strongly coupled.1 When this takes place the photon and 
phonon do not behave independently. As mentioned ad nauseam, coupled photon and 
phonon waves pass coherently through the crystal only at small values of  

!
kphonon  because 

of the photon's large phase velocity.  
 A related situation arises with electromagnetic waves and bulk plasma oscillations, 
though wave vector matching is not possible in this case. This will be pointed out and 
discussed briefly. In the next chapter it will be shown that wave vector matching in the 
case of plasma oscillations (plasmons) can be achieved at a plasma surface. Clever exper-
imental configurations enable creation of an evanescent wave that travels parallel to the 
surface. In this case, a component of  

!
kphoton  can be made to match  

!
kplasmon , which lies 

parallel to the surface. 
 The goal of the present section is to see how such interactions manifest in the dielec-
tric function !(" ) . We wish to understand how the couplings come about and see what 
the results looks like. To begin, recall that 
 

    
!
D =
!
E + 4!

!
P = "(# )

!
E . (6.18) 

 

In regions of no external charge,2  !"
!
D  = 0. 

                                                        
 
1 The phonon wave vector at the edge of the Brillouin zone is 2π nm!1  for a = 0.5 nm. This ex-

ceeds greatly a typical photon wave vector, for example, 2π × 10!5 nm!1  for a 100 cm!1  pho-
ton. Thus, phonons in the small wave vector regime are required. A high index of refraction 
helps, as does propagation near a resonance. Nonetheless, phonon and photon waves act as a 
coupled entity only when their wavelengths match, and this argues for the low-k regime. 

 
2 External charge refers to charge that is not part of the electrically neutral crystal. It is introduced 

from outside. An ionic crystal is composed of bound charges. It has no external charge. 
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 Because we are focusing on the region of the optical phonon branches where the pho-
non and photon wavelengths can be matched, the electromagnetic field is assumed to 
vary as  ei

!
k !!r , where  

!
k  =  

!
kphoton  =  

!
kphonon .3 Electric fields that vary as  ei

!
k !!r  also arise 

with LO phonons. However, these electric fields lie in the direction of the phonon. They 
do not couple to an LO phonon as photons because the wave vectors are perpendicular.  
 The stage is set for photon and phonon to serve as a single entity. For this to occur, 
certain requirements must be met. Namely,  !"

!
D  = 0 is the basis for the criteria that must 

be met involving the oscillating dipoles created by phonons and the accompanying elec-
tromagnetic fields.  
 The facts that  !"

!
D  = 0 and  

!
D  varies as  ei

!
k !!r  leads to  

!
k !
!
D  = 0. The condition  !"

!
D  

= 0 holds for any system that has no unbalanced charge. From  
!
D  =  !(" )

!
E , we see that 

two options are available:  !"
!
E  = 0 or !(" )  = 0. It turns out that the latter option can 

only be realized at one value of ω in the model under consideration. Let us see where 
these two options lead. 
 First consider  !"

!
E  ≠ 0, in which case !(" )  = 0. For  ei

!
k !!r  variation, it follows that  

!
E  

has a component in the direction of the phonon wave vector, that is,  
!
k !
!
E  ≠ 0. This de-

fines what is sometimes referred to as a longitudinal polariton. However, we have agreed 
to a definition in which a polariton is an elementary excitation composed of a photon 
coupled to a material system, and a longitudinal electric field cannot couple to a material 
system as a photon. Thus, we shall refer to the  

!
k !
!
E  ≠ 0 case as longitudinal coupling. 

 When a system's charges are balanced,  !"
!
D  = 0 applies, and whether or not  !"

!
E  

vanishes marks the distinction between polaritons and longitudinal coupling. An example 
of longitudinal coupling is the bulk plasma oscillation whose quantum is a plasmon. The 
electric field of a bulk plasma wave points in the direction of the wave's advance and is 
synchronous with the plasma charge oscillation. This electric field has nonzero 
divergence. Coupling is strictly longitudinal, in which case photons are not involved. 
 When  !"

!
E  ≠ 0,  

!
E  is equal to  ! 4"

!
P  at the value of ω where !(" )  (and therefore 

 
!
D ) vanishes. The electric field case acts in opposition to phonon-induced charge oscilla-
tion. This increases the frequency relative to that of a TO phonon. This is one way to un-
derstand why ! LO  > ! TO . 
 Now consider  !"

!
E  = 0, which leads to  

!
k !
!
E  = 0. Neither  

!
E  nor  

!
D  has a component 

in the direction of phonon propagation. The fact that  
!
E  is transverse to  

!
k  serves to 

identify the field as that of a photon. This is not surprising, as we saw earlier that the TO 
phonon can couple to a photon because their wave vectors are aligned. In this case, the 
dielectric function !(" )  is not limited to a specific value. Thus, we shall now obtain the 
dispersion relation for the coupled transverse phonon and photon waves. This is achieved 
using Maxwell's equations subject to the constraint  !"

!
E  = 0.  

                                                        
 
3 An electromagnetic plane wave varies as  ei

!
k !!r , with  

!
E  and  

!
B  perpendicular to  

!
k . It is also 

possible to have all or part of  
!
E  aligned with a wave vector  

!
k  that denotes its wave advance. 

For example, bulk plasma oscillation has an electric field that is aligned with the  
!
k  of the 

charge oscillation. However, coupling to photons requires a transverse field. 
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 The dispersion relation is obtained by taking the curl of the Maxwell equation:  !"
!
E  

=  !"ct
!
B , and then replacing  !"

!
B  with  !ct

!
D :  

 

   !"!"
!
E  =  !"2

!
E  =  k 2

!
E  =  !"ct

2
!
D  =  (! / c)

2"(! )
!
E .  (6.19) 

 

Not surprisingly, we have arrived at c2k 2 =! 2"(! ) . This is a general result that applies 
to ionic crystals, covalent crystals, plasmas, and so on. The important physics is sub-
sumed into !(" ) , which differs from one system to the next, often markedly. 
 

LO and TO Branches 
 
 Let us now look further into the relationship between photons and an ionic crystal's 
LO and TO phonons in their long wavelength regimes. We shall focus here on the polari-
zations associated with LO and TO phonons rather than deal explicitly with the coupling 
of the phonon and electromagnetic field. These latter processes enter implicitly through 
wave vector matching and its consequent coupling.  
 

 
 
 
 
 
 
 
 
 

 To begin, consider an LO phonon. We shall use NaCl as an example of an ionic crys-
tal (Fig. 6), with the wave vector chosen to lie in a direction that is convenient for visual-
ization. Many directions are possible and each has 
its own dispersion relation. For NaCl, the direc-
tion normal to alternate planes of Na+ and Cl– ions 
has a dispersion relation that is closest to that of 
the 1D model in Section 7 of Chapter 1. However 
this direction is not as convenient for the present 
discussion as the one indicated in Fig. 7.  
 Referring to Fig. 7, an LO phonon has associa-
ted with it a polarization  

!
P  that points in the di-

rection of its wave vector. Figure 7 is like looking 
at the topmost sheet of atoms in Fig. 6(a), repla-
cing the green spheres with red ones, and affixing 
arrows that are appropriate to the  small-

!
k  regime 

and that are parallel to either the x̂  or ŷ  direction. 

Figure 7. LO mode:  
!
P  and  

!
E  are 

parallel to  
!
k . Thus,  

!
k !
!
D  = 0 re-

quires  
!
D  = 0 and  

!
E  =  ! 4"

!
P .  
!
D  

=  !(" )
!
E  requires !(" )  = 0. 

 
!
k!

Figure 6. The NaCl crys-
tal structure is one of in-
terpenetrating face-cen-
tered-cubic lattices of Cl– 
and Na+ ions (green and 
blue spheres, respective-
ly). In (b) one sees clear-
ly the sheets of like ions. 
(Google Images) x̂ŷ

(a) (b)
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 The fact that  
!
k !
!
D  = 0, tells us that  

!
D  must vanish. This follows because with non-

zero  
!
P  pointing in the  

!
k  direction,  

!
D  =  

!
E + 4!

!
P  cannot be perpendicular to  

!
k . Thus, 

the only option is for  
!
D  to vanish. However,  

!
D  =  !(" )

!
E  applies, and because  

!
E  ≠ 0, it 

follows that !(" )  must be zero. Note that in this case,  
!
E  = –  4!

!
P  is achieved at the 

value of ω for which !(" )  vanishes. Again, keep in mind that this electric field does not 
couple to a photon because a photon whose wave vector is aligned with  

!
k  must have  

!
E  

perpendicular to  
!
k . 

 Now consider the TO phonon. Referring 
to Fig. 8, the TO phonon gives rise to a pol-
arization  

!
P  that points in a direction per-

pendicular to its wave vector. As ω increa-
ses from zero and approaches the resonant 
frequency for transverse oscillations, ! T , 
the oscillation amplitude increases mark-
edly. Indeed, without loss, this amplitude 
goes to infinity and the wave ceases to 
propagate. Because of this, from the dis-
persion relation: c2k 2 =! 2"(! ) , we see 
that at exact resonance (ω = ! T ) the wave 
vector must be zero, and therefore !(" )  
must be zero.  
 This is an interesting zero. The dielectric function heads toward + ∞ as ω approaches 
the resonance from its low frequency side. This makes sense because the polarization of a 
lossless oscillator diverges when energy is transferred to it at exact resonance. The polari-
zation switches sign from one side of the resonance to the other. Whereas it starts out 
heading for + ∞ as ω approaches ! T  from the low frequency side, it switches to – ∞ at 
! T

(+)  before returning to sensible values. 
 As the system passes through the resonance, the sign of !(" )  changes from plus to 
minus and then !(" )  heads toward zero. At !(" )  = 0 the field is longitudinal. As ω 
increases further, !(" )  approaches !" , the value of the dielectric function on the high-
energy side of the resonance. The parameters !0  and !"  were defined in the box en-
titled: Clausius – Mossotti !"(# ) , as the dielectric constants on the high and low fre-
quency sides, respectively, of the vibrational resonance.  
 What has been achieved with the above arguments is the establishment of points on 
the !(" )  versus ω curve. This information is combined with eqn (6.16), yielding Fig. 9. 
 

Lyddane-Sachs-Teller Relation 
 
 A great deal has been achieved, and a little more effort will yield the Lyddane-Sachs-
Teller (LST) relation, which is fairly cool. Equation (6.16) indicates that as the frequency 
approaches ! T , the dielectric function !(" )  approaches infinity. We have seen that this 
happens for a TO branch, consistent with eqn (6.16). But what does it mean in physical 
terms to have !(" )  approach infinity? Coming back to  !"

!
D  = 0 =  !(" )#$

!
E , we see 

that this is another way of requiring that  !"
!
E  = 0. In other words, the electric field as-

 
!
k!

Figure 8. Displace-
ments for a TO pho-
non in the small-k re-
gime:  

!
P  and  

!
E  are 

perpendicular to the 
phonon wave vector. 
The field created by 
the transverse pho-
non is that of a pho-
ton, whose wave vec-
tor is aligned with 
that of the phonon. 
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sociated with this resonance is transverse to its direction of propagation. Not surprisingly, 
! T  is the characteristic frequency for transverse oscillations of the lattice. 
 We have seen that !(" ) = 0 when ω = ! L . The frequency ! T  is defined in terms of 
! R , !" , and ! 0 . When !(" )  = 0 and ω = ! L , eqn (6.16) yields 
 

   !" = !0 # !"
$ L2 /$ T2 #1

. (6.20) 

 

Slight rearrangement gives 
 

   !"

! 0
= # T

# L

$
%&

'
()
2

, (6.21) 

 
which was also given as eqn (6.17). 
 Equation (6.21) is the LST relation. 
We have surmised from other argu-
ments that !"  < ! 0  and ! T  < ! L . 
Equation (6.21) places these inequal-
ities on quantitative footing. In the 
present case, the LST relation has 
been obtained subject to assumptions 
that underlie !"  and ! 0 . The model 
we have used is one of a diatomic 
ionic lattice. Incidentally, this is the 
case that was analyzed in the original 
LST paper [66]. 
 The LST relation is general in the 
sense that it applies to any system 
whose dielectric properties, as stated 
mathematically, are related through a 
single simple pole and a single zero.4 
The pole is the resonant frequency of 
the transverse oscillation, while the 
zero is the resonant frequency of the 
longitudinal oscillation. 
 As mentioned earlier, the informa-
tion gathered so far can be used to 
construct the sketch of !(" )  versus ω 
shown in Fig. 9. The curves are educated guesses on my part. The upper part of the figure 
                                                        
 

4 Writing eqn (16) as: !(" ) = ! #
" L 2 $" 2

" T 2 $" 2
 = ! "

# L +#
# T +#

$
%&

'
()

# L *#
# T *#

$
%&

'
()

, highlights the single 

simple pole at ! = ! T  and the single zero at ! = ! L . 

!"

!0

! T

!(" )

!

!"
! 0

!(" )
absorption

with loss

0

Figure 9. Note that ε < 0 for ! T <! <! L . 

! = 0

!" +
!" # ! 0

($ /$ T )2 #1

! L
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is for a loss-free crystal, while the lower part shows how !(" )  is influenced by loss. That 
is, !(" )  is split into its real (red) and imaginary (blue) parts. The dashed blue curve 
indicates the Lorentzian shape of the absorption feature associated with the resonance 
having loss. Putting loss to the side for the time being, the dispersion relation is obtained 
using k = (! / c)"(! )1/2 , where !(" )  is given by eqn (6.16) and is indicated in the upper 
part of Fig. 9.  
 Figure 10 is a sketch of the dispersion relation: c2k 2  = ! 2"(! ) , using !(" )  given by 
eqn (6.16) and sketched in Fig. 9. You might wonder about the horizontal lines labeled 
LO phonon and TO phonon. Why are they straight, whereas before, when the full Brill-
ouin zone was shown, they were curved? The answer lies with the scales of the horizontal 
axes. The range of k values used in Fig. 10 is minuscule compared to that of the full Brill-
ouin zone. This is why the LO and TO phonon dispersion curves are shown as flat in Fig. 
10. To get the most out of Fig. 10, its features shall now be examined one at a time. 
 

 

 
 
 
 
 
 
 
 
 
 
 
 

 
Phonon Polariton 

 
 Referring to eqn (6.16) and Fig. 10, when ω 
<< ! T , !(" )  is equal to ! 0 , and therefore ω = 
kc /! 01/2 . This portion of Fig. 10 (red box in Fig. 
11) corresponds to a wave propagating through 
the crystal at the speed of light, which in this case 
is c /!01/2 . In other words, nothing interesting 
happens. The radiation simply passes through the 
crystal. If ω continues to increase, the resonance 
at ! T  is encountered, and !(" )  approaches in-
finity, as seen in Fig. 9. Thus, from the fact that ω 
= kc/ !(" )1/2 , we see that as ω approaches ! T , k 
must also approach infinity. This describes the 
upper right part of the blue curve in Fig. 11. 

! T

! L

polariton
lower branch

!

k

polariton
upper branch

LO phonon

TO phonon

! = ck / "#

! = ck / " 0

Figure 10. This is a sketch of 
the dispersion relation for an 
electromagnetic wave interact-
ing with an optical phonon. LO 
phonons are unaffected be-
cause they do not couple to 
photons. The blue curves are 
polariton branches. Note the 
forbidden region between ! T  

and ! L . Propagation cannot 
occur in the range: ! T  ≤ ω ≤ 

! L . The LO line and upper 
polariton branch come into 
contact with one another but 
without interaction. 

! T

k

! = ck" 0#1/2

Figure 11. At low frequency, the 
system is a photon propagating in a 
region of no dispersion. 

!
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 When ω exceeds ! T  by only a modest amount, application of the LST relation to eqn 
(6.16) yields an interesting result that is seen most easily by writing 
 

   !(" )  = !" + !" # !" ($ L /$ T )2

($ /$ T )2 #1
  (6.22) 

 

    = !" 1# $ L
2 #$ T

2

$ 2 #$ T
2

%
&'

(
)*

. (6.23) 

 

 The numerator ! L 2 "! T2  is always positive. Here, the case in which ! 2 "! T2  is 
small and positive is being considered. Consequently, !(" )  is negative. This is akin to 
the plasma we looked at earlier in the sense that a region has been identified in which 
waves cannot propagate because their electric and magnetic fields are out of phase.  
 This situation of electromagnetic waves not 
being able to propagate in the crystal persists as 
ω continues to increase until ω = ! L  is reached. 
At this point, !(" )  = 0. In other words, we have 
just traversed the negative  !(" )  region in Fig. 9 
that exists for ω values between ! T  and ! L . 
The boundaries of the negative !(" )  region are 
indicated in Fig. 12 with the thick red and blue 
arrows. The red arrow corresponds to !(" )  ap-
proaching +! , while the blue arrow that points 
at ! L  corresponds to !(" )  = 0 (see Fig. 9).  
 The gap where propagation is not allowed: 
! T  ≤ ω ≤ ! L , is referred to as the reststrahlen 
(residual rays, from the German) band. Within 
this band, crystals can reflect a high percentage 
of incident radiation. To obtain the dispersion 
relation experimentally, one measures reflection 
versus frequency, with analysis of the spectra carried out using the Kramers-Kronig 
relations. 
 The relation ω = kc /!(" )1/2  indicates that k = 0 when ω = ! L . As ω increases past 
! L , !(" )  exceeds zero and therefore k increases as a positive real quantity. Propagation 
is allowed. Eventually !(" )  approaches !"  (right hand side of Fig. 9), and we simply 
have an electromagnetic wave propagating at the speed of light, which is c /!"1/2 , as 
seen in Fig. 10. 
 

Mixed Photon / Phonon Character 
 
 The branches labeled polariton in Fig. 10 have mixed photon / phonon character. At 
frequencies well above ! L , or well below ! T , electromagnetic waves travel with speeds 
c /!"1/2  and c /! 01/2 , respectively, and for k values that lie well outside of the resonance 

Figure 12. Thick blue and red ar-
rows correspond to points and re-
gions in Fig. 7: (blue) ε = 0 and ω = 
! L ; (red) ! " #  as ! "! TO . 

! L

!

k

! T
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region the elementary excitations resemble closely the usual TO and LO phonons. How-
ever, this separation breaks down when the photon energy is close to ! T . The electro-
magnetic and phonon waves are coupled strongly. The elementary excitation is a boson 
that contains both photon character and phonon character. 
 Phonons and photons are bosons, so the polariton is a boson. However, what about its 
spin? The photon has a spin of 1, whereas phonons are spin-zero, so what is polariton 
spin? In a phonon polariton, a linearly polarized TO vibration is coupled with a linearly 
polarized photon. However, for a linearly polarized photon, the expectation value of its 
spin component along the direction of propagation has a value of zero, that is, rather than 
the values  ± !  associated with circularly polarized waves. Therefore, there is no problem 
with the polariton being a spin-zero entity, whereas difficulty would arise were we to 
make it a spin-one entity. For example, it could not evolve smoothly as a function of k to 
become a lattice vibration. The issue of polariton spin is intriguing, but going into it here 
would lead us astray, to say nothing of the fact that I am pretty ignorant of the subject. 
 

6.3. Alternate Derivation 
 
 The alternate derivation mentioned in the Outline is 
presented here. We have seen that a phonon polariton is 
an elementary excitation in which a photon and a phonon 
are inextricably coupled. Indeed, a polariton is a normal 
mode (eigenmode) of the dielectric. The fact that a pho-
non polariton is a coupled photon-phonon system does not 
imply that it can be excited straightforwardly using exter-
nally applied photons. Its quanta are defined through its dispersion relation, and propaga-
tion properties are encoded in the dielectric function !(" ) . Polaritons are important 
when a material's resonances involve charge oscillation, as this automatically provides 
the necessary coupling. The phonon polariton discussed in this chapter is an excellent ex-
ample. The plasmon polariton discussed in the next chapter is another. Exciton polaritons 
are yet another, and one that currently receives a great deal of attention. 
 In the absence of phonon-photon coupling or, rather, if we choose to ignore it, we can 
treat a TO mode as a crystal vibration and nothing more. This is the way we dealt with 
the optical phonons of an ionic lattice in Chapter 1. Likewise, we can think of a photon as 
independent of the medium in which it propagates except for the non-resonant index of 
refraction presented by the medium. At the same time, a TO phonon in the region near k 
= 0 is a large ensemble of coherently oscillating dipoles. Therefore, by definition, it is 
coupled to an electromagnetic field. In Chapter 1, wave vector conservation enabled us to 
appreciate that photons can interact with TO modes, though we did not venture further. 
Photon-phonon coupling was sidestepped except to acknowledge that it exists. 
 Here we shall start with the retarded macroscopic field. This approach differs from the 
one used in Section 6.1. There, we started with the local field present in a unit cell and 
derived the dielectric function. This dielectric function was then used with retarded fields. 

I asked God for a bike, but I 
know God doesn't work that 
way. So I stole a bike and 
asked for forgiveness. 

Emo Philips 
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Radiation-Phonon Coupling 

 
 The propagation of a uniform plane wave in the absence of external charges and cur-
rents satisfies the electromagnetic wave equation:  !"!"

!
E = #$ ct!"

!
B = #$ ct 2

!
D . Us-

ing  !"!"
!
E = k 2

!
E , replacing !" ct 2  with ! 2 , and replacing  

!
D  with  

!
E + 4!

!
P  yields 

 

   (!
2 " c2k 2 )

!
E + 4#! 2

!
P = 0 . (6.24) 

 

Next, consider the interaction of the dipoles that derive from the crystal's vibrational mo-
tion with the uniform plane wave's electric field. The resulting polarization oscillates in 
response to the field, yielding a counterpart to eqn (6.24) (see box below): 
 

  
 
! 2 "! T2( ) !P + nq

2

µ
!
E = 0 . (6.25) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 In writing eqns (6.24) and (6.25), we have suppressed (ignored for the time being) the 
non-resonant contribution to the polarization that is due to distortion of electron density 
by the electric field. As a result, the field is assumed to pass through the crystal as if it 
were passing through vacuum, except of course for the vibrational resonance. This non-
resonant electronic polarization will be introduced later, when the system's dielectric pro-
perties are obtained.  
 The electromagnetic and phonon waves are each in the low-k (long wavelength) re-
gime. The vibrational oscillation is that of a transverse phonon coupled to a macroscopic 
field, which is distinct, to say the least, from the vibration within a unit cell that was 
examined in Section 1. This identifies the oscillation frequency in the present case as ! T .  

 

 The dipole's displacement is labeled x, and its equation of motion is 
 

   µ!!x +! x = qE ,  
 

where µ is reduced mass, κ is the harmonic force constant, and q is the effective ionic charge, 
which is not necessarily equal to the ionic charge of a static dipole, for example, Na+Cl–. It is 
worth noting that the force constant κ used here is not identical to the force constant used in 
Section 1. Introducing ! T2 = " / µ  and  !!x = !" 2x  into the above equation yields 
 

  ! 2 "! T
2( ) x = "

q
µ
E . 

 

The subscript T denotes oscillation in a direction transverse to the phonon wave vector. Us-
ing P = nqx , where n is the number of dipoles per unit volume, yields 
 

  ! 2 "! T
2( )P +

nq2

µ
E = 0 . 
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 In addition to the force constant κ for the restoration of ions that are displaced from 
their equilibrium locations, there is a plasma-like restoring force. I am using the term 
"plasma-like" because we have spent a lot of time with plasma oscillation, and there is 
mathematical correspondence.  
 The plasma-like restoring force is due to the Coulomb force that arises when the posi-
tive and negative sub-lattices are disturbed from their equilibrium locations. It is much 
the same as in the plasma cases examined in previous chapters, except for parameter val-
ues, notably the huge mass difference. It is not already taken into account with κ. 
 Writing eqns (6.24) and (6.25) in matrix form 
 

  
! 2 " c2k 2 4#! 2

nq2 / µ ! 2 "! T2

$

%
&

'

(
)
 

!
E
!
P
!

"
#

$

%
&  = 0, (6.26) 

 

and setting the determinant of the matrix to zero yields  
 

  ! 2 " c2k 2( ) ! 2 "! T
2( ) =! 02! 2 . (6.27) 

 

where ! 02 = 4"nq2 / µ . 
 The limiting case of k = 0 is 
easily extracted from eqn (6.27), 
and Fig. 10 from Section 6.2 is 
shown on the right, so you can 
refer to it without flipping pages. 
At k = 0, the two ω values ob-
tained from eqn (6.27) are 0 and 
(! T

2 +! 0 2 )1/2 . Referring to 
Fig. 10, note that ω = 0 is where 
the polariton lower branch starts, 
and (! T

2 +! 0 2 )1/2  is equal to 
! L , which might come as a sur-
prise. For example, it is interest-
ing that ! L  enters, despite the 
fact that the electromagnetic field 
couples only to the TO phonon. 
This will be discussed later 
 The limiting case of k → ∞ is extracted from eqns (6.27) and (6.29) (vide infra). From 
eqn (27), we see that ! "! T  works for ! <! T . This is the large-k region of the lower 
polariton branch indicated in Fig. 10. Using eqn (6.29) yields the other k → ∞ solution: 
namely, ! " ck / #$1/2 . This is seen in Fig. 10 in the polariton upper branch. 
 Referring to eqn (6.26), the diagonal matrix elements are coupled through the product 
of the off-diagonal elements. Notice the presence of ! 2  in the (1, 2) element. You per-
haps have not encountered anything like this in Schrödinger quantum mechanics except 
in the Hückel model where it is avoided like the plague. Note that coupling requires 

! T

! L

polariton
lower branch

!

k

polariton
upper branch

LO phonon

TO phonon

! = ck / "#

! = ck / " 0

Figure 10 
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effective ionic charge: an oscillating dipole. Otherwise, propagation would not involve 
polaritons, for example, as in silicon, whose symmetry forbids single phonon absorption. 
 Figure 10 shows that phonon polaritons change character from photon-like to phonon-
like in going from the low-k to the high-k regions, respectively, of the lower polariton 
dispersion curve. To gain further insight, we now examine the system's dielectric prop-
erties. To begin, let us return to the simplification introduced in the beginning of this 
section, namely, suppressing the electronic polarizability contribution to  

!
P . Referring to 

the second line in eqn (6.26):  
 

     (nq
2 / µ)

!
E  =  (! T2 "! 2 )

!
P ,  

 

the dielectric function used earlier: !(" ) = 1+ 4#P / E , is now written 
 

  !(" )  = 1+ 4! nq
2

µ
1

" T2 #" 2  (6.28) 

 

   = !" + # 0 2

# T2 $# 2 . (6.29) 

 

 The term !"  has replaced the 
1 in eqn (6.28), as indicated with 
the blue arrow. It is the value of 
!(" )  on the high frequency side 
of the resonance. In a similar 
vein, !0  is the value of !(" )  at 
frequencies well below the reso-
nance frequency. In other words, 
!"  and !0  describe !(" )  at 
frequencies that are sufficiently 
far from the vibrational reso-
nance that a plot of !(" )  versus 
ω can be taken as flat, as indica-
ted in the sketch on the right. In making the sketch, loss was introduced to remove the 
singularity at the center of the resonance. Keep in mind that the parameters !"  and !0  
are not the same as !(" )  in the limits ! "#  and ! " 0 .  
 From eqn (6.29), we see that 
 

  !0 = !" + # 02

# T2
. (6.30) 

 

Inserting this into eqn (6.29) yields 
 

  !(" )  = !" + ! 0 # !"( ) $ T2

$ T2 #$ 2  = !"
(! 0 / !" )# T2 $# 2

# T2 $# 2   (6.31) 

!"
! 0

!(" )
absorption

with loss

! "

Figure 13. Absorption affects the dispersion curve near 
its resonance. 
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    = !"
(! 0 / !" )1/2# T +#( ) (! 0 / !" )1/2# T $#( )

(# T +# )(# T $# )
. (6.32) 

 

We see that !(" )  has a simple zero that is, by definition, the longitudinal phonon fre-
quency: ! L  = (! 0 / !" )1/2# T . The simple pole in eqn (6.32) is that of the TO mode. 
Thus, we have recovered the Lyddane-Sachs-Teller relation: 
 

   !"

! 0
= # T

# L

$
%&

'
()
2

. (6.33) 

 

Combining eqns (6.31) and (6.33) yields 
 

  !(" ) = !#
" L

2 $" 2

" T
2 $" 2 . (6.34) 

 

Equivalently, !(" ) = 1+ 4#P / E  yields 
 

  4!P
E = "#

$ L
2 %$ 2

$ T
2 %$ 2 %1 . (6.35) 

 

 It follows that when ω is slightly smaller than ! T , the polariton is phonon-like and  
!
P  

dominates over  
!
E . In Fig. 10 this corresponds to the far right region of the polariton 

lower branch. When ω lies in the range ! T <! <! L , we see from eqn (6.34) that !(" )  
is negative and consequently there can be no propagation. This is the energy gap in Fig. 
10. When ω is equal to ! L , we see from eqn (6.35) that !(" )  = 0 and  

!
E = ! 4"

!
P . As ω 

increases from there, the polariton becomes progressively more photon-like, with a diel-
ectric constant that approaches !" . Note the ! " ck / #$1/2  asymptote in Fig. 10. Keep 
in mind that there is no coupling of the field and the LO phonon, even at k = 0, where ω 
is equal to ! L . When ω is significantly smaller than ! T , the curve is photon-like, !(" )  
has the constant value !0 , and ! " ck / #01/2 . 
 Let us now interpret ! L

2  = ! T2 +! 0 2 . The restoration force constant κ is augmented 
by an additional force constant. It involves the ion-pair reduced mass, density, and effec-
tive charge. It is that of displaced charge from an equilibrium starting point. The two force 
constants add, resulting in ! L

2  = ! T2 +! 0 2 . This is the reason the longitudinal phonon 
has a higher frequency than the transverse phonon. At k = 0, the electric field oscillates 
uniformly throughout the crystal, and the additional restoring force acts in concert with 
the TO mode restoring force. This is the reason the transverse frequency is the same as the 
LO mode frequency at k = 0. 
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6.4. Reststrahlen Band 

 
 The energy gap between ! L  
and ! T  where propagation is 
forbidden in an ionic crystal is 
referred to as the reststrahlen 
band. It is easily measured in 
either reflection or transmission. 
Figure 14 shows the case of 
KCl. The drop to zero transmis-
sion at 40 µm is due to the rest-
strahlen band. One upon a time 
this effect was considered a via-
ble candidate for mirrors used 
with extremely high power la-
sers, such as CO2 lasers with 
continuous outputs in excess of 
10 MW. The idea was that very 
robust crystals could be used, whereas metal mirrors would be vaporized. I do not know 
how this played out, but it was an interesting idea. 
 

Figure 14. Reststrahlen effect in KCl (Google Images) 
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6.5. Avoided Crossing 

 
 Polariton modes are polarization field quasiparticles. They are interpreted in terms of 
photons and phonons being quantum objects. As a result of the quantum properties of the 
photon and phonon, the polariton can be described as a mixture that arises from an avoid-
ed crossing. A person familiar with molecules will recognize the blue curves in Fig. 15 as 
the result of an avoided crossing, albeit an unfamiliar one. 
 Phonon polariton branches 
can be described using disper-
sion relations such as the one 
sketched in Fig. 15. The micro-
scopic description of what hap-
pens within a unit cell is sub-
sumed into the dielectric func-
tion !(" ) . This is possible be-
cause in the low-k regime there 
is almost no site-to-site varia-
tion. The dispersion relation in-
dicates an avoided crossing in k-
space, and we have seen that it is 
easily expressed as such mathe-
matically. 
 The nature of an avoided 
crossing depends how the situa-
tion is represented in the first 
place. Referring to Fig. 15, the blue curves are the answer. The dashed lines are other 
things, such as asymptotes and solutions that are obtained when certain terms are not pre-
sent in the original description. The main point is that polarization has a profound effect. 
A photon that travels through the crystal is not bare, as it would be if it were propagating 
in free space. It is dressed, which is to say it carries a polarization field along with it that 
reduces its speed. For example, as a resonance is approached from a photon-like part of 
the dispersion curve, the group velocity !" / !k  always gets smaller. Away from the 
resonance the photon dispersion curve is linear, so the only effect on photon propagation 
is to slow it according to the appropriate dielectric constant, which is either ! 0  or !" . In 
the vicinity of a resonance the situation is more complicated, because !(" )  is changing 
rapidly and dramatically with ω. Likewise, it can be said that a lattice vibration is affec-
ted profoundly by the polarization, changing its frequency by a significant amount. 
 

! T

! L

k

LO phonon

TO phonon

! = ck / "#1/2

! = ck / " 01/2

!
! = ck

Figure 15. Two polariton branches are the result of 
an avoided crossing. 
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"The only needful thing is to get the Plasmon into the stomach – dissolved or in 
clods or petrified or any way, so it gets there. The stomach will praise God and 
do the rest." 
 

Mark Twain, advertisement in the New York Times, February 9, 1903, page 14.
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7.1. Plasma Oscillation Revisited 

 
 In Chapter 1 we introduced and discussed a "dual-use" phonon model whose disper-
sion relation is ! k 2 ="02 + 4"2 sin2 (ka / 2) . Manipulations were straightforward, and 
the mass field energy quanta,  !! k , and the field displacement operator, !̂k (x) , followed 
without ado. In the low-k regime this dispersion relation assumes a quite simple form: 
 ! k 2 ="02 + v2k 2 . This relation shall now be used to reveal a useful correspondence. 
Namely, it is compared to the dispersion relation of an electromagnetic wave of frequen-
cy ω and wave vector k that passes through lossless bulk plasma: 
 

    v2k 2 =! 2 "#02  (waves in a mass density field) (7.1) 
 

   c2k 2 =! 2 "! p2  (radiation in bulk plasma with ! lat  = 1). (7.2) 
 

 These equations have different constants, but are other-
wise the same. For example, to convert eqn (7.1) to eqn 
(7.2), one replaces  v2  with c2  and !02  with ! p2 . The 
constants set the scale over which the equations apply (for 
example, c is typically ~ 105  larger than v), and they re-
flect the physics being described with the respective mo-
dels. In other words, the mathematical forms of eqns (7.1) 
and (7.2) are the same, but the physics they describe dif-
fers qualitatively. On the other hand, the two systems ap-
parently have something in common.  
 Equation (7.1) describes the propagation of waves in a 
medium having a characteristic vibrational frequency !0 . 
The quanta of these waves are referred to as phonons. 
Equation (7.2) describes the propagation of an electromag-
netic wave of frequency ω in plasma whose characteristic 
frequency is ! p . The quanta of the plasma field are refer-
red to as plasmons. The respective quanta are obtained from the dispersion relations. 
 Let us now contemplate further the apparent correspondence that appears in eqns (7.1) 
and (7.2). For example, suppose the interparticle spring constant κ introduced at the start 
of Chapter 1 is large enough to render interparticle coupling, for all practical purposes, 
completely rigid; see the sketch on the next page. In this case, the restoring forces exper-
ienced by the individual mass points (black dots) are due to !0  (blue lines in the sketch). 
These forces are all the same, because each of the interparticle distances is, by definition, 
the same as the lattice spacing, a. Consequently, the entire point mass ensemble vibrates 
relative to the fixed reference frame (yellow dots) with frequency !0 ; see the sketch on 
the next page.  
 This is also what happens in our simple model of charge oscillation in bulk plasma. It 
is assumed that electron correlation is sufficiently strong to ensure 100% collective mo-

Bird Outside the Box 
Robert Wittig 
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tion, and of course electron mass is used rather than the heavier mass used in the plasmon 
model. Thus, !0  is identified with ! p .  
 What about propagation? Equa-
tion (7.1) is for 1D waves, with !0  
= 0 serving as an acoustic mode, 
and !0  ≠ 0 serving as an optical 
mode. The group velocity goes to 
zero at k = 0 and ± π / a, and for 
large !0  values the group velocity 
is small throughout the Brillouin 
zone. Clearly, ω must exceed !0  
for propagation to take place. The 
relevant field is a displacement 
operator !̂k (x) , and the k-space 
Hamiltonian is a sum of harmonic oscillators with the Fock space representation: Ĥ  = 
 !! k (ak†ak + 1

2)" , with ! k  obtained from the dispersion relation given by eqn (7.1).  
 The relevant field for eqn (7.2) is an electromagnetic vector field, and the equations of 
motion are Maxwell's equations. The system also quantizes as harmonic oscillators with 
eigenmode energies given by eqn (7.2). It is interesting that the relativistic Klein-Gordon 
equation has the same dispersion equation, aside from the values of the constants. The 
Klein-Gordon field is a scalar, as in the phonon case … more on this later. The bottom 
line is that we need not carry out a separate quantization exercise for plasmons. Rather, 
we just take the mode energies from the dispersion relations. This is a nice feature of sys-
tems whose energies can be expressed in terms of harmonic oscillators. 
 As with phonons, plasmons are bosons that span the spatial domain of the plasma and 
have a number-valued Fock space representation | nplasmon ! . Unlike phonons, the plasma 
model introduced in earlier chapters does not require an underlying lattice whose periodi-
city leads to, among other things, interesting variations throughout the acoustic and opti-
cal branches of the Brillouin zone. There is no reason this could not have been done. For 
example, the periodicity of a metal's positively charged lattice, or of a doped semi-
conductor with an ionic lattice (such as GaAs), could have been taken into consideration. 
It was a matter of expediency that we did not pursue this. 
 We saw in the phonon polariton example that, in the small wave vector regime that is 
dictated by electromagnetic waves, the discrete structure of the lattice plays no role other 
than to present a dipole density. Properties of the discrete lattice are averaged over. In the 
present case, we have gone a step further. It is assumed that the positively charged lattice 
plays no role whatsoever. 
 Correspondence with earlier models is achieved through the introduction of a boun-
dary, namely, a surface. In other words the properties of the bulk plasma are understood, 
but now there is an interface that needs attention. Earlier we saw that an electromagnetic 
wave that passes through the plasma in the regime ! >! p  does so without creating exci-
tations. The plasma's characteristic oscillations are longitudinal and therefore they do not 
couple to an electromagnetic plane wave comprising photons. With the surface, however, 
there is an opportunity to excite plasma oscillations that are restricted to the surface, be-
cause a photon's wave vector  

!
kphoton  can be arranged such that it has a component in the 

Adapted from Fig. 2 in Chapter 1: Mass points 
(black dots) have been displaced vertically for 
viewing convenience. Respective equilibrium 
sites (yellow dots) are indicated using blue lines. 
A given mass point interacts only with its own 
yellow dot. When the springs are in effect rigid, 
lateral displacement is the same at each site. 
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plane of the surface at the same time it has a component perpendicular to the surface. In 
the retarded regime there needs to be registry between the electromagnetic and surface 
plasma oscillations. Their phase velocities must be the same. This does not happen auto-
matically, but it can be achieved using ingenious experimental strategies, as discussed in 
Section 7.5. 
 Let us now learn about surface-bound plasma waves by using Maxwell's equations to 
obtain the dispersion relation for the surface plasmon polariton. Time permitting we will 
then see how such excitations can be accessed experimentally. 
 

7.2. Surface Plasmon Polariton 
 
 This section and the one that follows have three goals: (1) derivation of the surface 
plasmon polariton dispersion relation, (2) identification and explanation of the different 
regimes and limits, and (3) a qualitative description of the surface-bound evanescent 
waves, for example, how the fields behave in progressing from the low-k limit to the 
high-k limit. We shall start with the classic textbook example of an electromagnetic wave 
that is incident at a flat boundary, as indicated in Fig. 1. It is assumed that all microscopic 
details, including loss mechanisms, are (or can be, if so desired) subsumed into the scalar 
dielectric functions of the two media. In line with the spirit of an introductory treatment, 
the simplest possible dielectric functions will be used. 
 This pedagogical exercise sets the stage for analyzing the elaborate and clever experi-
mental arrangements that have been developed for applications, a large fraction of which 
involve sensing. In all cases, the application of Maxwell's equations yields reliable results 
for a broad range of experimental configurations and sample properties.  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

Figure 1. Surface charge density 
waves can be understood through 
the application of Maxwell's equa-
tions to the interface region. Here it 
is assumed that the incident wave is 
p-polarized ( 

!
Einc  lies in the plane 

of incidence). An s-polarized wave, 
in which  

!
Einc  is perpendicular to 

the plane of incidence, cannot cre-
ate a surface plasmon because it 
cannot induce a sinusoidal surface 
charge modulation in the x-direc-
tion by pushing and pulling elec-
tron density in the direction of the 
surface normal. Magnetic fields 
 
!
Hinc ,  

!
Href , and  

!
Htrans  are out of 

the page. 

 
!
Einc = Einc x̂ sin!1 + ẑ cos!1( )

 
!
Eref = Eref x̂ sin!1 + ẑ cos!1( )

 
!
Einc

z

x!
 
!
kinc

! inc

 
!
Eref

Region 1: !1

!ref

 
!
kref

Region 2: ! 2  (plasma)

 
!
ktrans

! trans  
!
Etrans

 
!
Etrans = Etrans x̂ sin! trans + ẑ cos! trans( )
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 The plasma / dielectric interface in Fig. 1 does not have an external surface charge 
density, because the dielectric region labeled Region 1 contains only bound charges. 
Likewise, the positive and negative charges that constitute the plasma (Region 2) com-
pensate one another. Given that the plasma has overall electrical neutrality, any charge 
density that appears at its surface is, by definition, induced. Consequently, the normal 
component of  

!
D  is conserved in passing through the interface that separates Regions 1 

and 2. The other boundary condition is that the transverse component of  
!
E  is conserved 

across the boundary. Applying these conditions goes a long way toward explaining the 
traits of the surface plasma (charge density) waves that can exist in this system.  
 Waves that are bound to the surface are referred to as evanescent. Note the picture on 
the next page (Google Images, from a course taught by Kushal Shah entitled: Plasma, 
Plasmonics, and Negative Index Materials). They decay exponentially with distance from 
the interface, both above and below, albeit with different decay lengths. The charge den-
sity wave that is bound to the surface is present simultaneously in both media. 
 We shall see that the scenario presented in Fig. 1 yields two solutions. In one there is 
an incident plane wave but no reflected wave. This happens happens at an angle that is 
referred to as the Brewster angle. It is familiar to people who use lasers because it enables 
radiation to enter and exit the laser's active medium without being scattered. Indeed, a p-
polarized electromagnetic wave incident at the Brewster angle is transmitted with nearly 
100% efficiency. The case indicated in Fig. 1 of no reflected wave corresponds to an 
electromagnetic wave propagating above the plasma frequency. No elementary excitation 
of the interface is involved, as kz  is real on both sides of the interface.  
 
 
 
 
 
 
 
 
 
 

 

 The other solution – the one in which there is no incident wave – is non-radiative. It 
propagates along the surface, but does not, by itself, involve the absorption or emission of 
photons. In this sense, it is like bulk plasmons, which also do not involve photons. Fortu-
nately, there are clever experimental means of increasing the wave vector of the radiation 
that is introduced to the system, and this enables surface charge density waves to be exci-
ted. For example, recall how Bragg scattering alters the momentum of the affected wave. 
 Two complementary approaches will be used to reveal what is going on insofar as the 
dispersion curves. The first is given below. The answer is obtained quickly and without 
fuss using what appears to be straightforward math. However, a fair amount of important 
underlying physics is, to borrow from Edgar Allen Poe's novella, The Purloined Letter, 

Google Images 
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"hidden in plain sight." Careful examination reveals that two distinct excitations have 
been revealed. The second, more traditional, approach exposes what is happening in the 
deft maneuvers of the first approach. Finally, it is also possible to frame the model in 
terms of an avoided crossing, analogous to what was done in Chapter 6. This is assigned 
as an exercise, but I will give a few hints to launch you in the right direction. 

 
Incident, Reflected, Transmitted, and Evanescent Fields 

 
 We now apply boundary conditions to the electric fields present in Regions 1 and 2 of 
Fig. 1. The associated magnetic fields also obey boundary conditions, but for the time 
being we need only deal with the electric fields, including  

!
D . Straightforward manipula-

tion yields the system's dispersion relation. We begin with expressions for conservation 
of the normal component of  

!
D  and the tangential component of  

!
E  as these fields pass 

through the surface that separates Regions 1 and 2: 
 

   !1E1 cos"1  = !2E2 cos"2   (7.3) 
 

   E1 sin!1  = E2 sin!2 . (7.4) 
 

Subscripts 1 and 2 refer to the upper (normal dielectric) and lower (plasma) regions, re-
spectively, as indicated in Fig. 1. These subscripts are used in place of the more graphic 
descriptors found in the figure: inc, ref, and trans.  
 We start by doing away with the reflected wave entirely by setting  

!
Eref  equal to zero. 

In this case, subscript 1 replaces inc and subscript 2 replaces trans. This scenario is con-
sistent with an evanescent wave that propagates along the surface. Of course, the assump-
tion that there is no reflected wave is also consistent with an incident plane wave passing 
from Region 1 to Region 2 without creating a reflected wave. We shall see how these two 
options play out. After all, the mathematics does not care about labeling schemes such as 
inc, ref, and trans versus 1 and 2. It simply deals with Maxwell's equations and the appli-
cation of boundary conditions to the fields on both sides of the interface.  
 What we have done in writing eqns (7.3) and (7.4) is restrict the field in Region 1 to 
one type. It can be referred to as incident, reflected, or anything else, but incoming and 
outgoing components cannot be present simultaneously in Region 1. We shall see that 
there are two ways to satisfy the dispersion relation. One is a wave with ! >! p . Its 
angle of incidence can be adjusted such that there is no reflected component. The incident 
wave passes without reflection into the region of bulk plasma. The other is the plasmon 
polariton whose character evolves from light-like for small k values to a surface-bound 
charge density wave for large k values. 
 

Dispersion Relation 
 
 Wave vector components are now introduced into eqns (7.3) and (7.4), replacing the 
sine and cosine terms. This is an obvious move in the direction of obtaining the disper-
sion relation. In Region 1, the incident wave vector is given by 
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!
k1  = k1x x̂ + k1z ẑ   

   = k1 cos!1 x̂ " k1 sin!1 ẑ  !  cos"1 =
k1x

k1
 and sin"1 = # k1z

k1
. (7.5) 

 

In Region 2, the transmitted wave vector is given by 
 

   
!
k2  = k2x x̂ + k2z ẑ  

   = k2 cos!2 x̂ " k2 sin!2 ẑ  #  cos!2 = k2x

k2
 and sin!2 = " k2x

k2
.  (7.6) 

 

Next, eqns (7.3) and (7.4) are expressed in terms of the wave vector components by re-
placing the sine and cosine terms with the ratios indicated in eqns (7.5) and (7.6). Follow-
ing this, eqn (7.3) is divided by eqn (7.4), yielding 
 
 

     (7.7) 
 
 
In the present case, k1x = k2x = kx  applies, as there is no reflected wave. Besides, we 
seek a propagating surface-bound evanescent wave, as well as another kind of wave that 
has no reflected component. We shall keep the model as simple as possible by using !1  = 
1, which has the incident wave propagating in free space. Thus, eqn (7.7) becomes 
 

    k2z = !2 k1z . (7.8) 
 

 The dispersion relation for surface plasmon waves is now obtained through algebraic 
manipulation of the relations that apply separately to propagation in each of the two bulk 
media. The algebra is carried out in the box below.  
 
  Region 1: (! / c)2 = kx2 + k1z2  (! / c)2"2 = kx2 "2 + k1z2 "2  (7.9) 
 

  Region 2: !2 (" / c)2 = kx2 + k2z2  (! / c)2 = kx2 /"2 + k1z2 "2  (7.10) 
 

  Subtracting: kx2 !2 "
1
!2

#
$%

&
'( = )

c
#
$%

&
'(

2

!2 "1( )  *      kx = )
c

!2
!2 + 1  (7.11) 

     

 

Exercise: What form would eqn (7.11) have for arbitrary (real) !1 ? 
 

!1E1
k1x

k1

E1
k1z

k1

 =  
!2E2

k2x

k2

E2
k2z

k2

  "  k1z

k2z
= k1x

k2x

!1

!2
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 Equation (7.11) expresses the wave vector component parallel to the surface, kx , in 
terms of !2 . It indicates that large values of kx  require !2  slightly smaller than –1. That 
is, the magnitude of !2 , which is negative, is slightly larger than 1. Recall that such 
values of !2  are not compatible with propagation in bulk plasma. Applying eqn (7.11) to 
the simplest possible plasma model: !2 = 1"# p2 /# 2  (that is, ignoring polarization of the 
positively charged lattice, interband transitions, and so on) yields 
 

  kx =
!
c

! 2 "! p2

2! 2 "! p2

#
$%

&
'(

1/2

.      (7.12) 

 

 The resonance that occurs when 2! 2 "! p2  
= 0 identifies the surface plasmon frequency par-
ameter as ! sp  = 2!1/2" p . Equation (7.12) is 
sketched in Fig. 2 for ! <! sp . This wave is ev-
anescent, meaning that the field decays exponen-
tially with distance from the interface, with dif-
ferent decay lengths on each side of the inter-
face. Equation (7.8) indicates that k1z  and k2z  
have opposite signs, because !2  is negative for 
! <! sp . This is consistent with the geometrical 
arrangement in Fig. 1 and the fact that k1z  and 
k2z  must each be imaginary. The following ex-
pression for k1z  is obtained by combining eqns 
(7.9) and (7.12): 
 

   k1z2  = !
2

c2
" kx2  = !

2

c2
1" ! 2 "! p2

2! 2 "! p2

#
$%

&
'(

 = !
2

c2
! 2

2! 2 "! p2 )
#
$%

&
'(

. 

Thus, 

   k1z  = i!
c

! 2

! p2 " 2! 2

#
$%

&
'(

1/2

. (7.13) 

 

This verifies that k1z  is imaginary, not that there was ever any doubt. Likewise, k2z  = 
!2 k1z  is also imaginary but with opposite sign, which is necessary if the field is to decay 
in the direction away from the interface in the region z < 0: 
 

   k2z  = !i"
c
" p2 !" 2

" 2
" 2

" p2 ! 2" 2

#
$%

&
'(

1/2

. (7.14) 

 

 The blue curve in Fig. 2 shows how the quanta that are defined through the surface 
plasmon dispersion relation in the range 0 <! <! sp  vary as kx  increases, starting from 
zero. The system is light-like at small kx  values, where kx !" / c . The flat plasma-

! ! sp = 2"1/2! p

0 kx

Figure 2. Surface plasmon polaritons 
exist at ω < ! sp . The blue curve is a 
sketch (not to scale). 
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vacuum interface (represented by the xy-plane in Fig. 1) supports evanescent waves that 
decay in directions normal to the interface. The requirement that k1x  and k2x  have equal 
values ensures propagation along the surface. These waves evolve to longitudinal charge 
density waves with increasing kx . Their properties are described in Section 7.3. At suffi-
ciently large kx  values, propagation, for all practical purposes, ceases. In this regard, 
notice that group and phase velocity each approach zero as k approaches infinity. These 
large-kx  excitations are like fluctuations. 
 Of course radiation cannot propagate in bulk plasma at large k values. This manifests as 
pronounced exponential attenuation in the ± z directions. To see just how pronounced, 
write the attenuation lengths for Regions 1 and 2, l1 = | 2k1z |!1  and l2 = | 2k2z |!1 : 
 

   l1 =
c
2! 2

! p2 " 2! 2( )1/2  (7.15) 
 

   l2 =
c

2 ! p2 "! 2( ) ! p2 " 2! 2( )1/2 . (7.16) 

 

 In the low-frequency regime, ω << ! p , these expressions become l1 ! " 2 / 4#" p  and 
l2 ! " p / 4# . For aluminum, ! p  is near 80 nm, which gives l2  ≈ 6 nm, whereas for λ = 
600 nm, l1  is 360 nm. Gold and silver follow suit. Thus, we see that the surface-bound 
wave is attenuated strongly in the direction of each medium, though much more in the di-
rection of the plasma than in the direction of the passive dielectric, which in the present 
case is vacuum. 
 Let us return to kx  and exam-
ine the regions ! sp <! <! p  
and ! >! p . Propagation does 
not occur in the former because 
kx  is imaginary. This gap is 
reminiscent of those that at the 
edges of Brillouin zones in Part 
A though the physics is differ-
ent. On the other hand, for 
! >! p , propagation is allow-
ed. The asymptotic relation for 
! >>! p  is ! = 21/2 ckx . Com-
bining various bits and pieces 
yields Fig. 3. The upper blue 
curve reminds us of the disper-
sion curve for bulk plasma, 
though with a different asymp-
tote: ! = 21/2 ckx  rather than 
! = ck . However, both kz  and 
kx  are real in this regime, and of equal magnitude, which is seen by examining eqns 
(7.12) and (7.13). Thus, because kx2 + kz2  = k 2 , the asymptotic relation ! = ck  holds.  

! sp

! p

!

kx

! = 21/2 ckx

Figure 3. The expression for kx  yields the two blue 
curves and the asymptotes ! = 21/2 ckx (large ω) and 
! = ckx (small ω). 

kx =
!
c

! 2 "! p2

2(! 2 "! sp2 )
#
$%

&
'(

1/2

! = ckx

Brewster
solution

Fano solution
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 We see that the upper blue curve is not a surface-bound plasma wave, but simply one 
for which there is no reflected wave. The angle of incidence that results in zero reflected 
wave is referred to as the Brewster angle. The dispersion relation accounts for both possi-
bilities. For each of these cases, there is only one kind of electric field present in Region 
1, either evanescent or with real kz  but never both at the same time. 
 

Alternate Representation 
 
 The plot of the dispersion 
relation in Fig. 3 uses kx  for 
the horizontal axis. This is ap-
propriate for the Fano solution. 
Propagation in this case takes 
place simultaneously in both 
media, so using the common 
wave vector kx  makes sense, 
as k1x  is equal to k2x  by def-
inition. However, the Brewster 
solution is a propagating wave 
in both media, so kx2 + kz2  = 
k 2  can be used with kx  and 
kz  each real. A plot of ω ver-
sus the real part of k is given in 
Fig. 4. It contains essentially 
the same information as does 
Fig. 3, and it is more in line 
with what one might expect for 
an avoided crossing. 
 

Waves: Evanescent and Otherwise 
 
 Something is unsettling about what has been obtained. A contradiction seems to have 
emerged, despite the fact that the math is correct. Starting with Fig. 1, we chose to exam-
ine the case in which there is no reflected wave. This led to eqns (7.3) and (7.4), and from 
there solutions fell into place. We now see that the upper left blue curves in Figs. 3 and 4 
are the well-known Brewster solution, in which there is no reflected wave and k1z  and 
k2z  are each real. There is nothing evanescent about this solution.  
 On the other hand, the lower blue curves in Figs. 3 and 4, the Fano solution, is quite 
different, even though it has been obtained through the same mathematical route. It is a 
surface bound wave. It does not involve photons, as it lies to the right of the light line: 
! = ckx . Consequently, momentum conservation makes it impossible to annihilate a 
surface plasmon quantum and concomitantly create a photon, and vice versa. The surface 
plasmon polariton can propagate, but it is radiatively trapped. Unable to emit photons, it 
can be deactivated only by coupling to lattice phonons, so-called Joule heating.  

Figure 4. For a metal / air (or vacuum) interface, the 
dashed light line is that of propagation in free space. 
Notice the avoided crossing nature of the blue curves. 
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 It is worth looking further into what is going on. The lower blue curves are an interes-
ting combination of photon and surface plasmon. For example, the wave vector of the 
incident radiation seems to have disappeared into thin air, at least its z-component, which 
no longer is real, or even has a real part. 
 The way out of the quandary begins with acceptance of the fact that there is ambiguity 
because equations (7.3) and (7.4) can describe two entirely different situations. If we 
return to Fig. 1 and this time choose to analyze the situation of only reflected and trans-
mitted waves (that is, no incident wave), we can figure out what is happening. Applying 
the boundary conditions yields a couple of equations that have different signs than before, 
but at the end of the manipulations, we are left with two equations that are identical to 
eqns (7.7) and (7.8).1 Nothing has changed. 
 The mathematics does not care about our use of words such as incident and reflected. 
Equations (7.12) – (7.14) apply to either case: incident and transmitted waves but no 
reflected wave, or reflected and transmitted waves but no incident wave. The only thing 
that is not allowed is to have both incident and reflected waves present at the same time. 
Labels like incident and reflected should be abandoned in favor of labels like 1 and 2. 
This is what was done in carrying out the math, underscoring the duality of the solutions. 
 The wave obtained as a resonance of eqn (7.12) is an elementary excitation of the sys-
tem, but a non-radiative one. For an analogy, think of the bulk plasmon. It also is an 
elementary excitation that does not couple to photons.  
 The ansatz of ignoring the re-
flected wave ensured that we 
would uncover the conditions for 
the Brewster angle, in which p-
polarized radiation experiences 
no reflection. This corresponds to 
propagation at ! >! p . It is an 
easily understood phenomenon, 
though in the present case the 
frequency is likely to be too high 
to prove useful. This is because 
interband transitions in metals 
(other than alkalis) dominate at 
                                                        
 
1 Here we consider the case in which there is a reflected wave with no incident wave present. The 

geometrical arrangement of the fields in Fig. 1 yields the following equations when the boun-
dary conditions are applied and !1  = 1 is used: 

 

  E1 cos!1 = " 2E2 cos!2  and !E1 sin"1 = E2 sin"2 . 
 

 The wave vector relations are k1z = k sin!1 ; k1x = k cos!1 ; k2z = !k sin"2 ; and k1x = k cos!2 . 
As before, the first of these equations is divided by the second of these equations and the wave 
vectors are introduced, yielding 

 

  !
cos"1

sin"1
= # 2

cos"2

sin"2
 $  !k1x

k1z
= # 2

k2x

!k2z
. 

 

 But k1x  and k2x  are equal. Thus, eqn (7.8) is recovered: k2z = ! 2 k1z . 

 ! + + +  – – – + + +  – – – + + +  – – – + + +!

! p

Figure 5. A surface plasmon polariton can propa-
gate along the surface. As kx  gets larger, | kz |  
does likewise, meaning the field decays more ra-
pidly in the ± z-directions. At sufficiently large 
values of kx , the field becomes longitudinal, and 
propagation ceases. The dispersion curve indicates 
that group and phase velocity vanish as kx  → ∞. 
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such frequencies. In this regard, doped semiconductors are more revealing, as seen in the 
classic result obtained using a range of n-type dopant concentration in InSb (Fig. 6 in 
Chapter 4). 
 The resonance result in Fig. 2 differs qualitatively from the Brewster solution. It re-
quires no input (no incident wave) because of the coupling of the surface charge density 
wave with the electric field associated with it. The surface wave propagates as an evan-
escent wave, with exponential decay into the regions on each side of the interface. We 
have seen that the evanescent field decays much more rapidly on the plasma side than on 
the free space side. When kx  reaches the nearly flat part on the right side of its blue 
curve in Figs. 2-4, ω is approximately constant. The fact that kx2  + kz2  = (! / c)2  means 
kz  remains imaginary while its magnitude grows as kx  increases. This makes sense, as 
the system is asymptotically approaching a longitudinal charge density wave. 
 

Fresnel Equations 
 
 An alternate approach promoted by many authors enlists the Fresnel equations that 
describe incident, reflected, and transmitted waves. These can be written in a number of 
ways, one of which is 
 

   
Eref
Einc

= k2z ! "2 k1z
k2z + "2 k1z

. (7.17) 

 

 This expression is now used to address the issue discussed in the previous subsection. 
First, consider the case when the numerator is equal to zero. This defines the Brewster 
solution. Likewise, when the denominator is equal to zero we have the elementary excita-
tion, the Fano solution. Each of the resulting conditions: k2z = !2 k1z  for Eref  = 0, and 
k2z = !"2 k1z  for Einc  = 0, satisfies the same equations for kx2 , k1z2 , and k2z2 . Sign 
differences that appear in the relations between wave vector components simply denote 
direction (for example, reflected versus incident), but do not appear in the final expres-
sions. This approach works, but again involves awkward language in which there is a 
reflected wave without an incident wave. In fact, for the surface-bound wave there are 
neither incident, reflected, nor transmitted waves. There are simply the evanescent waves 
of the elementary excitations – the normal modes (eigenmodes) of the system. 
 

7.3. Spatial Properties of the Evanescent Waves 
 
 We have seen that there is an intuitive relationship between the nature and properties 
of a system's surface plasmon polaritons and their dispersion relations. These surface-
bound polaritons are elementary excitations that can be interpreted as coherent fluctua-
tions that take place at a metal-dielectric boundary: eigenmodes of the system's dielectric 
properties. They do not, of their own accord, interact with photons. This is not to say they 
cannot be excited through application of external stimuli. We shall see, however, that this 
requires ingenuity and care when the external stimuli are photons. 
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 Thomas-Fermi screening ensures that only electron density near the metal surface is 
involved, typically no more than a couple of Å. In the present section, the spatial proper-
ties of these evanescent waves are revealed through application of Maxwell's equations. 
 The situation presented in Fig. 1 corresponds to evanescent wave propagation in the x-
direction, with nonzero field components Ex , Ez , and By , and with the other compon-
ents equal to zero. It also corresponds to the Brewster solution, though here we are inter-
ested only in the Fano solution. The combination of components Ex , Ez , and By  is re-
ferred to as the transverse magnetic (TM) mode. Alternatively, the transverse electric 
(TE) mode comprises nonzero field components Ey , Bx , and Bz , with the other compo-
nents equal to zero. The TM mode is associated with surface plasmon polaritons, whereas 
the TE mode is not. Electromagnetic modes such as TM, TE, TEM (transverse electro-
magnetic) are important in microwave and laser technologies. This stuff has been around 
for a long time. 
 

Exercise: Explain why the TE mode cannot couple to surface plasmon polaritons. Do not 
use equations. Less than half a page should suffice. 
 

 The Maxwell equations:  !"
!
E = #$ct

!
B  and  !"

!
B = # $ct

!
E , yield the expressions lis-

ted in the left column below as eqns (i) – (iii). Use has been made of the facts that 
Ey = Bx = Bz  = 0 for a TM mode, propagation is restricted to the x-direction, and there is 
no variation in the y-direction ( ! y  returns zero). 
 

(i) ! zEx " ikxEz = i
#
c
By  

(ii) Ez = ! ckx
"#

By  

(iii) Ex = ! ic
"#

$ zBy  

 

 Judgment regarding how the fields behave in different regions of the dispersion curves 
is achieved by comparing Ez  to Ex . To avoid phase issues, we shall examine the magni-
tude of the ratio of field components, | Ez / Ex | , for small and large values of the wave 
vector kx . You will be given the assignment of working through the algebra and making 
a few plots. Here, I will comment on the results.  
 In the small wave vector regime, | Ez / Ex |  is large, varying roughly as | !2 | 1/2  in Re-
gion 1.2 The situation is one of an electromagnetic wave that resembles, in many ways, its 
                                                        
 
2 This follows mathematically by taking the modulus of the ratio of eqns (ii) and (iii), and then 

using eqns (7.12) and (7.13). For Region 1 this yields 
 

  Ez

Ex
=

kx
k1z

=
!
c

! p 2 "! 2

! p 2 " 2! 2

c
!

! p 2 " 2! 2

! 2
= 1"

! p 2

! 2
= #2

1/2 . 

 

 When this ratio is taken for Region 2, we get ! 2
"1/2 . 

Putting eqns (ii) and (iii) into eqn (i) yields the wave 
equation for By :

!ic
"#

$ z2 + ickx
2

"#
! i#
c

%
&'

(
)*
By  + $ z2 ! kx2 + # 2

c2
"%

&'
(
)*
By = 0
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free space counterpart, but is guided by the metal. In Region 2 this is reversed, with the 
ratio | Ez / Ex |  varying as | !2 | "1/2 . In other words, there is a large asymmetry between 
the penetration depths in Regions 1 and 2. This small wave vector regime is the photon-
like regime mentioned earlier in the context of the dispersion relation. In that regime the 
polariton is much like a photon, though it remains to the right of the light line. 
 The large kx  regime is characterized by group and phase velocity each approaching 
zero, as evidenced by the flattening of the Fano solution dispersion curve at large kx . 
The ratio | Ez / Ex |  approaches unity, indicating that the wave is strongly attenuated in 
the two directions perpendicular to the interface. This is the regime where the plasmon 
polariton approaches a purely longitudinal charge density wave. 
 Try to form a mental image of these regimes, including how they evolve from one to 
the other as kx  is varied. The sketch in Fig. 6(a) illustrates the small kx  regime. The 
long wavelength means that the surface charge density varies slowly in the x-direction. 
The electric field is close to being vertical. Contrast this to the situation depicted in Fig. 
6(b), where kx  is large and the wavelength is small. Here the field is of a decidedly lon-
gitudinal nature. Though many such drawings can be found on the web, you are encour-
aged to make sketches of your own. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 Keep in mind that we are dealing with elementary excitations. There is no external el-
ectromagnetic field that acts on plasma. Nor are there any independent surface charge 
density waves. Excitations of surface electrons and the associated electromagnetic fields 
are inextricably coupled coherent fluctuations manifest as surface plasmon polaritons.  

+ + + + + + + + + +

(a) ! ! ! ! ! ! ! ! ! !
+ + + + + + + + + +

(b)

! ! ! ! ! ! ! ! ! !

Figure 6. (a) For small values of kx  (long wavelengths), the electric field points mainly 
in the vertical direction, and it extends well outside the metal. The evanescent waves, 
though radiatively trapped, have much in common with photons. They are referred to as 
Sommerfeld-Zenneck waves. (b) In the large kx  regime, the situation differs qualitative-
ly. The electric field is mainly horizontal, and its amplitude drops sharply in the ± z di-
rections (along the surface normals that point into and away from the metal). Propaga-
tion ceases, for all practical purposes, as the group velocity approaches zero as kx  ap-
proaches infinity. 

+ + + ! ! ! + + + ! ! ! + + + ! ! ! + + + ! ! ! + + + ! ! ! + + + ! ! ! + + + ! ! !
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7.4. Avoided Crossing 

 
 Anyone with an understanding of electronically excited states in polyatomic molecules 
will recognize the dispersion relation, with its Brewster and Fano branches, as a signature 
of an avoided crossing, albeit in k-space. An analogous avoided crossing was worked out 
in Chapter 6 for phonon polaritons. It seems apparent from the shapes of the dispersion 
curves, that a similar derivation is possible for the plasmon case. The idea is to set up a 
pair of equations that have zeroth-order descriptions that are coupled through an inter-
action term.  
 The phonon polariton avoided crossing is described using coupled equations for the el-
ectric field and the polarization. This proves problematic here because the space is not 
homogeneous. I need more time to think about how to approach the plasmon case. It is 
interesting and perhaps relevant that this avoided crossing is not discussed in any of the 
many texts in our course library, except superficially. That is, the avoided crossing is an-
nounced, but nothing follows. 
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7.5. Experimental Strategies 

 
 Until now we have concentrated on the nature and proper-
ties of the surface plasmon polaritons that arise at perfectly 
flat metal/dielectric interfaces. These highly idealized sys-
tems are of infinite lateral extent, infinite vertical extent (+ z 
and – z directions, one for the metal, the other for and dielec-
tric), and neither the metal nor the dielectric have any intrin-
sic loss, that is, their dielectric functions are entirely real. 
Such conjured systems are found in textbooks that deal with 
surface plasmon polaritons. Of course they are never realized 
in a laboratory.  
 Two polariton branches have been identified: Brewster 
and Fano. The former is the dispersion curve for bulk plas-
mon polaritons. These are not surface-bound waves, so they 
are not considered further. We shall focus on the Fano branch. Occasional references to 
couplings of plasmons with external particles and fields have been brief – enough to whet 
one's appetite but nothing more. 
 In the small wave vector regime, surface plasmon polaritons are said to be photon-like. 
Their dispersion relation is almost linear in this regime, though it always lies to the right 
of the light line. In the large wave vector regime, surface plasmon polaritons are essen-
tially non-propagating. This is evidenced by the fact that group and phase velocity each 
go to zero in the limit kx → ∞, which one sees by inspection of the dispersion curve. 
Surface plasmons – with characteristic frequency of 2!1/2" p  for an air interface – are 
best described as coherent fluctuations of the electron density accompanied by resulting 
fields. They do not propagate. On the other hand, surface plasmon polaritons propagate 
throughout their dispersion curve, albeit approaching the non-propagating surface 
plasmon at large values of kx . 
 In the present section we shall discuss methods for accessing these polaritons experi-
mentally: one using electrons, the others using photons. We shall start with electrons 
because I think this is easier to understand at an elementary level than excitation using 
photons. Neither is difficult, but I judge the photon case to be the subtler of the two.  
 What I am not going to do is delve into the mathematics needed to describe how the 
various experimental arrangements work, particularly in the case of photons. Unless you 
are already adept at these kinds of manipulations, such exercises would prove overly time 
consuming. There are several good books in our course library, including: D. Sarid and 
W. Challener, Introduction to Surface Plasmons [16]; S. A. Maier, Plasmonics, Funda-
mentals and Applications [14]; G. Shvets and I. Tsukerman, Plasmonics and Plasmonic 
Materials [17] and even an older text by H. Raether that goes over the fundamentals ra-
ther well, Surface Plasmons on Smooth and Rough Surfaces and on Gratings [15].  
 A great deal of perspective and driving force in this area comes from the applied phy-
sics and electrical engineering communities. The potential for a new generation of de-
vices and applications, as well as advances in nanofabrication and information technolo-

Ugo Fano (1912-2001) 
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gies have been responsible for enthusiasm and even genuine progress throughout the past 
few decades. Advances in these areas are too abundant and too rapid for me to keep pace. 
Thus, we shall stick to the fundamentals. 
 

Excitation Using Electrons 
 

 Suppose an electron is directed toward the surface of a thin, flat metal film at normal 
incidence (Fig. 7). The incident electron can lose energy by creating excitations in and on 
the film. This will manifest in the scattered electron having lost an amount of energy, 
!E , that has been transferred to the film. Likewise, the scattered electron will have lost 
momentum, and this will manifest in the momentum of the scattered electron, for ex-
ample, causing it to travel at a small angle θ relative the surface normal. To probe surface 
excitations we would like the electron to pass through the film with minimal scattering in 
the bulk, which is why the film is thin. The requirement that the electron passes through 
the thin film sample with minimal scattering can be met by using high-energy electrons. I 
am told that 60 keV works well.  
 Compromises are inevitable: the higher the energy of the incident electron, the better 
its transmission through the film, though at the expense of smaller cross-sections for the 
desired processes; lower incident energy facilitates resolving energy and momentum loss-
es in the scattered electron, but is confounded by more severe scattering; the narrower the 
angular resolution of the beam, the better it can resolve kx , but at the expense of signal; 
and other such things. In any event, take a look at the diagram in Fig. 7.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Exercise: An experimental arrangement uses a 60 keV electron beam whose angular 
spread is 10–4 radians. What is the kx  resolution? This arrangement is used to determine 
the surface plasmon polariton dispersion curve for a thin gold film? Explain how experi-
ments would be carried out and how results would be interpreted. Discuss limitations in-
sofar as accuracy and resolution of the surface plasmon polariton dispersion curve. 

Figure 7. Angular deviation from the 
normal, θ, is highly exaggerated to aid 
visualization. An energy analyzer de-
termines energy loss due to scattering, 
!E , which is quite small relative to 
60 keV. This establishes kx , which 
for small θ is equal to k θ. The energy 
analyzer distinguishes bulk and sur-
face plasmon polaritons, enabling the 
branches of the dispersion relation to 
be determined to within the energy 
and momentum resolution of the ap-
paratus. The Brewster branch is usual-
ly obscured by interband transitions. 

incident 60 keV electron

energy 
analyzer

kx = k!

thin metal film

z

x
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In general, !E  and
!
!
k  are deposited.
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 Referring to Fig. 7, with the aperture positioned at angle θ, kx ! k"  is determined to 
an accuracy that is limited by the experimental angular resolution. The energy analyzer 
yields !E , also to within some experimental resolution. The value of !E  distinguishes 
between excitation of a quantum of the Brewster branch versus a quantum of the Fano 
branch, because the energy difference between them is substantial. The experiments 
therefore determine ω and kx . These correspond to the Fano branch. It contains the only 
possible excitations once the Brewster branch has been eliminated. Thus, the measure-
ments yield dispersion curves such as the sketches given in Fig. 3. The Brewster branch 
can also be obtained by recording kx ! k"  for larger values of !E , and calculating real 
kz  from the measured values of kx  and !E . 

 
Excitation and De-excitation via Photons 

 
 The interaction of photons with surface plasmon polaritons enables a number of 
plasmonics applications. The difficulty one encounters at the outset is that, at a given fre-
quency, there is wave vector mismatch (sketch below). An incident photon cannot couple 
to the polariton, nor can the polariton emit a photon. The polariton is referred to as being 
radiatively trapped. This can be overcome through ingenuity, application of Maxwell's 
equations, and judicious choices of material properties. A bit of good fortune is also 
welcome. The idea is to devise experimental arrangements in which an external radiation 
field acquires additional momentum in a direction parallel to the surface.  
 In consideration of our previous examination of 
Bragg scattering in Chapter 2, an obvious way to 
achieve this is to scatter the incident radiation 
from a grating. This adds and subtracts reciprocal 
wave vectors. In Chapter 2, we considered the 
periodicity of a crystal in the context of phonons. 
Here, however, we have no such crystal, as the 
crystalline structure of the ionic lattice of a metal 
is efficiently screened, and therefore it is not con-
sidered in our model. Rather, one can deposit or etch a periodic structure on the surface. 
The idea is to generate radiation whose horizontal wave vector has the same value as the 
polariton horizontal wave vector, kx . Thus, we require 
 

   kx =
!
c sin"inc +

2#
a n  (7.18) 

 

where a is the grating spacing, !inc  is the angle between the surface normal and the wave 
vector of the incident radiation, and n is a positive integer. When energy is coupled from 
the incident radiation to the polariton, there is a drop in the reflected energy. This pro-
vides a basis for measuring the efficiency of the method.  
 Recall the comment made earlier: "a bit of good fortune is also welcome." It turns out 
that coupling also takes place if the surface is merely roughened, rather than bestowed 

! ! sp = 2"1/2! p

0 kx

wave vector
mismatch
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with a grating. The roughness has Fourier components that satisfy the requirement given 
by eqn (7.18) [20]. 

 
Manipulation of the Wave Vector 

 
 The strategy that underlies one of the most popular approaches can be understood as 
follows. Suppose radiation passes through a prism upon which a thin gold film has been 
deposited, as indicated in Fig. 8. At the critical angle of incidence an evanescent wave is 
launched at the interface. It decays in the direction of the interface normal on each side of 
the boundary. We have seen that the radiation's wave vector is too small to excite a sur-
face plasmon polariton of the dielectric/metal interface.  
 This evanescent field does not by itself propagate. However, the metal film is thin en-
ough to permit the evanescent field to appear on the air/vacuum side, and this overcomes 
the difficulty. The smaller wavelength (larger kx  value) of the field that protrudes into 
air is compatible with coupling to a surface plasmon polariton. This clever engineering 
works rather well. It is referred to as attenuated total internal reflection (ATR). 
 
 
 
 
 
 
 
 
 
 
 
 Kretschmann and Raether introduced the configuration shown in Fig. 8 in 1968 [45]. It 
is referred to as the Kretschmann configuration. A similar arrangement has an air gap 
between the prism and the metal. It was also introduced in 1968 (by A. Otto), and it is re-
ferred to as the Otto configuration [46]. 

+ + – – + + – – + + – – + + – –

glass prism
incident 
radiation

scattered
radiation

surface plasmon polariton

Figure 8. A thin metal film is deposi-
ted on one face of a prism. Radiation 
that is incident at the critical angle 
sets up an evanescent field that de-
cays exponentially in the metal film. 
Because the film is thin, however, a 
reasonable fraction of the radiation 
appears on the exposed side of the 
film. Thus, the wave vector on the ex-
posed side can be made to match the 
polariton wave vector. 

thin
metal
film
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